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 In this work, an optimal and robust controller based on consolidating the 
PID controller and H-infinity approach with the model reference control is 
proposed. The proposed controller is intended to accomplish a satisfactory 
transient response by including the reference model. A Tail-Sitter VTOL 
UAV system is used to show the effectiveness of the proposed controller. A 
dynamic model of the system is formulated using Euler method. To 
optimize the design procedure, the Black Hole Optimization (BHO) 
method is used as a new Calibration method. The deviation between the 
reference model output and system output will be minimized to obtain the 
required specifications. The results indicate that the proposed controller is 
very powerful in compensating the system parameters variations and in 
forcing the system output to asymptotically track the output of the 
reference model. 
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1. INTRODUCTION 
Unmanned Aerial Vehicles (UAVs) are aircraft equipped for flying without pilots. Recently, the 

study and advancement of UAVs have developed because they can be utilized in applications ranging 
from civilian to military applications. They have been generally used in aerial imagery, mapping, 
monitoring, policing fields, etc. Typically, UAVs are classified as conventional fixed-wing or 
hovering rotary-wing aircraft frames. From one point of view, traditional fixed-wing aircraft have 
established reliability, long flight time, and flight efficiency, but they cannot fly or hover at low 
speeds. On the other point of view, although hovering platforms have the operational flexibility of 
having the option to take-off vertically, hover, and land vertically, they typically have drawbacks in 
forwarding flight, such as low speed and helpless continuance [1]. 
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The vertical takeoff and landing (VTOL) platform, which is combining a rotary-wing aircraft's 
maneuverability with the high-level flight efficiency of a fixed-wing aircraft, has recently attracted 
much attention. A VTOL aircraft have intrinsic focal points on account of its hovering capabilities 
and provide many advantages in contrast to quad-rotor aircraft, such as high energy autonomy. There 
are various ways to execute VTOL maneuvers such as tilting-rotor, tilting-wing, thrust-vectoring, 
tail-sitting, etc. The easiest way is tail-sitting since the VTOL maneuver does not require extra 
actuators. A simple mechanism is desirable for UAVs as weight savings are important for the VTOL 
maneuver and have a cost-saving advantage [2]. 

A tail-sitter, as shown in Figure 1, is the simplest type of VTOL UAV aircraft taking off and 
landing on its tail, then horizontally tilting for forwarding flight. This type does not require additional 
actuators. It does not need a runway for release and recovery compared to traditional designs, 
because it has far greater operational flexibility and can fly from any small free space [3]. 

 
Figure 1: A tail-sitter VTOL UAV Aircraft [4] 

There have been many approaches to control a tail-sitter VTOL UAV system, including the PID 
regulator [4], the model predictive controller [5], sliding mode control [6], disturbance observer-
based (DOB) controller using 𝐻𝐻∞ synthesis [7], active disturbance rejection control (ADRC) for 
attitude controller [8], and nonlinear robust controller [9]. As per past studies, a tail-sitter VTOL 
aircraft exhibits a natural unstable behavior in vertical flight. Also, during hover mode, tail-sitters 
have complex flight dynamics due to system uncertainties and external disturbances. In [4], the PID 
controller has been used to control the tail-sitter VTOL aircraft. The conventional PID design 
procedure was based on a plant with constant parameters. However, the design of a feasible 
controller should involve the analysis of the robustness of the parameters uncertainty, stability, and 
performance. 

Robust control is the study and design of control systems when perturbations (uncertainties and 
disturbances) exist. One of the popular and powerful approaches in robust control system design is 
the H-infinity control. H-infinity control is an efficient method to reject disturbance and noise of the 
control systems as well as to compensate for system uncertainties, but the H-infinity control design 
approach may not achieve the required transient response specification. Therefore, a suitable model 
reference can be implemented to achieve asymptotic tracking of prescribed limits, and its 
performance is used as a required response [10, 11]. 

Control engineers are leaning towards simple controllers like PIDs, but H-infinity PID control 
software has not been previously available. Therefore, PID controllers need to be tuned rather than 
optimized. After the year 2010, the PID controller can be used within the H-infinity procedure and 
the H-infinity PID controller can now be optimized [12].  

