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Abstract 

The main purpose of  this paper, is study  the ideas of order- Convergence of filters in a 

Riesz spaces and that is through prove an important theorems related to the some properties 

Riesz spaces. So we established that the intersection and union all subsets of the collection of 

all proper filters 𝐹(ℳ) were converge to point in Riesz space it's the same convergence point 

the filter there exist in these subsets and proved that order-convergence for intersection 

(union) two filters to intersection (union) two different points in Riesz space is equivalent to 

the set consist of two convergence points we could write it by using these filters . 
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 الملخص

الهدددا الرسيسدد  مددن بددذا البحدد  بددو الاقددة  فرددرة التسددالل الر يددف االرسددبة للك  ددر فدد  ف دداء ليسدد .   لدد  مددن  دد   

اثبات مبربرات مهمة  تعلق بدبع  الودواا الرسيسدية لهدذا الك داء.  كدذل  ثبتردا ا   سداد   ا حداا كدت المزموعدات الز سيدة 

 بدد   اكددط اس ددة التسددالل للكلتددر الموجددوا فدد  بددذ  المزموعددات مددن المزموعددة الكعليددة  ستددرل الددف اس ددة فدد  ف دداء ليسدد  

الز سيدة    كددذل  بربرددا ا  التسددالل الر يدف لتسدداد  ل ا حدداا  فلتددرين الدف  سدداد  ل ا حدداا  اس تددين موتلكتدين فدد  ف دداء ليسدد  

 يكو  مكافئ الف مزموعة  حتوي علف اس ت  التسالل الت   رتف بواق ة الك  ر.   

 .ف اء ليس لالح م المتزه التسالل الر يف للكلتر، الح مة، الكلمات الدالة: 

DOI: http://doi.org/10.32894/kujss.2020.15.2.2 

 

1. Introduction: 

The concept of a Riesz  space was first introduced by F. Riesz in [1]. Since then many 

others have developed the subject further. The first contributions to the theory came from L. 

V. Kantorovich [2] and  H. Freudenthal [3]. Most of the spaces encountered in the analysis 

are Riesz spaces. They play an important role in optimization, problems of   Banach  spaces, 

measure theory and operator theory. They have also some applications in economics [4-5].  
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One of the fundamental ideas in the reading of Riesz spaces is the "Order- Convergence", 

which leads to the concept of order continuity. In these study, we explored (order -

convergence for filters) in a Dedekind complete Riesz space [6].  

As a natural consequence, this paper will introduce the idea of Order -Convergence of 

filters in a Riesz spaces, examining some of its properties and also proving some of its basic 

realities.  

2. Preliminaries:  

This section contains of a collection of known notions, and basic information of  Riesz 

spaces and Order- Convergence of filters and a number of its properties, To understand term 

Riesz space, we refer to [7]. A non-empty set ℳ with a partially ordered set " ≤ " is called a 

lattice if the infimum and supremum of any twosome of elements in ℳ exist.  

A real vector space  ℳ which is also an ordered space with the linear and order 

arrangements related by the implications, 

i. If 𝑥, 𝑦, 𝑧 ∈ ℳ and,  𝑥 ≤ 𝑦 then,  𝑥 + 𝑧 ≤ 𝑦 + 𝑧. 

ii. If 𝑥, 𝑦 ∈ ℳ, 𝑥 ≤ 𝑦 and 0 ≤ 𝛼 ∈ ℝ  then,  𝛼𝑥 ≤ 𝛼𝑦. 

Thus the set ℳ+ = {𝑥 ∈ ℳ:𝑥 ≥ 0} is a expression the positive cone inℳand its 

elements are characterized positive. 

An ordered vector space who is also a lattice is a  Riesz space (also called vector lattice). 

Remark 2.1.[9]. Let ℳ be a Riesz space. For ℑ ⊂ ℳ, we define ℑ𝑙 = {𝑥 ∶  𝑥 ≤

  𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙   𝑦 ∈  ℑ},  ℑ𝑢 = {𝑥 ∶  𝑥 ≥ 𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑦 ∈  ℑ}, where ℑ𝑙 and  ℑ𝑢 are the sets of all 

lower and upper bounds of  ℑ, respectively, {𝑥}𝑙 and {𝑥}𝑢 will be written  𝑥𝑙 and 𝑥𝑢 

respectively. The closed interval notation,  [𝑥, 𝑦] = 𝑥𝑢 ⋂𝑦𝑙 ( 𝑥 ≤ 𝑦) will be employed. 

