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ABSTRACT

By using methods of nonstandard analysis given by Robinson, A.,
and axiomatized by Nelson, E., we try in this paper to establish the
generalized curvature of a plane curve (t)at regular points and at points

infinitely close to a singular point. It is known that the radius of curvature
of a plane curve (t ) is the limit of the radius of a circle circumscribed to a

triangle ABC, where B and C are points of y infinitely close to A. Our goal

is to give a nonstandard proof of this fact. More precisely, if A is a standard
point of a standard curve y and B, C are points of y defined by

B=y(t+a) and C=y(t+ B)where @ and g are infinitesimals, we

intend to calculate the quantity tanA in the cases where A is biregular,
BC

regular, singular or singular of order p.
Keywords: infinitesimals, curvature, torsion, singularity.
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1. Introduction.

The radius of curvature is the limit of the radius of a circle
circumscribed to triangle ABC, where B and C are points of y infinitely
close to A [8] [10]. There are many applications of curvature in geometrical
study of curves [5], [10] and [26], technology of computer vision and
computer graphics [19] and [24], dielectric surfaces [1], chemical

interatomic surfaces [17], biological membranes [12], double babbles [18],
and other applications.

This study is different from the classical studies of curvature [2],
[15] and [19] which deals with the properties of curves in a plane or on a
sphere [17], [22]. The following nonstandard definitions are needed
throughout this paper.

Every set or elements defined in the classical mathematics are called
standard. [11]

Any set or formula, which does not involve new predicates such as
“standard, infinitesimals, limited, unlimited...etc”, is called internal,
otherwise it is called external. [14]

A real number X is called unlimited if and only if |X|> r for all
positive standard real numbers r , otherwise it is called limited. [4], [3]

The set of all unlimited real numbers is denoted byﬁ, and the set of
all limited real numbers is denoted by R [23]

A real number Xis called infinitesimal if and only if |X| < rfor all

positive standard real numbersr .[9]

A real number X is called appreciable if it is neither unlimited nor
infinitesimal, and the set of all positive appreciable numbers is denoted by
A [25

| ]Two real numbers xand y are said to be infinitely close if and only
if X — Yy isinfinitesimal and denoted by X = y.[20]

If Xis a limited number in R, then it is infinitely close to a unique

standard real number, this unique number is called the standard part or

shadow of X and it is denoted by st(x)or °X.[21]
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If f isareal valued function then: -

1- f is called continuous at X,if f and X, are standard and if x = X,
which implies that f (x) = (x,) forall X.

2-f is called s-continuous at X, ifx=X, which implies that
f(x)=(x,) forall x.

2.The Curvature at a Point Near a Study Point

Today nonstandard analysis rather than it is a branch of mathematics
it is a tool used to survey other branches of mathematics and sciences [6],
[71, [9], [16].
Meziani [13], Velemorvic [26] and others, studied the curvature via
nonstandard analysis. In this paper, the nonstandard tools will be used to
present new and more developed forms of curvature.

Let Q and R be two points near to the point P on a curve y(t) in a

plane as shown in Fig. 2.1. Consider the triangle A QPR such that points Q
and R approach P, then the triangle AQPR is reduced to the triangle
A Q-PR-=. By continuing the approach process of Q~and R+« to P, we get the
infinitesimal triangle A Q«PR= in which Q= and R« become infinitely close
to P ony(t).

Figure 2.1

Lemma 2.1
For some t, €R let P=y(t,) be a point on the
curvey, and let Q~and R+ be two points described before, such that
Q+=y(t, +a) and R==vy(t, +p) wherea =0, 3 = 0. Then
Q+=P= R«
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The ratio of change of the segment (?{ with
respect to the arc length QR is infinitely close
to the tangent of y at P.