This paper aims to design an optimal H-infinity PID model reference controller to stabilize the 
rolling position of a tail-sitter VTOL aircraft during hovering flight. The Black Hole Optimization 
(BHO) algorithm is used to optimize the design procedure of the proposed controller. 

The objectives of the proposed controller are: compensating for plant uncertainties, rejecting the 
external disturbances and control system measurement noise, and providing the asymptotic tracking 
to make the actual system model asymptotically tracks the reference model. 

The rest of this paper is divided into the following sections. Section 2 describes the process of the 
BHO algorithm. The system modeling of a tail-sitter VTOL aircraft is given in the third section. In 
section 4, the controller design is presented. Section 5 introduces the simulation results and 
discussions for applying the proposed controller to the system. Finally, the conclusion is given in 
section 6. 
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2. BLACK HOLE OPTIMIZATION (BHO) METHOD 
The BHO is a powerful metaheuristic population-based optimization method inspired by the 

black hole phenomenon. Like other population-based algorithms, the BHO algorithm begins with an 
initial population of candidate solutions to an optimization problem and an objective function 
calculated for them. The definition of a black hole (BH) is an object in space with a huge fastened 
mass. Therefore, Neighborhood objects have no possibilities to get away from their gravitational 
force. Anything, even light particles, will fall into a BH and vanish from our universe. As this 
method is a population-based algorithm, an initial population of candidate solutions to a given 
problem is created and distributed randomly in the search space with an objective function computed 
for them. After that, the best candidate is chosen at each iteration to be the black hole, and the rest 
form the stars. The evolution of the population is achieved by moving all the candidates, in each 
iteration, towards the best candidate (the black hole) based on their current location and random 
number according to the following formula [13]: 

 𝑥𝑥𝑖𝑖(𝑡𝑡 + 1) = 𝑥𝑥𝑖𝑖(𝑡𝑡) + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 × (𝑥𝑥𝐵𝐵𝐵𝐵 − 𝑥𝑥𝑖𝑖(𝑡𝑡)),   𝑖𝑖 = 1, 2, … ,𝑁𝑁 (1) 

 
where 𝑥𝑥𝑖𝑖(𝑡𝑡 + 1) and 𝑥𝑥𝑖𝑖(𝑡𝑡) are the locations of the 𝑖𝑖th star at the iterations (𝑡𝑡 + 1) and (𝑡𝑡), 

respectively, 𝑥𝑥𝐵𝐵𝐵𝐵 is the location of the black hole in the search space, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is a random number in 
the interval [0,1] and 𝑁𝑁 is the number of stars. Next, the black hole starts gulping the closest stars. 
When the stars enter within the range of BH (or the event horizon), they are sucked up and replaced 
by newly created random candidates in search space. In BHO algorithm, the event horizon radius is 
determined as follows [13]: 

 𝑅𝑅 = 𝑓𝑓𝐵𝐵𝐵𝐵
∑ 𝑓𝑓𝑖𝑖𝑁𝑁
𝑖𝑖=1

 (2) 

 
where 𝑓𝑓𝐵𝐵𝐵𝐵 is the fitness value of the black hole and 𝑓𝑓𝑖𝑖 is the fitness value of the 𝑖𝑖th star. As a star 

moves towards the black hole, a location with a lower cost than the black hole may be reached. In 
such a situation, the black hole moves to the star's location and vice versa. Then, the BHO algorithm 
starts with a new black hole in the new location, and then stars move to that new location. Figure 2 
illustrates just how well the BHO algorithm determines the optimized values. The Black Hole 
Optimization method has two major advantages. First, it has a simple structure, so it is easy to 
implement. Secondly, it is liberated from parameter tuning issues [13]. 

The BHO algorithm's functionality is to find the optimal parameters for the proposed controller 
and the performance weighting function. Firstly, specify the number of populations and the problem 
parameters, which are the parameters that require optimization. Then, specify the cost function 
representing the performance index to be minimized. The optimized parameters are determined 
continuously. Consequently, the best cost, on each iteration, is calculated. Finally, the number of 
iterations depends on whether an acceptable solution is reached or the maximum number of iterations 
is exceeded. After a while, all the best costs would become the same, this means that there are no 
other best solutions. At this point, the algorithm should be stopped [14]. 