Definition 2.2.[8].  A filter  ℱon a lattice ℳ is said to be order- Convergent to a point 𝑥 ∈

ℳ, in signs   ℱ
(𝑜)
→ 𝑥 if  𝑥 = ⋁ ℱ𝑙 = ⋀ ℱ𝑢. 

Lemma 2.3.[9].  Let 𝑦 ∈ ℳ, ℑ, 𝑍 ⊂ ℳ, ℱ,℘ ∈ 𝐹(ℳ),  where 𝐹(ℳ) the collection of all 

proper filters on  ℳ and 𝐹 ⊂ 𝐹(ℳ). Then: 

a. ℑ ⊂ 𝑍 implies  ℑ𝑙 ⊃ 𝑍𝑙 and ℑ𝑢 ⊂ 𝑍𝑢, 
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b.  ℑ𝑙 = {𝑥: 𝑌 ⊂ 𝑥𝑢},   ℑ𝑢 = {𝑥: 𝑌 ⊂ 𝑥𝑙}, 

c. ℑ ⊂ ℑ𝑢𝑙, ℑ ⊂ ℑ𝑙𝑢, 

d. ⋀ℑ = 𝑦  if and only if  ℑ𝑙 = 𝑦𝑙,   ⋁ℑ = 𝑦 if and only if  ℑ𝑢 = 𝑦𝑢, 

e. 𝑦𝑙 = 𝑦𝑢𝑙 , 𝑦𝑢 = 𝑦𝑙𝑢 , 

f. ℱ ⊂  ℘ implies ℱ𝑙 ⊂ ℘𝑙  and ℱ𝑢 ⊂  ℘𝑢, 

g. ℱ𝑙 = {𝑥: 𝑥𝑢 ∈ ℱ}, ℱ𝑢 = {𝑥: 𝑥𝑙 ∈ ℱ}, 

h. ℱ𝑢𝑙 = ⋂ {𝑥𝑙:  𝑥𝑙 ∈ ℱ}, ℱ𝑙𝑢 = ⋂{𝑥𝑢: 𝑥𝑢 ∈ ℱ}, 

i. ℱ𝑢 ⊂ ℱ𝑢𝑙𝑢 ⊂ ℱ𝑙𝑢 ,   ℱ𝑙 ⊂ ℱ𝑙𝑢𝑙 ⊂ ℱ𝑢𝑙 , 

j. ℱ𝑙 = ℘𝑙  and ℱ𝑢 =  ℘𝑢 for every base ℘ of  ℱ. In particular, 

                   [𝑦]𝑙 = 𝑦𝑙 , [𝑦]𝑢 = 𝑦𝑢 

k. (⋂ 𝐹)𝑙 = ⋂{ℱ𝑙 ∶  ℱ ∈ 𝐹} ,   (⋂ 𝐹)𝑢 = ⋂{ℱ𝑢 ∶  ℱ ∈ 𝐹}, 

l.   𝑦 ≤ 𝑧 for all 𝑦 ∈ ℱ𝑙  and all 𝑧 ∈ ℱ𝑢. 

Corollary  2.4.[9].    For  ℱ ∈ 𝐹(ℳ), the following five statements are equivalent. 

i. ℱ
(𝑜)
→ 𝑥. 

ii. ℱ𝑙𝑢 = 𝑥𝑢 and  ℱ𝑢𝑙 = 𝑥𝑙. 

iii. ℱ𝑙𝑢 ⊂ 𝑥𝑢 and  ℱ𝑢𝑙 ⊂ 𝑥𝑙. 

iv. 𝑥 ∈ ℱ𝑙𝑢𝑙⋂ℱ𝑢𝑙𝑢. 

v. {𝑥} = ℱ𝑙𝑢𝑙⋂ℱ𝑢𝑙𝑢. 

Remark 2.5.[8].  Let ℳ be a lattice,  ℱ,℘ ∈ 𝐹(ℳ), then. 

i. (ℱ ⋁ ℘)𝑢 =  ℱ𝑢 ∨ ℘𝑢 . 

ii. (ℱ ⋀ ℘)𝑙 =  ℱ𝑙⋀ ℘𝑙 . 

iii. (ℱ ⋀ ℘)𝑢 ⊃  ℱ𝑢⋀ ℘𝑢 . 

iv. (ℱ ⋁℘)𝑙 ⊃  ℱ𝑙⋁ ℘𝑙 . 

