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ABSTRACT 
 

By using methods of nonstandard analysis given by Robinson, A., 

and axiomatized by Nelson, E., we try in this paper to establish the 

generalized curvature of a plane curve ( )t at regular points and at points 

infinitely close to a singular point. It is known that the radius of curvature 

of a plane curve ( )t is the limit of the radius of a circle circumscribed to a 

triangle ABC, where B and C are points of infinitely close to A. Our goal 

is to give a nonstandard proof of this fact. More precisely, if A is a standard 

point of a standard curve   and B, C are points of   defined by 

)(  += tB  and )(  += tC where   and   are infinitesimals, we 

intend to calculate the quantity

BC

Âtan  in the cases where A is biregular, 

regular, singular or singular of order p. 

Keywords: infinitesimals, curvature, torsion, singularity. 
 

 حول التقعر المعمم
 عثمان حمد إبراهيم                               طاهر حسن إسماعيل                   

 كلية العلوم             كلية علوم الحاسوب والرياضيات                                
 عة صلاح الدين جام             جامعة الموصل                                           

 

 25/6/2006تاريخ قبول البحث:                          18/4/2006تاريخ استلام البحث: 
 الملخص

  .Robinson, A باستتتتتتبعدام بعتتتتتتح ملتتتتتتاقيا البحليتتتتتتل  يتتتتتتر ال ياستتتتتت  التتتتتت    وجتتتتتتد 
بأستلوب مطقيت  احتاوي هت  ات ا اللحتو الحىتوي علتع ميتوم معمتا للمطحطت   .Nelson, Eووضتع 

)المستبو   )t      عطتد ايتان اماميتة و كت لد عطتد ايتان مبطاقيتة اليترب متن ايقتة رتا أن المعتترو
)اىف ققر البيوم للمطحط  المسبوى  )t   المثلواو  اية اىف ققر الدائرأ الب  محيطABC  

ن اتدهطا اتو طعقتار اراتا   Aمبطتاايبين اليترب متن الطيقتة  ايقبتين للمطحطت   Cو Bيكتو  عطتدما 
 Cذ Bو  ايقتة قياستية علتع المطحطت  ال ياست  A ير قياس  لهت   الح ييتةن بلتكل   إذ ط ا كاات 
)(ايقبتين علتع المطحطت  معترهبين علتع الطحتو ا مت   += tB و)(  += tC  ذ حيتو 
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و  قيتة الىت ر اريتد حستاب ال ميتةكميات مبطا
BC

Âtan  هت  حالتة كتو  الطيقتةA  ايقتة اماميتة

 ن pثطائية  و امامية  و را أ  و را أ من الرملة 
 ن را  ذالبوارذ ااحطارلااهاية من الى رذما الكلمات المفتاحية: 

1. Introduction. 

The radius of curvature is the limit of the radius of a circle 

circumscribed to triangle ABC, where B and C are points of infinitely 

close to A [8] [10]. There are many applications of curvature in geometrical 

study of curves [5], [10] and [26], technology of computer vision and 

computer graphics [19] and [24], dielectric surfaces [1], chemical 

interatomic surfaces [17], biological membranes [12], double babbles [18], 

and other applications.  
 

This study is different from the classical studies of curvature [2], 

[15] and [19] which deals with the properties of curves in a plane or on a 

sphere [17], [22]. The following nonstandard definitions are needed 

throughout this paper.  

 

Every set or elements defined in the classical mathematics are called 

standard. [11]  

Any set or formula, which does not involve new predicates such as 

“standard, infinitesimals, limited, unlimited…etc”, is called internal, 

otherwise it is called external. [14] 

A real number x  is called unlimited if and only if rx  for all 

positive standard real numbers r , otherwise it is called limited. [4], [3] 

The set of all unlimited real numbers is denoted byR , and the set of 

all limited real numbers is denoted by R [23] 

A real number x is called infinitesimal if and only if rx  for all 

positive standard real numbers r .[9] 

A real number x  is called appreciable if it is neither unlimited nor 

infinitesimal, and the set of all positive appreciable numbers is denoted by 

A+. [25] 

Two real numbers x and y  are said to be infinitely close if and only 

if yx −  is infinitesimal and denoted by yx  .[20] 

If x is a limited number in R , then it is infinitely close to a unique 
standard real number, this unique number is called the standard part or 

shadow of x and it is denoted by )(xst or x
0

.[21] 
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Figure 2.1 

If f  is a real valued function then: - 

1- f is called continuous at ox if f and ox are standard and if 0xx   

which implies that )()(
0

xxf   for all x . 