3. TAIL SITTER VTOL AIRCRAFT SYSTEM MODEL 
Modeling of a VTOL aircraft is described in this section. The first phase in a system controlling 

is to derive a mathematical model for it. The behavior of each of the system components can be 
extracted from fundamental physics. Figure 3 shows the VTOL aircraft schematic system during the 
flight mode. The VTOL aircraft is treated as a solid vehicle flying in aerospace and it is subjected to 
torques and forces applied to its frame depending on the type of object assumed. The VTOL aircraft 
needs high precision during landing and take-off maneuvers, so this flying object must be configured 
to control roll, pitch, and yaw actions in a restricted area [4].  
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Figure 2: The BHO Algorithm flowchart 

 
Figure 3: VTOL aircraft system schematic during the flight mode [6] 

This paper aims to design an optimal H-infinity PID model reference controller capable of 
stabilizing the VTOL aircraft during hover flight, via controlling its rolling motion. The following 
assumptions are required for the modeling procedure: 

Assumption 1 The aircraft is assumed to fly over a small local area on Earth that supports the use 
of the Flat-Earth model equations [15]. 

Assumption 2 The mass of the blades and elevons is neglected [1]. 
Assumption 3 For convenience, the vehicle's yaw and roll damping are not included in the 

model. 
The model is derived from the analysis of the orientation of the VTOL aircraft in the inertial 

reference frame by the three Euler angles yaw, pitch, and roll. Euler angles are widely used in 
aerodynamic application fields. Based on Newton's motion equations, the set of behavior equations 
can be represented in terms of the following differential equations [4, 6]. 

 

 �̇�𝑃 = �𝐽𝐽𝑦𝑦−𝐽𝐽𝑧𝑧�𝑄𝑄𝑄𝑄
𝐽𝐽𝑥𝑥

+ 𝑙𝑙
𝐽𝐽𝑥𝑥

 (3) 

 

 �̇�𝑄 = (𝐽𝐽𝑧𝑧−𝐽𝐽𝑥𝑥)𝑄𝑄𝑅𝑅
𝐽𝐽𝑦𝑦

+ 𝑚𝑚
𝐽𝐽𝑦𝑦

 (4) 
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 �̇�𝑅 = �𝐽𝐽𝑥𝑥−𝐽𝐽𝑦𝑦�𝑅𝑅𝑄𝑄
𝐽𝐽𝑧𝑧

+ 𝑛𝑛
𝐽𝐽𝑧𝑧

 (5) 

where [4]: 
𝜔𝜔𝑏𝑏 = [𝑃𝑃   𝑄𝑄   𝑅𝑅]𝑇𝑇 represents the angular velocity for the body frame (𝑋𝑋,𝑌𝑌,𝑍𝑍), which is rotated to 

the north-east-down (NED) reference frame (𝑥𝑥, 𝑦𝑦, 𝑧𝑧). 
𝑇𝑇 = [𝑙𝑙   𝑚𝑚   𝑟𝑟]𝑇𝑇 is the torque applied to the center of mass of the VTOL aircraft in the body 

frame. 
 𝐽𝐽𝑥𝑥, 𝐽𝐽𝑦𝑦 and 𝐽𝐽𝑧𝑧 are the diagonal elements of the diagonal inertia matrix 𝐽𝐽 of the VTOL aircraft: 

 𝐽𝐽 = �
𝐽𝐽𝑥𝑥 0 0
0 𝐽𝐽𝑦𝑦 0
0 0 𝐽𝐽𝑧𝑧

� (6) 

 
To obtain the roll angle dynamics, only the roll subsystem is considered. In this situation, the 

pitch and yaw rates are assumed to be zero. The aircraft can be studied as a Planar Vertical Take-off 
and Landing (PVTOL) flight platform [16]. This means that pitch and yaw motion will be controlled 
by appropriate control laws in which (𝑄𝑄 = 𝑅𝑅 = 0) is satisfied. Then, using equations (3), (4), and (5), 
the rotational dynamics of the roll angle can be described by [6]: 

 

 �̈�𝜙 = 𝑙𝑙
𝐽𝐽𝑥𝑥

 (7) 

One can determine moments 𝑙𝑙 as [6]: 
 

 𝑙𝑙 = 𝐹𝐹𝑟𝑟 − 𝐶𝐶𝑙𝑙�̇�𝜙 (8) 

where 𝐹𝐹 is the difference in force between the right and the left rotors which represents the 
external thrust moment applied to the center of mass of the VTOL aircraft in the body frame (the 
control signal 𝑢𝑢). It can be expressed as [4]: 

 𝐹𝐹 = 𝐹𝐹1 − 𝐹𝐹2 = 𝑢𝑢 (9) 

𝑟𝑟 refers to the distance of each rotor from the center of the mass of the VTOL aircraft and 𝐶𝐶𝑙𝑙 is 
known as a roll damping derivative [4]. 

