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 Abstract—   We prove that a positiveasolution to a given boundaryaproblem exists 

and is unique. This new boundaryacondition  relates theanon-local unknown value of 

unknownafunction at   with its influenceadue to aasup-strip 10),1,(    .Our 

resultsaare aobtainted by using " Banach andaKrasnoselskii’satheorems"a linked to 

anywhere. Some classicalatheorems of fixedapoints assistance to achieve the 

greatestaresults.
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I. INTRODUCTION  
For various areas of science and engineering, fractional order 

differential equations have been employed, such as "physics, 

mechanics, economy, and biological science," etc... see 

[5,6,13].  

Theaexistenceaofapositiveasolutionsanonlinearafractional 

orderadifferentialaequationsawith 

multipointaintegralaboundaryaconditions has beenastutiedaby 

severalaauthorsausingadiffrrentamethodsa(seea[2,8,10,12] 

Bashir Ahmad et al. [3] investigated the presence and 

singularity of three-pin integral-frontier fractional-difference 

border-value solutions of order  
]2,1(q
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In paper [7] the authors discussed a problem with the limit 

value with similar generalized conditions given by    
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Where    isaa givenafunction, a  is positiveaconstant . 

The aim of this study is to determine whether 

positiveasolutions exist and  uniqueness for the following 

boundaryaproblem 
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Where 
Dc

  the symbolizes: "Caputo fractional derivative" of 

order bbk  ]1,0[:,  is an ongoing function, and 

 and 1  . Here ).,( b is a  

"Banachaspace " and )],1,0([ bCC   is the 

"Banachaspace" 

ofaallacontinuousafunction from b]1,0[  withanorm 

 ]1,0[,)(sup  
 

 

2. Preliminaries 
Let's establish some basic fractional calculus definitions [4,1].
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Definition 2.1 :Foraaacontinuousafunction   ),0[:  

theaderivativeaofafractionalaorderav isadefinedaas 
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̂Dc

 denotes the Caputo derivative. 

 

Definition 2.2": The fractional integral of order   is define 

as  
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 Which is called Riemann- Liouville  integral, where there is 

an integral exists. 

 

"Definition 2.3": The derivative p "Riemann-Liouville" for 

continuous function )(g


is given by  
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 If point specified on the right side on 1][,),0(  pn


. 

These definitions sings to the 

nonlocalafractionaladerivativeawhichaisadifferent from the 

localafractionaladerivative which is defined in [11] . 

 

Lemma 2.4": ( see [9]) The overall answer for the equation 

0)( Dc
 is provided by  
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Where )1][(1,...,2,1,0,  NNici  where N  

isasmallestaintegeragraterathan or equal to .)0( 
 

 

Lemma 2.5": Aauniqueasolutionaofatheaboundaryaproblem 

(1.1) isagivenaby 
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"Proof": For certain constants 321 ,, ccc  We've get: 
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 By applying the second  condition to (1.1)
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which imply that  
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Replacing theavalues of   
 

   

)6.2(, 321 incandcc we have obtained the solution (2.5), the 

proof is complete. 

 

Inaviewaof lemma 2.5, An operator  : is given by  
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3- ExistenceaResultsain a "Banach space" 

 

Theorem 3.1": Let bb  ]1,0[:  be aacontinuous 

function and assume that  

  LZ ),(),()1( , 

.,,0],1,0[ bL    

bygiveniswhereLwith 
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Then the limit value of the problem (1.1) has 

aauniqueasolution. 

Proof": Let H


)0,(sup
]1,0[




 and choosing 

1)1(  LHz , we show that 
zz BB   where 
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  zz BforzB   .:  we have  
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Now, for  ,  and for each ]1,0[ , we get  
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for   shall be  provided by (3.1). Note that   just one of the 

issue parameters depends on. 

As 



1

L  , so  is aacontraction. 

Next, we argue that (1.1) solutions exist by the use "fixed 

point theorem" [9] of  Krasnoselskii. 

 

Theorem 3.2": ("The fixed point theorem of Krasnoselskii"). 

Let S be a closedaconvex and not void subset of a "Banach 

space" b . Let cc BA ,  to beatheaoperators 

That's it. 

(a) ;, SwheneverSBA cc    

(b) cA  isacompactaandacontinuous ; 

(c) cB  isaaacontraction. Then it is available Sz  

That's it. zBzAz   ; 

Theorem 3.3": Let bb  ]1,0[:  be a continual 

common mapping of function limited sub-sets of b]1,0[  

into comparatively built-in subsets of  b and assume-that  

(Z2) ballfor  ]1,0[),(),(),(   and 

)],1,0([1  L  and (Z1) holds with  
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Thenatheaproblema(1.1) hasaataleastaoneasolutionaon [0,1]. 

 

Proof:  Setting  fixwe,)(sup
]1,0[
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and consider  .: zBz    We define operators 

zBonJandI  as  
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For 
zB , , we find that 
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Hence 
zBJI    so J is contraction-mapping by (Z1) 

together-with (3.4). Continuity of means that the operator 

I isacontiuous. Alsoaisauniformlyaboundedaon  asB zc
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We verify next the compactness of I. 

Bu using (Z1) we know  
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That is unrelated to  . So I isarelativelyacompactaon  zcB . 

Hence, bya "Arzela – Ascoli's" theorem, I isacompactaon 

zcB   Soaall theaassumptionsaofatheorema 3.2. areasatisfied, 

whichaimpliesathatatheaboundaryaproblem (1.1)  

hasaataleastaoneasolution  on [0,1]. 
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الحل الموجب لصنف جديد من المعادلات الكسرية الغير محلية ذات 

 شروط حدودية تكاملية

 نورا ليث حسين عمر اغا

nooralaith1984@uomosul.edu.iq 

 قسم الرياضيات،  كلية التربية للعلوم الصرفة 

 جامعة الموصل، الموصل ، العراق

 

02/8/1212 البحث تاريخ قبول               12/6/1212البحث: تاريخ استلام  

 الخلاصة:

في هذا البحث تم اثبات وجود ووحدانية الحل الموجب لمسألة 

هنا بين قيمة حيث ترتبط الشروط الحدودية المقترحة  القيم الحدودية 

والقيم اللامحلية وتاثيرها عند الدالة الغير معرفة 

10)1(   والتي ساعدتنا بعض النظريات الاساسية  وو

 ’Banach and Krasnosilskiiللنقطة الثابتة في تحقيق افضل النتائج.  

   تم الحصول على نتائجنا باستخدام مبرهنتي  

الشروط  -الحل الموجب -المعادلات التفاضلية الكسرية :الكلمات المفتاحية

 الثابتة.نظرية النقطة  -ير محليةالحدودية الغ
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