   

3. Main Results: 

Now, we will be establish basic facts related to the some properties of the order-

convergence for filters ina vector lattices.
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Theorem 3.1   A Riesz space ℳ, a filters ℱ,℘ ∈ 𝐹(ℳ), such that  ℱ
(𝑜)
→ 𝑥 and  ℘

(𝑜)
→ 𝑦,  we 

have : 

i. ℱ⋃ ℘ 
(𝑜)
→ 𝑥⋃𝑦, 

ii. ℱ⋂ ℘ 
(𝑜)
→ 𝑥⋂𝑦, 

iii. If  ℱ
(𝑜)
→ 𝑥,  then  ℱ𝑢

(𝑜)
→ 𝑥 and  ℱ𝑙

(𝑜)
→ 𝑥.  

Proof:    

 i.   First we note that 𝑥 is a lower bound of  ℱ𝑢 and 𝑦 is lower bound of ℘𝑢, then 𝑥⋃𝑦 is 

lower bound of ℱ𝑢⋃ ℘𝑢, implies that 𝑥⋃𝑦 = ⋀(ℱ ⋃ ℘)𝑢. Furthermore, since all elements of 

(ℱ ⋃ ℘)𝑢 are upper bounds of (ℱ ⋃ ℘)𝑙,  𝑥⋃𝑦 is an upper bound of (ℱ ⋃ ℘)𝑙. If 𝑧 is an 

upper bound of (ℱ ⋃ ℘)𝑙, at that moment 𝑧 is an upper bound of  ℱ𝑙⋃ ℘𝑙, it follows that 

𝑧 ≥ 𝑥⋃𝑦. Thus 𝑥⋃𝑦 = ⋁(ℱ ⋃ ℘)𝑙. From the Definition 2.2,  ℱ⋃ ℘ 
(𝑜)
→ 𝑥⋃𝑦. 

ii.   By Remark 2.5,  (ℱ ⋂ ℘)𝑢 ⊃ ℱ𝑢⋂ ℘𝑢.  If  𝑧 is lower bound of (ℱ ⋂ ℘)𝑢  see that,  𝑥 is a 

lower bound of ℱ𝑢 and 𝑦 alower bound of ℘𝑢 , then  𝑥⋂𝑦 = ⋀(ℱ𝑢⋂ ℘𝑢) implies that 

𝑧 ≤ 𝑥⋂𝑦, and thus 𝑥⋂𝑦 = ⋀ (ℱ ⋂ ℘)𝑢. On the other hand, since all elements of (ℱ ⋂ ℘)𝑢 

are upper bounds of (ℱ ⋂ ℘)𝑙, 𝑥⋂𝑦 is an upper bound of (ℱ ⋂ ℘)𝑙, it follows that 𝑥⋂𝑦 is 

upper bound of ℱ𝑙⋂ ℘𝑙, we know 𝑥 is upper bound of  ℱ𝑙 and 𝑦an upper bound for ℘𝑙. 

Consequently 𝑥⋂𝑦 = ⋁ (ℱ ⋂ ℘)𝑙, hence, ℱ⋂ ℘ 
(𝑜)
→ 𝑥⋂𝑦. 

iii.    Suppose ℱ
(𝑜)
→ 𝑥. Then by Lemma 2.3 (i) and Corollary 2.4 (iii), see that  ℱ𝑙 ⊂ ℱ𝑢𝑙 ⊂ 𝑥𝑙, 

whence, (ℱ𝑢)𝑙 = ℱ𝑢𝑙 ⊂ 𝑥𝑙, and by duality (ℱ𝑢)𝑢 = ℱ𝑢 ⊂ ℱ𝑙𝑢 ⊂ 𝑥𝑢. From Corollary 2.4, 

deduce that ℱ𝑢
(𝑜)
→ 𝑥. The final assertion  ℱ𝑙

(𝑜)
→ 𝑥. Follows from the same applications in 

above. Thus,  

(ℱ𝑙)𝑢 = ℱ𝑙𝑢 ⊂ 𝑥𝑢 and  (ℱ𝑙)𝑙 = ℱ𝑙 ⊂ ℱ𝑢𝑙 ⊂ 𝑥𝑙. 