Substituting (8) in (7) gives [4]: 

 �̈�𝜙 = − 𝐶𝐶𝑙𝑙
𝐽𝐽𝑥𝑥
�̇�𝜙 + 𝑑𝑑

𝐽𝐽𝑥𝑥
𝐹𝐹 (10) 

Letting 𝑥𝑥 = [𝑥𝑥1    𝑥𝑥2]𝑇𝑇 = [𝜙𝜙    𝜙𝜙]̇ 𝑇𝑇 ∈ ℜ2 be the state vector of the system, 𝑦𝑦 = 𝜙𝜙 = 𝑥𝑥1 ∈ ℜ be 
the controlled output and 𝑢𝑢 = 𝐹𝐹 ∈ ℜ be the control input. The system's standard equation description 
can be written as: 

 �̇�𝑥1 = 𝑥𝑥2�̇�𝑥2 = −𝐶𝐶𝑙𝑙
𝐽𝐽𝑥𝑥
𝑥𝑥1 + 𝑑𝑑

𝐽𝐽𝑥𝑥
𝑥𝑥2𝑦𝑦 = 𝑥𝑥1 (11) 

Besides, the state equation can be written in matrix notation as: 
 

 ��̇�𝑥1�̇�𝑥2
� = �

0 1
0 −𝐶𝐶𝑙𝑙

𝐽𝐽𝑥𝑥
� �
𝑥𝑥1
𝑥𝑥2� + �01� �

𝑑𝑑
𝐽𝐽𝑥𝑥
� 𝑢𝑢 (12) 

The system dynamics become: 

 �̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝛬𝛬𝑢𝑢 (13) 
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where 𝐵𝐵 ∈ ℜ2×1 is the known control matrix, while 𝐴𝐴 ∈ ℜ2×2 and 𝛬𝛬 ∈ ℜ1×1 are unknown 
constant matrices. Also, it is assumed that 𝛬𝛬 is a diagonal matrix with positive entries and the pair 
(𝐴𝐴,𝐵𝐵𝛬𝛬) is controllable. The modeling errors are introduced as uncertainty in 𝐴𝐴 and 𝛬𝛬 matrices. The 
parameters 𝑟𝑟,𝐶𝐶𝑙𝑙 and 𝐽𝐽𝑥𝑥 are considered to be uncertain with ±10% tolerances for each of them. The 
nominal values, upper, and lower bounds of the system parameters are listed in Table I. 

Table I: List of system parameters [4] 

Parameters Lower bounds Nominal values Upper bounds 
𝒅𝒅 0.18 m 0.2 m 0.22 m 
𝑪𝑪𝒍𝒍 0.324 0.36 0.396 
𝑱𝑱𝒙𝒙 0.01296 kg.m2 0.0144 kg.m2 0.01584 kg.m2 

4. CONTROLLER DESIGN 
In this section, the proposed controller is designed. The H-infinity control approach has been 

used to design an optimal PID controller for a tail-sitter VTOL aircraft system in such a way that the 
following requirements are met [17]: 

• Robust stability and robust performance for different model parameter variations. 
• Disturbance rejection and measurement noise attenuation. 
• Low control effort. 
• Low closed-loop bandwidth. 
• The selected reference model specifications. 

