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H I G H L I G H T S   A B S T R A C T  

 An alternative representation of the bipolar 
Sugeno integral was proposed to be suitable 
for bipolar scales. 

 Study the main properties of this integral. 
 This representation is consistent as a 

generalization of the expression concerning 
the classical Sugeno integral. 

 In the context of decision support systems, bi-capacities were introduced as an 
extension of classical capacities. Many bipolar fuzzy integrals related to the bi-
capacities have been presented in recent years. One of these integrals is the Sugeno 
integral concerning aggregation on bipolar scales. The paper aims to build an 
equivalent representation of the bipolar Sugeno integral. Therefore, we first 
employ in this paper the framework based on a ternary-criterion set for proposing 
an alternative formula of the bipolar Sugeno integral to be suitable for bipolar 
scales.  Then, we discuss some basic properties and give an illustrative example of 
this representation. This representation is consistent as an extension of the 
representation concerning the classical capacities and aggregation on the Sugeno 
integral unipolar scales. 
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 Introduction 
With the increase of applications of fuzzy integrals in different fields of science and engineering, such as computational 

intelligence, image processing, biology, face recognition, pattern recognition, economics, multi-criteria decision-making 
problems,  data fusion, etc. (see, e.g. [1-10]), many fuzzy integrals related to capacities (or ``non-additive measures'') have been 
provided by several research works (see, e.g. [11-15]).  Among other fuzzy integrals, the Sugeno integral was introduced by 
Sugeno in 1974 [6] to become one of the important analytical tools of integration theory for measuring uncertain information.   

Many generalizations of the fuzzy integrals concerning aggregation on bipolar scales were presented in recent years [16-19]. 
Furthermore, bipolarity and its potential applications have been studied in many recent works of literature [20-23]. In this respect, 
alternative formulas for the case of the Choquet integral on bipolar scales have been proposed in [24- 26], so these formulas 
allow for a generalization of several results around the bipolar Choquet integral. 

The paper aims to build an equivalent representation of bipolar Sugeno integral different from the Sugeno integral framework 
introduced in [18]. Therefore, we first employ the framework based on a ternary-criterion set for proposing an alternative formula 
of the bipolar Sugeno integral in this paper.  Then, we study the main properties of this representation. This representation is 
consistent as an extension of the representation concerning the classical capacities and aggregation on the Sugeno integral 
unipolar scales. 

The following section recalls some basic concepts that we need in this contribution. In Section 3, we introduce the bi-
capacities defined in the new approach. Then, section 4 proposes an alternative representation of bipolar Sugeno integral with 
illustrated example. In Section 5, we study the main properties of this representation. Finally, in section 6, some conclusions are 
described. 
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 Basic Concepts 

2.1 Capacities and Sugeno Integral 
In this paper, we denote by (ܺ,Ǻ)  for a measurable space, where Ǻ is a  σ- algebra of subsets of the universal set  ܺ. A 

capacity [11] is an extension of a classical measure and is defined as follows:   
         
Definition 1: [10] Let (ܺ,Ǻ)  be a measurable space. A capacity is a function   μ:	Ǻ	 → 	 [0, 1] that satisfies the requirements: 
 i)  μ(ܺ) = 	1,			μ(∅) 	= 	0,		 
 ii)  if 		ܣ	 ⊆ 		ܤ	 ⟹ 		μ(ܣ) 	≤ 	μ(ܤ), for all 	ܤ,ܣ ∈ Ǻ. 
 
Let us denote by Ж to a class of nonnegative real-valued input on measurable space	(ܺ,Ǻ). For any ࢞	 =

,ଵݔ)	 … , ,	௜ݔ … (௠ݔ, ∈ Ж, the Sugeno integral of ࢞ related to μ is defined as follows. 
 