2- f  is called s-continuous at 
0

x  if 0xx   which implies that 

)()(
0

xxf   for all x . 

2.The Curvature at a Point Near a Study Point  

 

Today nonstandard analysis rather than it is a branch of mathematics 

it is a tool used to survey other branches of mathematics and sciences [6], 

[7], [9], [16].  

Meziani [13], Velemorvic [26] and others, studied the curvature via 

nonstandard analysis. In this paper, the nonstandard tools will be used to 

present new and more developed forms of curvature.     

 

Let Q and R be two points near to the point P on a curve )(t  in a 

plane as shown in Fig. 2.1. Consider the triangleQPR such that points Q 

and R approach P, then the triangle QPR is reduced to the triangle 

Q*PR*. By continuing the approach process of Q* and R* to P, we get the 

infinitesimal triangle Q*PR* in which Q* and R* become infinitely close 

to P on )(t . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Lemma 2.1 

For some Rot  let P= )( ot  be a point on the  

curve  , and let Q* and R* be two points described before, such that 

 Q* = )( + ot  and R*= )( + ot ,where 0,0  . Then 

1. Q* P   R*. 
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2. The ratio of change of the segment QR  with 

respect to the arc length QR is infinitely close 

to the tangent of  at P. 

3. If the order of   is not less than the order 

of
2

C , then any tangent at the point Q* or R* is 

infinitely close to the tangent of   at P, as 

shown in  Fig. 2.1 

Proof:  

1. Let 21 )()()( etyetxtP ooo +== ,where 21 ,ee  are basic unit coordinate 

vectors, then 

 Q*= 21 )()()( etyetxt ooo  +++=+  and  

R*= 21 )()()( etyetxt ooo  +++=+  

P- Q* = ( ) ( ) 21 )()()()( etytyetxtx oooo  +−++− . 

Since   is a differentiable parametric curve, therefore   is continuous, and 

+ oo tt  so we get )()( + oo txtx and )()( + oo tyty .  

Thus Q* P, similarly we can prove that P   R*. 

 

2.  Let )( otT  be the tangent vector of   at P, then 

)(

)()(
)(

o

o

tt

o
t

t

ds

td
tT

o


 
==

=

  . 

Now QR=  and RQs


=  then as 0s  we get QP  R and 

conversely. 

Thus )(
)(

)(
o

o

o tT
t

t

ds

d

s
=


=








. 

3.  Let )( oo tTT =  be the tangent vector of   at P, then  

)(

)(

o

o
o

t

t
T




=  and 

)(

)()(








+

+
==

+= o

o

tt t

t

ds

td
T

o

since    is continuous, 

therefore  TTo  . Similarly we can prove TTo  , thus  TTT o . 

 

3- Generalized Curvature  

The nonstandard principles are used for obtaining a generalized 

curvature at points infinitely close to regular and singular points. The 

problem of studying the behavior of curves by curvature at or near singular 
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points cannot be obtained with classical differential geometry [8], [15], 

while with nonstandard analysis this problem can be easily treated [26].  
 

Let A be a standard point on the curve  , and let B and C be two 

points infinitely close to the point A, that is ABC is infinitesimal triangle 

as shown in Fig. 3.1, then we have the  following cases to the point A: 

1- If 0 , 0  and 0  • then the point A is called 

biregular point.  

2- If 0  then the point A is called regular point. 

3- If 0  and 0=  •  then the point A is called only 

regular point. 

4- If 0=  then the point is called singular point. In general if  

0
)()1( ==== = − pp  but 0

)1(  +p
 the point A is 

called singular point of order p. 

 

 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem 3.1 

 Let A be a standard point on the planar curve  , and let B and C be 

two points infinitely close to the point A as shown in Fig. 3.1, then  
  

1. 
33222

2
1

ˆtan

BC

ABBC

BC

ABAC

BCABACBC

ABAC

BC

A 













−+


=   . 