The performance analysis in H-infinity control is defined in terms of sensitivity function 𝑆𝑆(𝑠𝑠) 
and complementary sensitivity function 𝑇𝑇(𝑠𝑠) where [18]: 

 𝑆𝑆(𝑠𝑠) = 1
1+𝐺𝐺𝐺𝐺(𝑠𝑠) (14) 

 𝑇𝑇(𝑠𝑠) = 𝐺𝐺𝐺𝐺(𝑠𝑠)
1+𝐺𝐺𝐺𝐺(𝑠𝑠) (15) 

and 𝑆𝑆(𝑠𝑠) + 𝑇𝑇(𝑠𝑠) = 1. 
The H-infinity control design has the flexibility to handle both structured and unstructured 

uncertainties. However, it is hard to work with structured uncertainty shapes. The solution is to 
replace these complicated structured uncertainty shapes with unstructured ones. Therefore, the 
unstructured multiplicative uncertainty model can be used to represent the plant with structured 
uncertainties [19]. Multiplicative perturbation model is relative or percentage uncertainty, where all 
that is assumed to be known about perturbation is that all right-hand poles (RHPs) of the real plant 
model 𝐺𝐺𝑝𝑝(𝑠𝑠) are entirely included in the nominal model 𝐺𝐺(𝑠𝑠) and they must have a finite known 
upper bound [18]. Figure 4 demonstrates the standard overall block diagram of the controlled system 
with system uncertainties and weighting functions. In this figure, 𝑟𝑟 ∈ ℜ represent the external 
command signal, 𝑟𝑟 ∈ ℜ is the external disturbance signal, 𝑦𝑦𝑟𝑟𝑟𝑟𝑓𝑓 ∈ ℜ refer to the reference model 
output and 𝑒𝑒𝑟𝑟(𝑡𝑡) ∈ ℜ is called the tracking error, which is the difference between reference model 
output 𝑦𝑦𝑟𝑟𝑟𝑟𝑓𝑓 and the output of the actual system 𝑦𝑦.𝑊𝑊𝑝𝑝(𝑠𝑠) represents the performance weighting 
function associated with performance requirements, which is used to convey specifications on the 
shape of the output sensitivity function 𝑆𝑆(𝑠𝑠), while 𝑊𝑊𝑚𝑚(𝑠𝑠) represents the multiplicative uncertainty 
weighting function calculated to cover ±10 percent variance of the system parameters 𝑟𝑟,𝐶𝐶𝑙𝑙 and 𝐽𝐽𝑥𝑥. 

 
Figure 4: Block Diagram of the overall control system with weighting functions 
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The conditions of robust stability, in the situation of multiplicative uncertainty, are the control 
system with stabilizing controller 𝐾𝐾(𝑠𝑠) must be nominally stable (the controller stabilizes the 
nominal model 𝐺𝐺(𝑠𝑠)) and [17]: 

 ‖𝑊𝑊𝑚𝑚𝑇𝑇‖∞ < 1 (16) 

 
The conditions of robust performance for a control system with multiplicative uncertainty are: the 

control system with stabilizing controller 𝐾𝐾(𝑠𝑠) must be nominally stable and 𝜇𝜇 < 1, where [17]: 
 

 𝜇𝜇 = �𝑊𝑊𝑝𝑝𝑆𝑆 + 𝑊𝑊𝑚𝑚𝑇𝑇�∞ (17) 

One of the essential phases of the H-infinity control approach is the choice of weighting 
functions for a particular design problem. After selecting the nominal model of the plant, the 
uncertainty weighting function is obtained by representing the plant uncertainties as a multiplicative 
uncertainty model according to the following equation [19]: 

 

 𝐺𝐺𝑝𝑝(𝑠𝑠) = 𝐺𝐺(𝑠𝑠)�1 + ∆𝑚𝑚(𝑠𝑠)� (18) 

where 𝐺𝐺𝑝𝑝(𝑠𝑠) represents the actual plant model in terms of the uncertain system parameters, 𝐺𝐺(𝑠𝑠) 
is the plant nominal model in terms of nominal values of the uncertain parameters and ∆𝑚𝑚(𝑠𝑠) is the 
multiplicative uncertainty model. From Eq. (18), the multiplicative uncertainty model can be written 
as [19]: 

 ∆𝑚𝑚(𝑠𝑠) = 𝐺𝐺𝑝𝑝(𝑠𝑠)−𝐺𝐺(𝑠𝑠)
𝐺𝐺(𝑠𝑠)  (19) 

Also, from [18]: 

 ∆𝑚𝑚(𝑠𝑠) = 𝑊𝑊𝑚𝑚(𝑠𝑠)∆�(𝑠𝑠) (20) 