Definition 2: [10] To any real-valued input ࢞ ∈ Ж. The Sugeno integral of  ࢞ with respect to capacity μ is given by                   

,࢞)∫(ݑܵ) μ)݀μ = ⋁ ࢞∋௜௜ݔ}⋀} , μ(൛݆ ∈ ௝ݔห࢞ ≥  ௜ൟ)}}   (1)ݔ

2.2 Bi-capacities 
Although capacities can capture a wide range of decision-making applications, they are incompetent in some circumstances, 

especially when the capacities are defined on bipolar scales. Therefore, in several workable cases, it is normal to employ a scale 
that goes from bad ``negative'' to good ``positive'' values, which includes the middle neutral amount. This scale is called a bipolar 
scale because of encodes the bipolarity of the impact, and exemplary examples are R (unbounded cardinal), [−1, 1] (bounded 
cardinal), or {excellent, good, medium, bad, very bad} (ordinal). For simplicity, we use the [−1, 1] scale in this paper, with a 
neutral value of zero.      

Considering that the independence between the negative and positive partitions does not hold, for this reason, we have to 
treat the triple alternatives	(1୅,−1୆, 0(୅∪୆)ౙ), and give each of them a value in [−1, 1]. This value is denoted as	आ௕(A, B), that 
is, a function with two arguments, the first argument being the set of criteria that are completely satisfied, the second being the 
set of criteria that are not completely satisfactory, and the remaining criteria being on the neutral level.” Grabisch and Labreuche 
[16] gave the following definition and called it bi-capacity. 

 
Suppose  ܳ(ܺ): = (ଶܣ,ଵܣ)} ∈ ܲ(ܺ) × ଵܣ	|(ܺ)ܲ ∩ ଶܣ	 = 	∅}.  Then, for any two disjoint pairs of sets  (ܣଵ,ܣଶ), (ଶܤ,ଵܤ) 	 ∈

	ܳ(ܺ) the binary relation ⊑ is defined by: 

(ଶ݅ܣ,ଵ݅ܣ) ⊑ ଵܣ	݂݂݅		(ଶܤ,ଵ݅ܤ) ⊆ ଶ݅ܣ		݀݊ܽ	ଵܤ ⊇                                                           ଶ    (2)ܤ

The Supremum (Sup) and Infimum (Inf) on the structure (ܳ(ܺ),⊑)  are denoted by ⊔, ⊓, respectively. The Sup is given by 

(ଶܣ,ଵܣ)“ ⊔ (ଶܤ,ଵܤ) = ଵܣ) ∪ ଶܣ,ଵܤ ∩                                                     (3)	ଶ)ܤ

Inf  is given by 

(ଶ݅ܣ,ଵ݅ܣ) ⊓ (ଶ݅ܤ,ଵ݅ܤ) = ଵ݅ܣ) ∩ ଵܤ ଶ݅ܣ, ∪  ଶ)  (4)ܤ

Hence, this ordered set becomes a lattice with the top being (ܺ,∅)	 and the bottom being	(∅,ܺ), (for more details, see [16]). 
The structure ܳ(ܺ) has another order relation introduced by Bilbao et al. [27]. This order relation is defined as follows: 

(ଶ݅ܣ,ଵ݅ܣ) ⊑ ଵܣ	݂݂݅	(ଶ݅ܤ,ଵ݅ܤ) ⊆ ଶ݅ܣ	ଵܽ݊݀ܤ ⊆    (5)							ଶܤ

Inf  is given by  

(ଶ݅ܣ,ଵ݅ܣ) ⊓ (ଶ݅ܤ,ଵ݅ܤ) = ଵ݅ܣ) ∩ ଵܤ ଶ݅ܣ, ∩  ଶ),                                                                  (6)ܤ

and the Sup does not exist. Thus, this order relation on the structure ܳ (ܺ) is an Inf-semilattice with the bottom being (∅,∅). 
(see, [16], [27] for more details). 

Definition 3:  [16]  A set function 	आ:ܳ(ܺ) → [−1, 1]  is called a bi-capacity on ܺ  if satisfies the following requirements: 

i. आ(∅,∅) = 0, आ(ܰ,∅) = 1	ܽ݊݀	आ(∅,ܰ) = −1 

ii. ∀		(ܣଵ,ܣଶ), ଵܤ) (ଶܤ, ∈ (ଶܣ,ଵܣ)			,(ܺ)ܳ	 ⊑ ଵܤ) (ଶܤ, 	⟹ 	आ(ܣଵ,ܣଶ) ≤ 	आ(ܤଵ,ܤଶ). 
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2.3 Bipolar Sugeno Integral Based on Bi-capacities With Order ⊑ 
             