 

 

 C 

 

 
B 

 

    
T 

 

 A 

Figure 3.1 
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2. ( )
ot t

BC t



+=

=  

3. ( )
ot t

AC t
=

=  

4. ( )
ot t

AB t
=

=  

Assuming that the derivatives of orders up to p of   at A exist:  

 

Proof:  

1- 
ABAC

ABAC
A

•


=ˆtan  and )(2

222

ABACABACBC •−+=  

Since ABC is an infinitesimal triangle then the 

quantities AC , AB  and BC are mutually infinitely close. Therefore 

ABACBCBCBC •• =
2

 and 
 

33222

2
1

ˆtan

BC

ABBC

BC

ABAC

BCABACBC

ABAC

BC

A 













−+


=

. 

 

2- Let 21 )()()( etyetxtA ooo +==  , 

            21 )()()( etyetxtB ooo +++=+= ,  

            21 )()()( etyetxtC ooo +++=+=  

 

Since A, B and C are not identically equal we may assume  , 

then +=  for some infinitesimal  , therefore  
 

21

)()()()(
e

tyty
e

txtx
BC oooo 











+−++
+











+−++
= =

+=


ott
t)(  

In the same way we can prove the results of 3 and 4. 

 

Theorem 3.2 

 Let A be a standard biregular point on the curve  , and let B and C 

be two points infinitely close to the point A, then the usual curvature of the 

curve  at the point A is given by:

















BC

A

o

ˆtan  

Proof:  
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From the previous theorem we have
+=

=
ott

tBC )( , 

ott
tAC

=
= )( and 

ott
tAB

=
= )(   

Since   is continuous  

)(
)()(2)2(

)()2()()(
2

2

2

o
ooo

oooo tx
txtxtx

txtxtxtx =










−+−+
−+−+ T

herefore   2
AB

=


 




 
=


=

33

2

3

ˆtan

BC

ABAC

BC

A  

Thus 





=






3

ˆtan

BC

A  

 

Remark:  

If A is neither biregular nor regular point then the classical definition 

of the curvature of  at the point A breaks down, and so the quantity 

BC

Âtan
 

plays a mean role for determining  the behaviors of the curvature vector of 

  at a point infinitely close to A. Also if A is the only regular point of the 

curve  , then the quantity 

BC

Âtan  is infinitesimal, but the order of largeness 

of this infinitesimal with respect to BC  depends on the orders of the first 

two vector derivatives of   not collinear. Therefore, we can go beyond to 

the usual region of classical curvature and generalizing the notion of 

curvature to include all possible cases given at the beginning of this section. 

For this purpose, we start with the quantity 

BC

Âtan for defining generalized 

curvature with respect to the orders of the first two vector derivatives of   

not collinear, and denoting it by G . 

 

Theorem 3.3 
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 Let  be a standard curve of type at least that
2

C , and let A be a 

standard biregular point on it; and let B and C two points infinitely close to 

the point A. Then

( )
3

2

3
22 2

2

ˆtan



 
=

+

−


















yx

yxyx

BC

A
o

 

 

 

 

Proof:  

Let 21 )()()( etyetxtA ooo +== , 

 21 )()()( etyetxtB ooo +++=+= , 

and      21 )()()( etyetxtC ooo +++=+=  

 

Expanding each of B and C by Taylor development of the second 

order, we get  
2

12
)()()()(

2

+ ++=+= 
oooo ttttB , 

and 
2

22
)()()()(

2

+ ++=+=


oooo ttttC . 

Then we have  

BC = 
2

1

2

3

2

3 )()(
2

)()()(
2

)(



















−+

+
++








−+

+
+− oooo tytytxtx ,  

where 
2

3

2

1

2

2 )( −=− .Therefore to find Âtan we have to find 

the angular coefficient of each of the lines 1 and 2 as shown in the Fig. 

3.2. 
  