 

where 𝑊𝑊𝑚𝑚(𝑠𝑠) represents the uncertainty weighting function whose magnitude equals the upper 
bound of the multiplicative uncertainties 𝑃𝑃𝑚𝑚(𝑤𝑤): 

 |𝑊𝑊𝑚𝑚(𝑗𝑗𝑤𝑤)| = 𝑃𝑃𝑚𝑚(𝑤𝑤)  ∀𝑤𝑤 (21) 

and �∆�(𝑗𝑗𝑤𝑤)� ≤ 1. It is known that, from [20], the perturbed system geometrically can be thought 
of as a point in a ball that contains the nominal model and other members of the plant model family. 
The uncertainty weighting function is extracted from the upper bound of the multiplicative 
uncertainty model to cover all the points in a ball of uncertainty. Therefore, using  Eq. (19), the 
uncertainty weighting function is determined by utilizing the curve fitting commands in MATLAB 
such that �∆�(𝑗𝑗𝑤𝑤)� ≤ 1 for all 𝑤𝑤 [19]. The resulting uncertainty weight is: 

 𝑊𝑊𝑚𝑚(𝑠𝑠) = 13.04 𝑠𝑠+137.5
𝑠𝑠+851.1

 (22) 

The selected form of the performance weighting function [18]: 

 𝑊𝑊𝑝𝑝(𝑠𝑠) =
1
𝑀𝑀𝑠𝑠

 𝑠𝑠+𝜔𝜔𝐵𝐵

𝑠𝑠+𝜔𝜔𝐵𝐵𝑟𝑟𝑠𝑠𝑠𝑠
 (23) 
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where 𝜔𝜔𝐵𝐵 is the minimal acceptable bandwidth to help in achieving adequate robustness, 𝑀𝑀𝑆𝑆 is 
the maximum peak of the magnitude of sensitivity function 𝑆𝑆(𝑠𝑠). Typically, it is required that 𝑀𝑀𝑆𝑆 <
2 to prevent high-frequency noise amplification and 𝑒𝑒𝑠𝑠𝑠𝑠 is the allowed steady-state error [18]. 

The PID controllers have always been the most popular in many industrial processes. The 
transfer function of PID controller is: 

 𝐾𝐾(𝑠𝑠) = 𝑈𝑈(𝑠𝑠)
𝐸𝐸(𝑠𝑠)

= 𝐾𝐾𝑝𝑝 + 𝐺𝐺𝑖𝑖
𝑠𝑠

+ 𝐾𝐾𝑑𝑑 𝑠𝑠 (24) 

where 𝐾𝐾𝑝𝑝,𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑 are the proportional, integral, and derivative PID gains (controller 
parameters) [21].  

The H-infinity optimal control design approach may not meet the appropriate transient response 
specification. To overcome this scenario, an effective reference model may be applied and its output 
is used as the required response [22]. The specifications are mostly presented in terms of the standard 
quantity of rising time, settling time, overshoot, and steady-state error of time response. The step 
response of the standard second-order system is commonly used to describe the time-domain 
specifications as a reference model [23]. The reference model has important properties such as 
having to be stable, chosen so that the DC gain of the reference transfer function becomes unity, it is 
not part of the feedback design and therefore does not contribute to the transfer function of the 
closed-loop system [24]. The transfer function of the standard second-order system is given by: 

 𝐺𝐺𝑟𝑟(𝑠𝑠) = 𝑤𝑤𝑛𝑛
2

𝑠𝑠2+2𝜉𝜉𝑤𝑤𝑛𝑛𝑠𝑠+𝑤𝑤𝑛𝑛
2 (25) 

where 𝑤𝑤𝑛𝑛 is the natural frequency of the reference model and its value is chosen as 50 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠 and 
𝜉𝜉 is the damping factor, which its value is chosen to be 0.85 . Their duty is to manage and prepare 
the desired specifications. Therefore, the proposed controller is an effective controller developed on 
the foundations of the H-infinity control strategy to achieve robustness functionality and incorporated 
with the model reference control technique to attain the desired transient response characteristics. 
The proposed scheme is shown in Figure 5. 