If the order of y is not less than the order
of C?, then any tangent at the point Q= or R+ is
infinitely close to the tangent ofy at P, as

shown in Fig. 2.1
Proof:

1. LetP =y(t,) = x(t,)e, + y(t,)e, wheree,,e, are basic unit coordinate
vectors, then

Q=y(t, +a)=x(t, +a)e, + y(t, + @)e, and

R=y(t, + B) = X(t, + e, + y(1, + Be,

P-Q-=(x(t,) = X(t, +a@)les +(¥(to) = ¥(t, + @),

Since vy is a differentiable parametric curve, therefore y is continuous, and
t, =t +a soweget X(t,)= x(t, +a)and y(t,)= y(t, +a).

Thus Q« =P, similarly we can prove that P= R-.

2. Let 'F(to) be the tangent vector of y at P, then
= dy(t y'(t;)
T(to) — }/( ) — 0 )
ds |, [r(t,)
Now Ay = H@H and As = HQRH then asAs = 0 we get Q=zP= R and
conversely.

Thus ﬂ:d_}/_}/(to)_

As ~ ds  |p(t,)
3. Let To ='F(to) be the tangent vector of y at P, then
=MandT =m =—},’(t°+a)

° |Y’(to )| ¢ ds t=ty+a |7’(to + a)|
therefore T, =T, . Similarly we can prove T, =T, , thus Ta =T, =Tj.

T(t,).

sincey’ is continuous,

3- Generalized Curvature

The nonstandard principles are used for obtaining a generalized
curvature at points infinitely close to regular and singular points. The
problem of studying the behavior of curves by curvature at or near singular
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points cannot be obtained with classical differential geometry [8], [15],
while with nonstandard analysis this problem can be easily treated [26].

Let A be a standard point on the curve ¥y, and let B and C be two

points infinitely close to the point A, that is AABC is infinitesimal triangle
as shown in Fig. 3.1, then we have the following cases to the point A:

1- Ify'#20, y" #0and y"«y" # Othen the point A is called
biregular point.
2- Ify' # 0 then the point A is called regular point.
3- Ify'#0 and y'«y" =0 then the point A is called only
regular point.
4- Ify' =0 then the point is called singular point. In general if
Y =7"=-=yP D =y® =0 but y** £0 the point A is

called singular point of order p.

A

4

Figure 3.1

Theorem 3.1
Let A be a standard point on the planar curvey, and let B and C be

two points infinitely close to the point A as shown in Fig. 3.1, then
1_MnA= AC x AB Zangggang_
el sfec](|acl + |8 ~[ec|")  [ec] o[

1]
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2. BC =¢y'(t)|

o+a
3. AC =gr'(t)|, .
4. AB =ay'(t)|

Assuming that the derivatives of orders up to p of y at A exist:

Proof:

1- tanA= 2% 28 and [BC]" = [AC]| +[AB ~2(AC . AB)
AC . AB

Since  AABCis an infinitesimal triangle then the
quantitiesHA—CfH,Hﬁ?;H andHﬁHare mutually infinitely close. Therefore
[BC|" = BC . BC = AC. AB and
tanA _ AC x AB ACxAB _BCxAB.

Bl [ jac"«[me]"~[ec]’)  [ecl  [ec]

113

2- Let A=7(t,) = x(t,)e; + y(t,)e, .
B=y(t, +a) = x(t, + a)e, + y(t, + a)e,,
C =7y(t, +B) = x(t, +B)e, + y(t, +B)e,

Since A, B and C are not identically equal we may assumef > a.,
then B = a + € for some infinitesimal € , therefore

BC = 8( X(t, +a+83;— X(t, +on)jel +s( y(t, + a+s:— y(t, +a))ez:87'(t)|t=to+a

In the same way we can prove the results of 3 and 4.

Theorem 3.2
Let A be a standard biregular point on the curvey, and let B and C

be two points infinitely close to the point A, then the usual curvature of the

curvey at the point A is given by: | tan A
=
Proof:
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From the previous theorem we haveﬁ=sy’(t)|t=t ;

AC =By'(t),_, and AB =ay'(t)],_,
Since v is continuous

X(t, +0) = X(t,) = X(t, +20) = X(t, )= az[ X(t, +20) = 2X(t, +0) = X(tO)) —a?x"(t,) |