The angular coefficient of          

1 =
++

++
==





12

12

)()(

)()(
)tan(

oo

oo

dt
dx

dt
dy

txtx

tyty
DAB   

and the angular coefficient of  

2 = 
++

++
==





22

22

)()(

)()(
)tan(

oo

oo

dt
dx

dt
dy

txtx

tyty
DAC    

Then  

 

)tan()tan(1

)tan()tan(
)tan(

DABDAC

DABDAC
A

+

−
=
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( )( ) ( )( )
( )( ) ( )( )







12121212

12121212

+++++++++

++++−++++
=

yyxxyyxx

yyxxyyxx
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore after simplifying the ratio 

BC

Âtan
we get: 

( )( )2222
).().()().(

.)(
2

ˆtan

siysixisysix

siyxyx

BC

A

++++++−

+−
−

=  where 

 si.  represent different infinitesimals. Thus  

( )2

3
22

2

ˆtan

yx

yxyx

BC

A

+

−
  

From the Theorem 3.3 we deduce that the usual curvature )(tK is infinitely 

close to twice that of the quantity 
BC

Âtan
 

The following theorem gives the notion of curvature at a standard 

only regular point. 

T 

                      

                            ( )C to = +   

               

 
    ( )

o
B t = +  

 

 

1
  ( )A to=  

2
 

 

 

D 

Figure 3.2 
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Theorem 3.4 

Let  be a standard curve of order 
n

C and A be a standard only 

regular point on it, and let B and C be two points infinitely close to the point 

A, then

( )
1

)(

2

1
22

)()(

1

!!

ˆtan

++−



=

+

−


















q

q

q

qq

q

qyxq

yxyx

BC

A




 where q is the order of the 

first vector derivative not collinear with    

 

Proof:  

 Expand the curve   using Taylor development up to the order q at 

each of the  points )( += otB  and )( += otC . Then 

2

1

2

1

3

)(1

1

2

1

3

)(1

1

)(
!

)(
2

)(

)(
!

)(
2

)(



















































−++
+

+

+



















−++
+

+

−=

−=

−−

−=

−−





qq

q

k

kkq

oo

qq

q

k

kkq

oo

x
q

txtx

x
q

txtx

BC












  

Thus ( )2

1
22

yxBC +−   

Therefore ( ) 2

1
22

1 −−

+−
qq

yxBC . 

Hence  

( ) 2

1
22

1

1

1

)(1

1

1

2

)(1

1

1

2

)(1

1

1

1

)(1

1

1

1

)(1

1

1

2

)(1

1

1

2

)(1

1

1

1

)(1

1

!!!!

!!!!

ˆtan

−

=

−
−

=

−
−

=

−
−

=

−
−

=

−
−

=

−
−

=

−
−

=

−
−

−

+
























+










++










+










+−











+










+−










+










+

=





qq

k

q
kkq

k

q
kkq

k

q
kkq

k

q
kk

q

k

q
kkq

k

q
kkq

k

q
kkq

k

q
kk

q

yx
k

y

k

x

k

y

k

x

k

y

k

x

k

y

k

x

BC

A



























 

 

(3.4.1)  

Now since A is only regular, then 0 ; and since the first vector 

derivative which is not collinear with  is 
)(q ,then all the terms containing 
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)1(
,,,

−   q on the numerator and denometor of the right hand 

side of equation(3.4.1)  vanish.  

Therefore

( ) 2

1
22

1

)()(

1

1

!1

1ˆtan

+
−

−

−

+−

−−









q

q

qq

q

q

yxq

yxyx

BC

A









. 

Since and are arbitrarily chosen, so we may assume that 



 is 

infinitesimal to get the required result. 

 

Corollary 3.5  

The generalized curvature obtained in the previous theorem is 

limited and 0

ˆtan

1


















−q

o

BC

A
. 

Proof:  

Expand the curve   using Taylor development up to the order q at 

each point )( += otB  and )( += otC , and use the coordinate form of 

the tangent vector and norm vector to get   

  )()()()(
2

2

2

+++=+  ONTttt ooo , 

and  )()()()(
2

2

2

+++=+


ONTttt ooo . 

 

Then using the definition of big O we find that there exists  NM  

such that  

                          M
NTttt ooo




++=+ 

2

2

2

)()()(
  

That is M


2
; therefore the curvature   of  is bounded and 

so

BC

Âtan  is also bounded. Now we prove that 
1

ˆtan

−q

BC

A
is limited. 
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Since 
221

ˆtanˆtan

−−−


==

qqq

BCBCBC

A

BC

A
, then we have the 

following two cases: 

 

If  
2−q

BC is not infinitesimal, then the result is obtained at once. 