The parameters to be optimized are the PID controller parameters (𝐾𝐾𝑝𝑝,𝐾𝐾𝑖𝑖  and 𝐾𝐾𝑑𝑑) and the 
parameters of the performance weighting function (𝜔𝜔𝐵𝐵 ,𝑀𝑀𝑠𝑠 and 𝑒𝑒𝑠𝑠𝑠𝑠). Some analyses were carried out 
to distinguish the optimal parameters of both the performance weighting function and the controller 
to maintain a satisfactory transient response with good robustness. Since the requirements for 
robustness are �𝑊𝑊𝑝𝑝𝑆𝑆�∞ < 1 and ‖𝑊𝑊𝑚𝑚𝑇𝑇‖∞ < 1, it is desirable to impose the upper bounds of  1/�𝑊𝑊𝑝𝑝� 
and 1/|𝑊𝑊𝑚𝑚| on the magnitudes of 𝑆𝑆 and 𝑇𝑇 respectively. Instead of explicitly enforcing certain 
conditions, we may enforce a nearly identical condition [18]: 

‖𝑁𝑁‖∞ < 1(26) 
 

where 𝑁𝑁 = �
𝑊𝑊𝑝𝑝𝑆𝑆
𝑊𝑊𝑚𝑚𝑇𝑇

�. 

 
Figure 5: Block Diagram of the proposed Control System 

As an outcome of these tests, it has been shown that the following cost function is more efficient 
and consistent to achieve the objectives of the proposed controller: 
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 𝐽𝐽�𝐾𝐾𝑝𝑝,𝐾𝐾𝑖𝑖 ,𝐾𝐾𝑠𝑠 ,𝜔𝜔𝐵𝐵 ,𝑀𝑀𝑠𝑠, 𝑒𝑒𝑠𝑠𝑠𝑠� = ∫ 𝑒𝑒𝑟𝑟(𝑡𝑡)2 𝑟𝑟𝑡𝑡 + ‖𝑁𝑁‖∞
𝑡𝑡𝑓𝑓
𝑡𝑡𝑜𝑜

 (27) 

where 𝑡𝑡𝑜𝑜 and 𝑡𝑡𝑓𝑓 are the initial and final time, respectively. It is interesting to make the system 
output globally asymptotically tracks the output of the reference model for all system parameter 
variations in the presence of system uncertainties. During this tracking, the closed-loop system 
signals remain bounded. Therefore, for any bounded reference roll angle, the control input 𝑢𝑢 must be 
applied in such a manner that the tracking error 𝑒𝑒𝑟𝑟(𝑡𝑡) globally asymptotically tends to be zero as 
(𝑡𝑡 → ∞) [24]: 

 lim
𝑡𝑡→∞

�𝑦𝑦𝑟𝑟𝑟𝑟𝑓𝑓 − 𝑦𝑦� = 0 (28) 

5. RESULTS AND DISCUSSION 
This section presents the simulation and implementation of the optimal H-infinity PID model 

reference controller, which is introduced in the previous section, for a tail-sitter VTOL UAV aircraft 
system using the BHO algorithm. The results are presented with and without the proposed controller, 
which expressly illustrates the expected benefits of the proposed control strategy. The amplitude of 
the required angle applied within all simulation results in this paper is (30 degrees). Figure 6 shows 
the open-loop and closed-loop system time responses before applying the proposed controller. 
According to this figure, it is very noticeable that the development of the controller is crucial to 
regulate the system and perform an appropriate performance. The BHO algorithm is therefore used to 
obtain the optimal parameters of the proposed controller 𝐾𝐾(𝑠𝑠) and the performance weighting 
function 𝑊𝑊𝑝𝑝(𝑠𝑠). The optimization settings for BHO are given in Table II. Figure 7 indicates the cost 
function convergence rate of the BHO algorithm. It is shown that the convergence is fulfilled just 
after (150) iterations and the convergence minimization is established. The optimal parameters and 
their bounds are listed in Table III. Figure 8 shows the frequency response of nominal 
complementary sensitivity function 𝑇𝑇(𝑠𝑠) and nominal sensitivity function 𝑆𝑆(𝑠𝑠). Figure 9 shows the 
frequency response of 𝑆𝑆(𝑠𝑠) with the 𝑊𝑊𝑝𝑝(𝑠𝑠) inverse, while Figure 10 shows the frequency response of 
𝑇𝑇(𝑠𝑠) with the inverse of the uncertainty weighting function 𝑊𝑊𝑚𝑚(𝑠𝑠). From the two figures mentioned 
earlier, it is noticed that the magnitudes of 𝑆𝑆(𝑠𝑠) and 𝑇𝑇(𝑠𝑠) for all frequencies are lower than the 
magnitudes of 𝑊𝑊𝑝𝑝(𝑠𝑠)−1 and 𝑊𝑊𝑚𝑚(𝑠𝑠)−1, respectively, indicating that robust performance and robust 
stability conditions have been met. The roll control signal behavior is expressed in Figure 11. Figure 
12 shows the time response specifications of the controlled system using an H-infinity optimal PID 
model reference controller. The output of the system using the proposed controller tracked the output 
of the reference model. Furthermore, it is shown that the proposed controller is capable of achieving 
good robust performance. The transient response specifications obtained by the proposed controller 
are shown in Table IV in comparison with those achieved by the conventional PID controller 
developed in [4]. As a result, the proposed controller has been very successful in getting a 
satisfactory transient response identified by the model reference technique, the output of which was 
used as the desired system output response. 