The bipolar maximum of 	࢞	 = 	 ,૚࢞) … 	࢏࢞, , … , (࢓࢞ 	 ∈ [−૚,૚]࢔, denoted by  
 

⋁ ࢈࢞
࢞∋࢏ 			= (⋁ ࢓࢏࢞

ୀ૚࢏ ) 	⋎ 		(⋀ ࢓		࢏࢞
ୀ૚࢏ )  (7) 

Note that the operator	⋎ :	 [−૚,૚]૛ → [−૚,૚] is the symmetric maximum introduced in [28]. Thus, the bipolar Sugeno 
integral based on bi-capacities with order ⊑ is defined as follows. 

 
Definition 4: [18] Given a vector ࢞	 = ,૚࢞)	 … 	࢏࢞, , … , (࢓࢞ 	 ∈ [−૚,૚]࢔,  the bipolar Sugeno integral of  ࢞ related to the bi-

capacity  ࢜ on ࢞ is defined by 
 

௕ݑܵܤ ,ݔ)∫ ݒ݀(ݒ = ⋁ 	݆	ቄ)ݒ	)݊݃݅ݏ}	 ∈ ݔ	 ∶ 	 ௝ݔ 	≥ 	 ,{|	௜ݔ| ൛	݆	 ∈ ݔ	 ∶ 	 ௝ݔ 	≤ 	−หݔ௜ 	|൯ቁ .⋀ 	{ 	݆	})ݒ	 ∈ ݔ	 ∶ 	 ௝ݔ 	≥௕
௜∈௫

,{|	௜ݔ|	 {	݆	 ∈ ݔ	 ∶ 	 ௝ݔ 	≤ ௜ݔ|−	 	|})|, ௜ݔ| 	|}}.	                                                                      (8) 

,ݔ)௕නݑܵܤ						 ݒ݀(ݒ = ሧ{ݑܵܤ௕శන(ݒ,ݔ)݀ݒ, {ݒ݀(ݒ,ݔ)௕షනݑܵܤ	
௕

௜∈௫

 

Where, ݑܵܤ௕శ  	is the right bipolar Sugeno integral is defined by ݒ݀(ݒ,ݔ)∫
 

௕శݑܵܤ ,ݔ)∫ ݒ݀(ݒ = ⋁ 	݆	})ݒ	)݊݃݅ݏ} ∈ ࢞	 ∶ 	 ௝ݔ 	≥ 	 ,	{|	݅ݔ| {	݆	 ∈ ࢞	 ∶ 	 ௝ݔ 	≤ ௜ݔ|−	 	|).⋀ 	{ 	݆	})ݒ	 ∈ ݔ	 ∶ 	 ௝ݔ 	≥௕ା
௜∈௫

,	{|	௜ݔ|	 {	݆	 ∈ ݔ	 ∶ 	 ௝ݔ 	≤ ௜ݔ|−	 	|})|, ௜ݔ| 	|}}.		      (9) 

and ݑܵܤ௕ష ,ݔ)∫  is the  left bipolar Sugeno integral is defined by ݒ݀(ݒ

௕షݑܵܤ ,ݔ)∫ ݒ݀(ݒ = ⋁ 	݆	ቄ)ݒ	)݊݃݅ݏ} ∈ ݔ	 ∶ 	 ௝ݔ 	≥ 	 ,|	௜ݔ| ൛	݆	 ∈ ݔ	 ∶ 	 ௝ݔ 	≤ 	−หݔ௜ 	|൯ቁ .⋀ 	{ 	݆	})ݒ	 ∈ ݔ	 ∶ 	 ௝ݔ 	≥௕ି
௜∈௫

,	{|	௜ݔ|	 {	݆	 ∈ ݔ	 ∶ 	 ௝ݔ 	≤ ௜ݔ|−	 	|})|, ௜ݔ| 	|}}.		  (10) 

 Bi-capacities Defined on The Approach of Ternary-Criterion Sets 
              
In this section, we begin by recalling the basic concepts of the ternary-criterion set and the equivalent definition of bi-

capacities (for more details, see [24- 26]).  
We consider every criterion ݅ ∈ ܺ	 that has either a positive impact, a negative, or no impact. So that we symbolize the 

criterion ࢏ as ࢏ାwhenever ࢏ is positively significant, as ݅ି whenever ݅ is negatively significant and as ݅∅ whenever ࢏ is neutral, 
and we call this criterion a ternary-criterion. For all ݅, ݅ ∈ {1,2⋯ , ݊}, the ternary-criterion set is the set that contains only out of 
{݅∅, ݅ି,ܽ݊݀		݅ା}. 