If 
2−q

BC is infinitesimal, use Archimedean property to get 

that
2−


q

BC

 is limited. 

The proof of 
0

ˆtan

1


















−q

o

BC

A  is by contradiction. Since the only 

standard infinitesimal is zero, then 0

ˆtan

1
=

−q

BC

A
 or 0

ˆtan

1


−q

BC

A
. 

 

Thus either ( ) 0ˆtan =A
o

or BC  is unlimited. In the first case, we 

get that AB  and AC are collinear which is a contradiction. The second case 

is impossible. 

 

Theorem 3.6 

Let  be a standard curve of order 
n

C and A be a standard singular 

point of order p-1 on  ; and let B and C be two points internally close to the 

point A, then  

( )

( )

( )

1
)(

)()(

22)(2)(

)()()()(

1

!

!

!

!ˆtan

+
+

−


=

+

−
=



















p

q

p

qp
p

q

p

pq

pp

pqqp
p

q

p

q

o

q

p

yxq

yxyxp

BC

A




, where q is the order 

of the first vector derivative of  not collinear with 
)( p  . 

 

Proof:  
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Expanding the curve   using Taylor development up to the order q 

at points )( += otB  and )( += otC , we get  

 

 

 

 

 

 

 
 

2

1

2

1

3

)(1

1

2

1

3

)(1

1

)(
!

)(
2

)(

)(
!

)(
2

)(



















































−++
+

+

+



















−++
+

+

−=

−=

−−

−=

−−





qq

q

k

kkq

oo

qq

q

k

kkq

oo

x
q

txtx

x
q

txtx

BC












  

Since A is a singular point of order p-1 we get 0
)1( === = −p  

and 0
)(  p

then ( )2

1
2)(2)(

!

pp

pp

yx
p

BC +
−




 

 

Therefore ( ) p

pqp

q

pp

p

q

yx
p

BC 222

1

1

!

−
−

−

+
−

  .  

Thus  

( ) p

pq

pp

q

k

q

kkq

k

q

kkq

k

q

kkq

k

q

kkp

q

pp

q

k

q

kkq

k

q

kkq

k

q

kkq

k

q

kk

p

q

yx
k

y

k

x

k

y

k

x

p

k

y

k

x

k

y

k

x

BC

A

2
2)(2)(

1

1

1

)(1

1

1

2

)(1

1

1

2

)(1

1

1

1

)(1
1

1

1

1

)(1

1

1

2

)(1

1

1

2

)(1

1

1

1

)(1

1

!!!!!

!!!!ˆtan

−

=

−

−

=

−

−

=

−

−

=

−

−
−

=

−

−

=

−

−

=

−

−

=

−

−

−

+



























+













++













+













+

−














+













+−













+













+

=





























 

Therefore  
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( ) p

pq

pppp
qp

pp
qpp

q

pp

pqqpqppqpqpqqpqp

p

q

yxsiyy
pp

sixx
ppp

si
qp

yx

qp

yx
si

qp

yx

qp

yx

BC

A

2
2)(2)()()(

11
)()(

11
1

)()(11)()(11)()(11)()(11

1

.
!!

.
!!!

.
!!!!

.
!!!!ˆtan

−−−−−
−

−−−−−−−−

−

+













+













++













+

−














++−













++

=





 

(3.6.1)  

 

 

 

 

 

 

 

( ) ( )

( ) p

pq

pp

pqqp
p

q

p

q

p

q

p

q

p

q

o

yxq

yxyxp

q

p

BC

A

22)(2)(

)()()()(

1

1

1

!

!

1

1

!

!
ˆtan

+
−

−

−

+

−














−









−








=



























. 

(3.6.2)  

  Since  and  are arbitrarily chosen, so we may assume that 



 is 

infinitesimal to get the required result. 

Now, since A is only regular, then 0  and since the first vector 

derivative which is not collinear with  is 
)(q , then we find that all the 

terms containing 
)1(

,,,
−   q on the numerator and denometor of 

the right hand side of equation(3.6.1)vanish.  
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Similarly, from equation(3.6.2) , we get: 
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