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ABSTRACT

A model of fluid flow with heat transfer by conduction
, convection and radiation has been discussed for stability with
respect to restricted parameters (k,o.,r,T") which are proportional
to: wave numbers, thermal expansion coefficient, combination of
many numbers (Re,Pr,Ec,Bo,W,y)and the ratio of walls
temperatures, respectively using analytical technique which
illustrates that the stability of the system depends on these
parameters and the disturbances with a larger wave number,
grows faster than that with smaller wave number .A clear picture
of the flow is shown in the velocity field{(u,,v,)tables and
figures.
Keywords: Stability Analysis, fluid flow, conduction,
convection, velocity, Parallel Plates.

I oiled ¥ Cnilsie Cangd O b ot dhiud) Julas
S e PR (¢
bl ad
Clacalilly pualal) asle LS
eagall duals
2002/07/20 :J 28 g 2002/05/20 : i) f,ls
oailall
s O Ll Laile Sy nUail dlina) Al Gl e b s
daally Jagilly gyl adl QUi slaiely Jil) (e (e Gailes ¥ sl
29



Mahdi F. Mosa & Abdo M. Ali

o -

¢ Al AN ) clalea) (re 220 Ll Caat paagall g a8 g leiY
Ja3s zle V) of e LS ¢ clalaal) @l e aaiad aUaill dojhiiad of G 3)
O pd dnblan daph @l slagl 8 chadnal 5 gl saall 83l (i)
Lol Ll Glyall Ay igea o Jpeanl) DS
Alsie 7 1ll cde

Introduction:

The principle of stability of fluid flow with heat transfer
and its applications has been investigated by many authors such
as Lorenz [1] and Yorke [4] and others.

In this paper a model of heat transfer by conduction,
convection and radiation in a fluid flow between two infinite
parallel flat plates has been considered.

The first like model without heating from below was
investigated by Logan [2].

Model and Governing Differential Equations:

Consider, an ideal fluid confined between two infinite
parallel plates Y3=0, Y;=d in X; Z; Y; space separated by a
distance d, and heated from below, which is under the influence
of a constant gravitation field g acting in the negative Y,
direction as shown in the following figure:

Y
T=T
Y1: | 2
X d
| =T,
Y1=

Figure(1): fluid flow between two parallel plates.
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Using Boussinisque approximation and the optical thick
limit and if the temperature differences between the walls and the
fluid is small [3] the non- dimensional differential equations (in
the new plane x z y , where x=X,/d ,z=Z,/d, and y=Y,/d) of the

disturbance are :

M, +8V2 + w, =0 1
oXx oy oz

Du, __ dp, 5
Dt OX

%Z—%-FO(@Z 3 >
Dt oy

Dw, __dp, 4
Dt 0z

DY, = RV262 5

WhereR= _ 7,16 Ecv a=Tp4,

Pr.Re 3 Bow

D 0 0 0 0
—=—4U—+V—+W—

Dt ot ox oy oz
(y: Specific heat ratio, Pr: prandtl number,

Ec: Eckert number, Bo: Boltzman number,

and g: thermal expansion coefficient).

1)

Re: Reynold number,
w: Bouguer number,

with the boundary conditions : u; =v, =w,; =6, =0,y =0,1
To investigate the system (1) (analytically) for stability or
otherwise we attempt to find a solution of the form:

Up = U (y) eat e-i (k1x+k22) N
Vo=V (y) et gl (K x+k,2)
- - ) s
92 =0 (y) eat ei (k1 x+k2 )

J
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Where ki,k; are the wave numbers and "a" is the speed
number(a=a;+iay).

Substituting the form (2) in system (1) and using the linearized
theory we have:

ik,U +V'+ik,W =0 1)
aVv =-ik,P 2
aVv =—P'+af 3 (3)
aW = —ik,P 4 ¢
o @R ) T\ g 5
R R

)
Where T*=(T,-T1)/T1 , (T1: temperature of the lower wall ,
T,: temperature of the upper wall) and k? =k +k? .

From system (3) and by eliminating the pressure function in the
third equation using equations (1), (2),(4) and (5) we get:

V(4)+L1VN+L2V=0 (4)
Where: L1:—£E+2k2J L=kt B9 e
R R aR

With the boundary conditions:
V() =v@®)=V'(0)=v'()=0 (5)

In order to find a solution satisfying the boundary
condition, we must investigate all cases we get from the
characteristic equation.
m4+L1m2 +L,=0 (6)
which is algebraic equation of degree four, it has four roots .
Thus:

mZ:%[—Lli,/Lf—4L2] (7)

For m? there are three cases (here “a” is real):
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1. > -4L, <0 2. L2 -4L,=0 3. LL-4L>0
each one has many cases.

By investigating those cases and applying the boundary
conditions (5), the nontrivial solution holds:

)L2-4L, >0-L, <0 and: |- L, =L 4L,
i) L2 —4L, >0,-L, <0 and: |- L,|> /L2 - 4L,

In the case (1), the general solution can be written as:
V(y)=C1+Coy+C3 COS. a3 y+CsSiN a3 Y , (8)

where the roots of the characteristic equation (6) are:
AM=ho = 0 , A3= iOL3 , and A = -iOLg
The boundary conditions (5) give the particular solution:
V. =C, (l-cos(2nz)y),  where o, =2nz 9)
In this paper we illustrate the case (ii) only, where the general
solution can be written as:
V =c,cosa,y+C,Sina,y +C,Cosa,y +C,sina,y (10)
Solution (10) satisfies the four boundary conditions when
oy = 2nn and o, = 2mm (Wherem#n, m=1,2,...
and n=1,2,...).and then the solution takes the form:

V, =c,(cos(2nr) - cos(2mz)y)+ cz(sin(Znﬂ)y - %sin(Zmn) yj (11)

where ¢; and c; are arbitraries such that ¢, depends on c;.