(12

herefore AB = azy" tanA _ACxAB _By'xa’y" LYy

=

BS|  [ec| el W
Thus t«’:ﬂA LYxr
[Bel 1T
Remark:
If A is neither biregular nor regular point then the classical definition

of the curvature of vy at the point A breaks down, and so the quantity tanA

=
plays a mean role for determining the behaviors of the curvature vector of
y at a point infinitely close to A. Also if A is the only regular point of the

curve v, then the quantity tanA is infinitesimal, but the order of largeness
=

of this infinitesimal with respect to HEH depends on the orders of the first

two vector derivatives of y not collinear. Therefore, we can go beyond to

the usual region of classical curvature and generalizing the notion of
curvature to include all possible cases given at the beginning of this section.

tan A
=
curvature with respect to the orders of the first two vector derivatives of y
not collinear, and denoting it by k.

For this purpose, we start with the quantity for defining generalized

Theorem 3.3
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Let ybe a standard curve of type at least thatC?, and let A be a
standard biregular point on it; and let B and C two points infinitely close to

and)  xy - xry| x|
BCl) ofzsyy 2T

the point A. Then [

Proof:
Let  A=1y(t,)=x(t,)e, + y(t,)e,,

B=1y(t, +a)=x(t, +a)e, + y(t, +a)e,,
and  C=1v(t, +B) = x(t, +B)e, + y(t, +B)e,

Expanding each of B and C by Taylor development of the second
order, we get

B=y(t, +a) =y(t,) +ay'(t,) + < y"(t,) + 8,02,

and  C=y(t, +B)=7(t,)+By'(t,) + L y"(t,) + 3,8,
Then we have

[c[= B—a[[x'(tmﬁ;“x"(to>+63(ﬁ—a)] (B2 ) +8p-0) } '
where 8,B° —8,a” =8, (B — o). Therefore to find ‘tan A‘ we have to find

the angular coefficient of each of the lines ¢,and /,as shown in the Fig.
3.2.

The angular coefficient of
dy ")+ V"t )+ &
Klztan(LDAB)=dXA= y’( o) iy"( o) 3.0
Yo X'(t)+2x"(t,)+8,a

and the angular coefficient of

d ’ By”
/= tan(£DAC) = 2ot = Y ()5 V' (t,) +3,8
dxdt X’(to)+%xﬂ(to)+8?_ﬁ

Then

tan(£DAC) - tan(£DAB) |
1+tan(£DAC)tan(£DAB)

‘tan(A)‘ =
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_ (x'+2 x"+§1aXy'+§ y"+§1ﬂ)— (x’+§ x”+51,8Xy'+% y”+51a)‘
(x’+% x”+51aXy’+§ y”+51ﬂ)+ (x'+§ x"+§1ﬂXy’+% y"+é‘1a)‘

i€ =(to+5)

B= y(t, +a)

(

2

Figure 3.2

A
Therefore after simplifying the ratio ‘ "i we get:
[Ec]
A |B—(X.| ",m "t .
tanAl P oy xry) iy e

HEH o i)+ (v +is) (X +i.5)7 +(y' +i.5)?)

i.s represent different infinitesimals. Thus ‘tanA‘z Xy" = x"y'
3

HBCH Z(XIZ + yIZ)E
From the Theorem 3.3 we deduce that the usual curvature K(t) is infinitely

A

. . tan
close to twice that of the quantity H?
BC|

The following theorem gives the notion of curvature at a standard
only regular point.
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Theorem 3.4

Let ybe a standard curve of order C"and A be a standard only
regular point on it, and let B and C be two points infinitely close to the point

A (@ _ (@ ! " ¢ (@)
A, then Tf_\l ~ Y X 2/+1 _ x}'q: where g is the order of the
HBC q!(x’2 + y’Z)T e

first vector derivative not collinear with y'

Proof:
Expand the curve y using Taylor development up to the order q at

each of the points B =y(t, +a) andC =y(t, +B). Then

q 2

Zaq—kﬂk—l

X(t,) + P er d X'(t,) + X2 | XV +6,(f-a)"| +
ql

[]-12- q
e

X(t,) + X'(t,) + X2 | XD+ 6,(f - )
q!