Hence, in this approach, we denote by ܶ(ܺ) = ൛{߬ଵ, … , ߬ଶ}	ห		∀	߬௜		 ∈ ൛݅ା , ݅ି, ݅∅ൟ, ݅ = 1, … , ݊} for the set of all possible 
combinations of ternary criterion set of ࢔ elements. 

We have ܶ	(ܺ) can be identified with {1, 0,−1}௡, hence |ܶ	(ܺ)| = 	3௡ . Also, simply remarked that for any ternary criterion 
set ܣ	 ∈ 	ܶ	(ܺ), ,is an alternative to a ternary vector  (߬ଵ ܣ … , ߬௡) with 	߬௜ = 1		݂݅	݅ା ∈ ,	ܣ ߬௜ = 0	݂݅	݅∅ 	 ∈ ௜߬	݀݊ܽ,ܣ = −1 
	݂݅	݅ି ∈ ,ܣ ∀			݅ = 1,2⋯ ,݊	. 

 
Definition 5:  For any two sets  ܣ, ܤ ∈ 	ܶ	(ܺ). The order relation ⊑ between ternary-criterion sets ܣ, ܤ ∈ 	ܶ	(ܺ), Then 

	ܣ ⊑ 		ܤ	 ⇔			 ∀	݅	 ∈ 	ܺ,  

``݂݅	݅∅ 	 ∈ ∅݅	ݎ݋	ା݅	ݏ݈݁݅݌݉݅		ܣ	 	 ∈  (11)  "ܤ			ା݅	ݏ݈݁݅݌݉݅		ܣ		ା݅	݂݅`` 	݀݊ܽ , ''	ܤ

The next definition is an alternative definition of bi-capacities defined on the approach of ternary-criterion sets. 
 
Definition 6:  A mapping ݒ ∶ ܶ	(ܺ) →	 [−1, 1]		is called bi-capacity based on the ter-criterion sets if it satisfies the following 

requirements: 
(ିܺ)ݒ (1 = ,1ି})ݒ 2ି⋯ ,݊ି	}) = (ାܺ)ݒ					,1− = 1ା})ݒ , 2ା⋯ , ݊ା	}) = 1, 	 
൫ܺ∅൯ݒ		݀݊ܽ	 = ,∅൫൛1ݒ 2∅⋯ , ݊∅ൟ൯ = 0 	. 
ܣ  (2 ⊑ (ܣ)ݒ		ݏ݈݁݅݌݉݅		ܤ ≤ ,(ܤ)ݒ ,ܣ	∀ ܤ ∈ 	ܶ(ܺ). 
 
 



Jabbr Abbas & Hossein Jafari Engineering and Technology Journal 40 (10) (2022) 1318-1324  
 

1321 
 

Bi-capacities are functions defined on the structure	ܶ	(ܺ). Hence, we can introduce another order relation on the structure  
ܶ	(ܺ) , we denote by ⊆, which is an alternative to the order relation in a bi-cooperative game [27]. 

 
Definition 7: For any two sets  ܣ, ܤ ∈ 	ܶ	(ܺ). The order relation ⊑ between ternary-criterion sets ܣ, ܤ ∈ 	ܶ	(ܺ), Then,   

ܣ ⊆ 		ܤ	 ⇔		∀	݅	 ∈ 	ܺ, 

``	݂݅	݅ି ∈ ି݅		ݏ݈݁݅݌݉݅	ܣ	 	 ∈ 	 ݅ା	ᇱᇱ  and ``݂݅	ܤ 	 ∈ 	ା݅	ݏ݈݁݅݌݉݅	ܣ	 ∈  ᇱᇱ  (12)	ܤ	