Theorem 3.2     Let ℳ be a Riesz space, a filters ℱ,℘,𝔊 ∈ 𝐹(ℳ). Then,  

i. If  ℱ ⊂  ℘ and ℱ
(𝑜)
→ 𝑥 and  ℘

(𝑜)
→ 𝑦, then  𝑥 ⊂ 𝑦. 

ii. Every order-convergent filter on 𝑋 has a unique limit. 
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iii. If  ℘ ⊂ ℱ ⊂ 𝔊,   ℘
(𝑜)
→ 𝑥 and  𝔊

(𝑜)
→ 𝑥 then  ℱ

(𝑜)
→ 𝑥. 

Proof:   

i.  By Definition 2.2, it follows that 𝑥 = ⋁ ℱ𝑙 = ⋀ ℱ𝑢 and  𝑦 = ⋁ ℘𝑙 = ⋀ ℘𝑢 such that  

ℱ ⊂  ℘, then by Lemma 2.3, we have ℱ𝑙 ⊂   ℘𝑙and ℱ𝑢 ⊂   ℘𝑢. Consequently ⋁ℱ𝑙 ⊂  ⋁℘𝑙and 

⋀ ℱ𝑢 ⊂ ⋀ ℘𝑢. Hence  𝑥 ⊂ 𝑦. 

ii.  Assume that 𝑥 ≠ 𝑦 where 𝑥, 𝑦 ∈ 𝑋. If ℱ
(𝑜)
→ 𝑥 and ℱ

(𝑜)
→ 𝑦, by Corollary 2.4 implies that 

{𝑥} = ℱ𝑙𝑢𝑙⋂ℱ𝑢𝑙𝑢  and  {𝑦} = ℱ𝑙𝑢𝑙⋂ℱ𝑢𝑙𝑢, it is contradiction. Thus  𝑥 = 𝑦. 

iii.  By Definition 2.2, then 𝑥 = ⋁ ℘𝑙 = ⋀ ℘𝑢 and  𝑥 = ⋁ 𝔊𝑙 = ⋀ 𝔊𝑢, since ℘ ⊂ ℱ ⊂ 𝔊, then 

by Lemma 2.3  ℘𝑙 ⊂ ℱ𝑙 ⊂ 𝔊𝑙 and ℘𝑢 ⊂ ℱ𝑢 ⊂ 𝔊𝑢. Consequently,          

𝑥 = ⋁℘𝑙 ⊂ ⋁ℱ𝑙 ⊂ ⋁𝔊𝑙 = 𝑥  and  𝑥 = ⋀℘𝑢 ⊂ ⋀ℱ𝑢 ⊂ ⋀𝔊𝑢 = 𝑥. 

Thus,  𝑥 = ⋁ ℱ𝑙 = ⋀ ℱ𝑢 . The desired result follows now.  

Theorem 3.3    For a Riesz  space ℳ, a filter  ℱ ∈ 𝐹(ℳ), 𝐹 ⊂ 𝐹(ℳ) and ℱ
(𝑜)
→ 𝑥 ,then 

i. ⋂ 𝐹
(𝑜)
→ 𝑥.                   

          ii.  ⋃ 𝐹
(𝑜)
→ 𝑥. 

Proof:     

i.  By Lemma 2.3,(⋂ 𝐹)𝑙 = ⋂{ℱ𝑙 ∶  ℱ ∈ 𝐹}and(⋂ 𝐹)𝑢 = ⋂{ℱ𝑢 ∶  ℱ ∈ 𝐹}.  By Definition 2.2, 

implies that  𝑥 = ⋁ ℱ𝑙 = ⋀ ℱ𝑢, it follows that,   𝑥 = ⋂(⋁ℱ𝑙) = ⋂(⋀ ℱ𝑢), thus 𝑥 = ⋁(⋂ℱ𝑙) =

⋀(⋂ ℱ𝑢), consequently 𝑥 = ⋁(⋂𝐹)𝑙 = ⋀(⋂𝐹)𝑢. Hence ⋂ 𝐹
(𝑜)
→ 𝑥. 

ii.  By Definition 2.2, thereby, 𝑥 = ⋁ ℱ𝑙 = ⋀ ℱ𝑢. Note that, (⋃ 𝐹)𝑙 = ⋃{ℱ𝑙 ∶  ℱ ∈ 𝐹} 

and  (⋃ 𝐹)𝑢 = ⋃{ℱ𝑢 ∶  ℱ ∈ 𝐹}. From this observe 𝑥 = ⋃(⋁ℱ𝑙) = ⋃(⋀ ℱ𝑢), from this we can 

write 𝑥 = ⋁(⋃ℱ𝑙) = ⋀(⋃ ℱ𝑢). Thus 𝑥 = ⋁(⋃𝐹)𝑙 = ⋀(⋃𝐹)𝑢. Then the proof is finished.                            