V, is called the eigenfunction.

The other eigenfunctions can be found by using the relations in
system (3), so the functions: vz, U, W», p2, and 6, have the
following forms:

V, = Vneatei(k1X+k22) )

k 1 lnat 4i(kix+kyz
Uzzlk—lz[\/n]e tg!lhuxtiaz) ()
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W, =i % [V Jedte!(kix+kaz) @) (12
P, :_i[vr,] ]eatei(k1x+k22) @)
2
0, - _E|:V§ LV, :leatei(k1x+k22) (5)
ol k

We get a clear picture of the flow pattern by examining a
two dimensional disturbance, and the case n=1, m=2, k=1, (Xx,y)
plane with functions (12).where u; and v, are as follows:
U, = i(—27sin 27y + 4z sin 4zy + 27 cos 27y — 27 cos 4zy ™ e™

iXat

Vv, = (cosZny —cos4ny +sin2zy —%sin 47zy)e e

To obtain the real solution, we take the real parts of the
previous equations thus:
U, =—(—2728in 22y + 4z sin 4zy + 277 oS 27y — 27 COS 47y ™ sin X

Vv, = (cosZny —c0s4ny +sin 27zy—%sin 47zyjeat COS X

The following table contains the information of the sings
of the functions u; and v, in the intervals 0 < X < 2n
and0<y<1:

uz Vo

u,<0  when: Vv, <0 when:

1) 0<x<mand 0<y<0.25, | 1) g<x<Z 3% < x<27and 0.3<y<0.7
0.55<y<0.85 2 2

2) n<x<2mand : 2) Z < x <% and: 0<y<0.3, 0.7<y<1
0.25<y<0.55, 2 2

0.85<y<1

u;=0 when: v.=0 when:

x=0,m 2n ory=025, |y= Z 37 ory=003,0.7,1

0.55, 0.85,1 2 2
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u;>0 when v.,>0  when

1)0<x<m and 1) 0<x<”, %% < x< 2z and 0<y<0.3,
0.25<y<0.55, 22

0.85<y<1 0.7<y<1

2) n<x<2m and 0<y<0.25, | 2) % <y« ¥ and 0.3<y<0.7
0.55<y<0.85 2 2

Table (1): Information about the signs of the functions u, and v,
in the intervals O<x<2mand0<y <1.

This information and indications given in the above
satiated table have been summarized by an arrow showing the
direg:/tion of the velocity field < uy, v, > in the following figure:

A
N o v N
0.8 u->>0. v» u>>0. v» u»<0. v» u»<0. v»
5 N < W A
u»<0. v» u»<0. v» u»>0. v» u»>0. v»
0.7 o \ é \
' U<0.v2 | up<0.v2 | u>0.vo | u>0. v
05 e S N V
.5 u>0.,v2 | u2>0.v2 | u2<0.v2 | u2<0. v
l \ < N
u>>0. v» u>>0. v» u»<0. v» u»<0. v»
03 N / N\ /
ur<0.v> | u<0.v> | u>>0.v> | u>0.v»
T 3 3
0 — T on
2 2
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Figure (1) shows the directions of the velocity field <u,, v,>.

The typical streamlines are shown in the following figure,
viewed from the positive z direction:

4
X

27

Figure (2) shows the typical streamlines
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From solution (9) we obtain «, = 2nz , which gives us:

a, :i,:sl}é + 4S,

=Y 2s,+ i3 Ys, -4 ”2”2R2
a, = 148/ -2, —}/\/_{yS— ”Z”ZR} ............ (13)

Where
S, =-H4rTK *w + 6[— 48n°p°r® +81r’T %k *w? ]%
n2 p2r2
S, =
And 5 s,

The formulas in (13) give the values of the speed number
where the real parts are different in signs so that it is unstable.

Conclusion:

* This analytic method gives a clear picture of the flow, as
shown in figures (1) and (2) which shows that the cell pattern
repeats itself every 2z units in the x-direction.

* From the eiginfunctions in (9) and (12), for arbitrary k
and arbitrary [“n" in (9) or "n,m" in (12)] the cell pattern still
appears but with additional cells .

* The growth rate of disturbance with large wave numbers
kiand k; is faster than that with small wave numbers as formula
(13) indicates .

37



Mahdi F. Mosa & Abdo M. Ali

[1]
[2]
[3]

[4]

REFERENCES

Denny Gulik. (Encounters with chaos. 1992)
Logan, J. David (Applied Mathematics. 1987)

Mosa, M. Fadhil (On The Stability of Heat Transfer
Through MHDPorous Medium . 2000,Raf. Jour.
Sci.,Vol.11,No. 1, P.P 90-94).

Yorke, j. (chaotic Behavior and Fluid dynamics. 1981,
Topics in Applied physics, vol.45).

38