 The Alternative Representation of Bipolar Sugeno Integral 
        
 Let ࢄ be a non empty finite set,  the  binary operators  ⋀, ∨  on [0,1]   is defined as follows: For any s, t ∈  [0,1]  , s ∧  t := 

min{s, t} and s ∨  t := max{s, t}. According to [28, 18], the symmetric minimum ⋏ and the symmetric maximum ⋎ are operations 
have been introduced as follows:  

For any s, t ∈  [-1,1]  ,  ࢙	 ⋏ 	࢙ sign(s + t) ・ (|s| ∧  |t|) and = ࢚	 ⋎  ,sign(s ・ t) ・ (|s| ∨  |t|) = ࢚	
where  sign(r) = −1 if r < 0, = 0 if r = 0, and = 1 if r > 0.  
Moreover, for any subset ܫ of the interval [−1,1]. 

⋎௦೔∈ூ 	 ௜ݏ = 	⋁ ௜ݏ	 	௦೔ஹ଴ 		⋎ 			⋀ ௦೔ஸ଴		௜ݏ	
    (13) 

  Here, we propose an alternative representation of bipolar Sugeno integral related to bi-capacity defined on the ternary-
criterion set.  

For an input vector ࢞	 = 	 ൫ݔఛభ , … 	ఛ೔ݔ, , … , 	ఛ೔ݔ	;ఛ೙൯ݔ ∈ ܴ, ݅ ∈ {1,2⋯ , ݊}. We denote a ternary-criterion set 
 ܺ∗ = {߬ଵ,⋯ , ߬௡}		with ߬௜ = 		 ݅ା	݂݅	ݔ	௜ > 	0; 	߬௜ = 		 ௜	ݔ	݂݅	ି݅ 	< 	0; 	ܽ݊݀	߬௜ = 		 ݅∅ ௜	ݔ	݂݅	 	= 	0, ∀	݅ =

	1, … ,݊.																																																																												 
Therefore, we can define the alternative representation of bipolar Sugeno integral of real input ࢞ related to bi-capacity as 

follows. 
 
Definition 8: Let ܶ	(ܺ) be the set of all ternary-criterion sets and ݒ ∶ 	ܶ	(ܺ) → [−1, 1]	 be a bi-capacity defined on a ternary-

criterion set. Then, the alternative representation of bipolar Sugeno integral of ࢞ related to ࢜ is defined by  

,ݔ)∫(ݑܵܤ) ݒ݀(ݒ =⋎௜ୀଵ௡ |ఙ(ఛ೔)ݔ|ൣ 		⋏ ߬௜						ఙ(ఛ೔)൯൧,ܣ൫ݒ	 			 ∈ ൛	݅
ି, ݅ା, ݅∅ൟ  (14) 

where ߪ is a permutation on ܺ∗ so that  |ݔఙ(ఛ೔)|	 ≥ ⋯ ≥ ఙ(ఛ೔)ܣ ఙ(ఛ೙)|, andݔ| = ൛ߪ(߬ଵ), … ,(௜߬)ߪ, ݅)൫ߪ + 1)∅൯,ߪ൫(݅ +
2)∅൯, … ൟ is ternary-criterion set 	⊆ ܺ∗.  

 
For the sake of clarity, we give an illustrative example of the alternative representation of the bipolar Sugeno integral. 
 
Example 1: Let us consider ܵ = {1,2,3),	and we define the bi-capacity values ݒ ∶ ܶ	(ܺ) → [−1, 1] as shown in Table 1.    
The function ࢞ on ࡿ  defined by ࢞	 = 	 (0.1,−0.7,0.4). That is,  ݔఛభ = 0.1, ఛమݔ = ఛయݔ,0.7− = 0.4.  
Then, the ternary criterion set corresponding to ࢞  is   ܺ∗ = {1ା, 2ି, 3ା}.  
Using definition 4, หݔఙ(ఛభ)ห = 0.7,			หݔఙ(ఛమ)ห = 0.4, |ఙ(ఛయ)ݔ| = 0.1, 