Theorem 3.4   On a Riesz space ℳ, where a filters  ℱ,℘ ∈ 𝐹(ℳ) are Order- Convergence to 

𝑥, 𝑦 ∈ ℳ respectively, then,  

i.   ℱ⋃℘
(𝑜)
→ 𝑥⋃𝑦, if and only if  {𝑥, 𝑦} = (ℱ⋃℘)𝑙𝑢⋂ (ℱ⋃℘)𝑢𝑙. 
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ii. ℱ⋂℘
(𝑜)
→ 𝑥⋂𝑦, if and only if  {𝑥, 𝑦} = (ℱ⋂℘)𝑙𝑢⋂ (ℱ⋂℘)𝑢𝑙. 

Proof:  i.  By Corollary 2.4 and application of Lemma 2.3, implies that,  

{𝑥, 𝑦} = (𝑥⋃𝑦)𝑢⋂(𝑥⋃𝑦)𝑙 = (𝑥𝑢⋃𝑦𝑢)⋂(𝑥𝑙⋃𝑦𝑙), 

 = (𝑥𝑙𝑢⋃𝑦𝑙𝑢)⋂(𝑥𝑢𝑙 ⋃𝑦𝑢𝑙 ), 

  = (ℱ𝑙𝑢⋃℘𝑙𝑢)⋂(ℱ𝑢𝑙⋃℘𝑢𝑙),       

 = (ℱ⋃℘)𝑙𝑢⋂ (ℱ⋃℘)𝑢𝑙. 

Conversely,  assume {𝑥, 𝑦} = (ℱ⋃℘)𝑙𝑢⋂ (ℱ⋃℘)𝑢𝑙 and 𝑥⋃𝑦 ∈ (ℱ⋃℘)𝑙𝑢, then 𝑥⋃𝑦 is 

an upper bound of (ℱ⋃℘)𝑙. If there would be another upper bound 𝑧 of(ℱ⋃℘)𝑙, then 𝑧 is an 

upper bound of ℱ𝑙⋃℘𝑙 with  𝑧 < 𝑥⋃ 𝑦  and 𝑥⋃𝑦 ∈ (ℱ⋃℘)𝑢𝑙, would imply 𝑧 ∈ (ℱ⋃℘)𝑢𝑙, 

thus,    𝑧 ∈ (ℱ⋃℘)𝑙𝑢⋂ (ℱ⋃℘)𝑢𝑙  = {𝑥, 𝑦},  

it is contradiction. Since ℳ is a lattice, it satisfies that  𝑥⋃𝑦 is a least upper bound of 

(ℱ⋃℘)𝑙, i.e.,    𝑥⋃𝑦 = ⋁(ℱ⋃℘)𝑙. Furthermore, if  𝑥⋃𝑦 is an lower bound of  (ℱ⋃℘)𝑢 , see 

that 𝑥⋃𝑦 ∈ (ℱ⋃℘)𝑢𝑙. If there exist another lower bound 𝑤 of  (ℱ⋃℘)𝑢, then 𝑤 is a lower 

bound of  ℱ𝑢⋃℘𝑢 with 𝑤 > 𝑥⋃ 𝑦, then 𝑥⋃𝑦 ∈ (ℱ⋃℘)𝑙𝑢, it satisfies that 𝑤 ∈ (ℱ⋃℘)𝑙𝑢 , 

thereby,   𝑤 ∈ (ℱ⋃℘)𝑙𝑢⋂ (ℱ⋃℘)𝑢𝑙 = {𝑥, 𝑦}, 

it is contradiction,  it follows that  𝑥⋃ 𝑦 = ⋀(ℱ⋃℘)𝑢. The proof of (ii) is similar.      
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