The time response of the uncertain controlled system is shown in Figure 13.  It shows that the 
stability of the system in the presence of plant uncertainties with ±10% variations in the system 
parameters can be assured and the reference model being followed up. Figure 14 shows the 
controlled system’s time response specifications for a different command signal, which is a train of 
steps 30, 45, 20, 60, and then back to 30 degrees, each step is applied for 1 second. The roll control 
signal of the aforementioned command signal is shown in Figure 15.  
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Figure 6: Time responses of the system before applying the controller (a) open-loop (b) closed-loop 

Table II: List of BHO algorithm settings 

Optimization settings Number 
Problem dimension (No. of parameters) 6 

Size of population 50 
No. of iterations 150 

No. of runs 1 

Table III: List of The optimal parameters and their bounds 

Optimized 
parameters 

Lower bound Upper bound Optimum 
value 

𝑲𝑲𝒑𝒑 0 200 100.7028 
𝑲𝑲𝒊𝒊 0 200 76.9314 
𝑲𝑲𝒅𝒅 0 100 3.1266 
𝝎𝝎𝑩𝑩 0 0.1 0.0017 
𝑴𝑴𝒔𝒔 0 2 1.8974 
𝒆𝒆𝒔𝒔𝒔𝒔 0 0.01 7.4 × 10−3 

Cost - - 0.8247 
 

 
Figure 7: The cost function convergence 

 

 
Figure 8: Frequency response characteristics of the nominal complementary sensitivity function 

(𝑻𝑻(𝒔𝒔)) and nominal sensitivity function (𝑺𝑺(s)) 
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Figure 9: Frequency response characteristics of (𝑺𝑺(s)) and (𝑾𝑾𝒑𝒑

−𝟏𝟏) 

 
Figure 10: Frequency response characteristics of (𝑻𝑻(s)) and (𝑾𝑾𝒎𝒎

−𝟏𝟏) 

 
Figure 11: Behavior of roll control signal (thrust control) 

 

 
Figure 12: Time response characteristics of the controlled system 

Table IV: The calculated transient response specifications compared to those resulting from [4] 

Controller transient response specifications 
Rise time 𝒕𝒕𝒓𝒓 (𝒔𝒔) Settling time 𝒕𝒕𝒔𝒔 (𝒔𝒔) 

Conventional PID [4] 0.125 2.1 
Proposed controller 0.0398 0.12 
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Figure 13: Time response characteristics of the controlled uncertain system 

 
Figure 14: Time response characteristics of the controlled system for a train of steps 

 
Figure 15: Behavior of roll control signal for a train of steps 

6. CONCLUSION 
In this paper, the model reference control strategy has been mixed with the H-infinity control 

approach and the PID controller to create a new robust control for roll control of a tail-sitter VTOL 
UAV system. In this methodology, the controller parameters have been optimized using the BHO 
algorithm such that the output of the controlled system asymptotically tracks the output of the 
reference model while all signals in the corresponding controlled system are bounded. The designed 
control method has established an asymptotic tracking of the desired reference model output for a 
given bounded command signal with compensating for the uncertainty of the system parameters. A 
variance in system parameters of ±10 percent was taken into consideration. Finally, it was shown 
that the proposed control strategy could remedy the H-infinity controller’s disadvantage in getting the 
required time response requirements, and could involve the robustness analysis for the PID 
controller. 
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