(ݒ,࢞)න(ݑܵܤ)	 ݒ݀ =⋎௜ୀଵ௡ |ఙ(ఛ೔)ݔ|ൣ 		⋏  ఙ(ఛ೔)൯൧ܣ൫ݒ	

We obtain,  
 
,࢞)∫(ݑܵܤ)	 ݒ݀(ݒ = ,∅൫{1ݒ  ⋏ 0.7] 2ି, 3∅}൯]	⋎ [0.4 ⋏  ݒ൫{1∅, 2ି , 3ା}൯] 	⋎ 	 1ା})ݒ  ⋏ 0.1] , 2ି, 3ା})] 
,࢞)∫(ݑܵܤ) ݒ݀(ݒ = [0.7 ⋏  −0.6]	⋎ [0.4 ⋏  0.5] 	⋎ 	 [0.1 ⋏  0.8] 
,࢞)∫(ݑܵܤ) ݒ݀(ݒ = [−0.6]	⋎ [0.4 ] 	⋎ 	 [0.1] 

,࢞)න(ݑܵܤ)							 ݒ݀(ݒ = −0.6. 
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Table 1: Bi-capacity values 

 

 

 

 

 

 

 

 Basic 
Properties of The 
Alternative 
Representation of Bipolar Sugeno Integral  
Here, we introduce the basic properties satisfied by the alternative representation of bipolar Sugeno integral concerning the 

bi-capacity. 
Proposition 1: Consider a bi-capacity (ݒ) defined on ܶ	(ܺ), then 

න൫(1஺(ݑܵܤ) 	,−1஺, 0஺), ൯ݒ 	ݒ݀	 = ,(ܣ)ݒ	 	ܣ		∀ ∈ 	ܶ	(ܺ). 

Proof: For any ternary input (1஺	,−1஺ , 0஺), 	|ఙ(ఛ೔)ݔ|	 = 	|ఙ(ఛ೔)ݔ|		ݎ݋	1 = 0, ∀		߬௜ ∈ {	݅ି , ݅ା, ݅∅} 
and ݒ൫{ܣఙ(ఛ೔)}൯ 		= 1஺)ݒ	 	,−1஺, 0஺) = -Thus, from the definition of bipolar Sugeno integral concerning the bi		.(ܣ)ݒ	

capacity (Eq. (14)), we have 

,,−1஺	න൫(1஺(ݑܵܤ) 0஺), ݒ݀	൯ݒ =⋎௜ୀଵ௡ |ఙ(ఛ೔)ݔ|ൣ 		⋏  ఙ(ఛ೔)൯൧ܣ൫ݒ	

,,−1஺	൫(1஺∫(ݑܵܤ) 0஺),ݒ൯ 	ݒ݀	 = 	ܣ		∀		 ,(ܣ)ݒ	 ∈ 	ܶ	(ܺ) 
 
The following proposition presents that the bipolar Sugeno integral concerning the bi-capacity satisfies the monotonic 

characteristic. 
Proposition 2: Consider a bi-capacity (ݒ) defined on ܶ	(ܺ),  and 		∀	࢞, 	′࢞ ∈ ఛ೔ݔ	݂݅ ,ܴ	 		≥ 	 ఛ೔′ݔ 			∀	߬௜ ∈ ൛	݅

ି, ݅ା, ݅∅ൟ,  then 

ݒ݀(ݒ,࢞)න(ݑܵܤ) 	≥ 	 ,′࢞)න(ݑܵܤ)  		.ݒ݀(ݒ

Proof: First, we suppose that for any 	߬௜ ∈ ൛݅ା, ݅ି , ݅∅ൟ,  ݔఛ೔ 		> 	 	݇	∀  and	ᇱఛ೔ݔ ∈ {	1, … , ݅ − 1, ݅ + 1 … ,݊},		 
	
	
ఛೖݔ 	= 	 ᇱఛೖݔ 	.	 

And, we suppose that for all elements of ܺ, the order of each element is the same, i.e., 	|ݔఙ(ఛ೔)|	 ≥ ⋯ ≥   |ఙ(ఛ೙)ݔ|
and  	|ݔ′ఙ(ఛ೔)|	 ≥ ⋯ ≥  .|ఙ(ఛ೙)′ݔ|
 In the beginning, we demonstrate the monotonicity of this case. 
According to the alternative representation of bipolar Sugeno integral (Eq. (14)), we have 

,࢞)∫(ݑܵܤ)	 ݒ݀(ݒ =⋎௜ୀଵ௡ |ఙ(ఛ೔)ݔ|ൣ 		⋏  ఙ(ఛ೔)൯൧    (15)ܣ൫ݒ	

also, 

,′࢞)∫(ݑܵܤ) ݒ݀(ݒ =⋎௜ୀଵ௡ |ఙ(ఛ೔)′ݔ|ൣ 		⋏    (16)	 ఙ(ఛ೔)൯൧ܣ൫ݒ	

ఙ(ఛ೔షభ)ܣ			  are the ternary-criterion sets with	ఙ(ఛ೔షభ)ܣ		݀݊ܽ	ఙ(ఛ೔)ܣ 	⊆  			.ఙ(ఛ೔)ܣ	
Hence,           ݒ(ܣఙ(ఛ೔))− (ఙ(ఛ೔షభ)ܣ)ݒ ≥ 	0.                
Now, since 	ݔఛ೔ 		≥ 	 ݔ

ᇱ
ఛ೔		∀	߬௜ ∈ ൛݅

ା , ݅ି, ݅∅ൟ,  it is clear that 
	ݒ݀(ݒ,࢞)∫(ݑܵܤ)  ≥ 	 ,′࢞)∫(ݑܵܤ)  	.ݒ݀(ݒ
 So that, if ݔఛ೔ 		> 	 ,࢞)∫(ݑܵܤ)  then	ᇱఛ೔ݔ ݒ݀(ݒ 	≥ 	 ,′࢞)∫(ݑܵܤ)  is proved inside the scope that the order of each  ݒ݀(ݒ

element of ࢞ and ࢞′ does not change.  
Therefore, by repeating the above process 2 times at the point of the replacement of the order,  
if 	ݔఛ೔ 		> 	   . then,  the following can be proved even in the range with the order replacement	ᇱఛ೔ݔ

Ternary-criterion sets {૚∅,૛∅,૜∅} {૚ା,૛∅,૜∅} {૚∅,૛ା ,૜∅} 
 0.4 0.6 0 ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚∅,૛ି ,૜ି} {૚ି,૛ି ,૜∅} {૚ି ,૛∅,૜ି} 
 0.8- 0.8- 0.7- ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚∅,૛∅,૜ା} {૚ା,૛ା ,૜∅} {૚ା ,૛∅,૜ା} 
 0.8 0.7 0.6 ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚∅,૛ା ,૜ା} {૚ି,૛∅,૜∅} {૚∅,૛ି ,૜∅} 
 0.6- 0.6- 0.7 ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚∅,૛∅,૜ି} {૚ା,૛ି ,૜∅} {૚ି ,૛ା ,૜∅} 
 0.2 0.3 0.4- ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚∅,૛ି ,૜ା} {૚∅,૛ା,૜ି} {૚ା ,૛∅,૜ି} 
 0.3- 0.2- 0.5 ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion  sets {૚ି,૛∅,૜ା} {૚ା,૛ା ,૜ି} {૚ା,૛ି ,૜ା} 
 0.5 0.8 0.2 ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚ି,૛ା ,૜ି} {૚ି,૛ା ,૜ା} {૚ି,૛ି ,૜ା} 
 0.5- 0.4 0.4- ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
Ternary-criterion sets {૚ା,૛ି ,૜ି} {૚ି,૛ି ,૜ି} {૚ା,૛ା ,૜ା} 
 1 1- 0.4- ࢙ࢋ࢛࢒ࢇ࢜	࢚࢟࢏ࢉࢇ࢖ࢇࢉ࢏࡮
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,࢞)න(ݑܵܤ) ݒ݀(ݒ 	≥ 	 ,′࢞)න(ݑܵܤ)  		ݒ݀(ݒ

Thus, by applying this procedure successively for each  ݅, the monotonic property can be proved.                     

 Conclusion 
In this contribution, we have proposed an alternative representation of bipolar Sugeno integrals related to bi-capacities. Then, 

we studied the basic properties of this representation. According to the definitions of bi-capacities and their integrals through the 
concept of ternary-criterion sets, we can see these definitions are significant because associating polarity with each criterion is 
easier than associating polarity with a set of criteria. Therefore, we look forward to future work on these definitions to allow an 
easy way to introduce new integrals related to the bi-capacities. 
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