Thus Hﬁ‘ = \ﬂ—a\(x’z + y’z);

1

Therefore EHH =B - (x|(x'2 + y’z)q%.
Hence

\tan% )

-1

‘BC

N0 ¢ gty 0 Akt )
Za le +51a“j[zﬂ kly +52ﬂq1j_[zﬂ le +52ﬂq1][za kly +51an]

q k-1, (k) 0 pk-1y,(k) 4 pk-1y(k) q k-1, q-1
D e S e
-(34.1)

Now since A is only regular, then y’ # 0; and since the first vector

derivative which is not collinear withy" is y(q) ,then all the terms containing
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YY" YY", 7'y on the numerator and denometor of the right hand

side of equation (3.4.1) vanish.

q-1
A ('BJ -1 X'y(q) _ x“”y'
Therefore [tan A _Ne
——19q-1 = q-1 g+l
HBC z_l q!(XIZ + yIZ)T
Sinceaandf are arbitrarily chosen, so we may assume that E IS
o

infinitesimal to get the required result.

Corollary 3.5
The generalized curvature obtained in the previous theorem is

o]
limited and M 0.
=i
Proof:
Expand the curve y using Taylor development up to the order q at
each point B =y(t, +a) andC = y(t, + ), and use the coordinate form of
the tangent vector and norm vector to get

y(t, + @) =y(t,) +oly'(t,)T + % kN +0(a?),
and  y(t, +B)=y(t,) +Bly'(t, )T + 5 kN +O(B?).

Then using the definition of big O we find that there exists M e N
such that

y(t, +a)=7y(t,)+aly'(t )-|_:+LZKN
‘ 0 0 2| 0| 2 %<M

| o

K
That is g< M ; therefore the curvature k of yis bounded and

tan A

so ‘tan A

is limited.

il is also bounded. Now we prove that -
[Ec] B

q-1
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tnd  janA

e[ Jecfsc]™ [sc]”

following two cases:

Since

, then we have the

- q_2
If ‘ BCH is not infinitesimal, then the result is obtained at once.

_,q_2
If BCH is infinitesimal, use Archimedean property to get

that—— s limited.
e

q-1

The proof of [ tanA] 0 is by contradiction. Since the only

[Bc

‘tan)&‘ =Qor Mzo

standard infinitesimal is zero, then T E———
Bl [Bcl

Thus either 0(tan A)= Oor Hﬁ” is unlimited. In the first case, we

get that AB and AC are collinear which is a contradiction. The second case
is impossible.

Theorem 3.6

Let y be a standard curve of order C"and A be a standard singular
point of order p-1 on vy ; and let B and C be two points internally close to the
point A, then

(o]

Al | (p)s[xPy@ —x@y@|  (p)sly® xp @)

., . L\ a
p q!(x(p) +y® ’Zp q!H},(p)Hp

of the first vector derivative of y not collinear with y‘? .

, Where q is the order

[

Proof:
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Expanding the curve y using Taylor development up to the order q
at points B =y(t, + o) andC =y(t, + ), we get

Zq:aqfkﬂkfl

x'(to)Jr'Bzax"(t(,)ﬁtik:1 | XD+ 5,(f—a)H | +
q!

-1 z

q

zaqfkﬂkfl

K+ S ) + x5,
q!

Since A is a singular point of order p-1 we get y'=y" =...=y{P™ =0

and y(? # Othen ﬁgﬁp—la”(x(p)z N y<p>2)§

p
9
8y \Bp—ap\p a-p
Therefore HBCHP - (x'2 + y'2)2p .
p!
Thus
e Y& gy ] 1 gh-y ) 4 gty
‘tanA‘ (Z " +d,a° 1][2,3 ; +6,87 |- Zﬂ X +6,8 Z | +6,a"
k=1 ' k=1 k=1 k=1
i [
p p—app g k-1y(k) q pk-1,(k) q pk-1,,(k) q o k-1y(k) -
HBC ‘ﬂ ‘ ‘ [[Za k|X +51aq'1](2ﬂ k'y +52ﬂq-1]+[zﬂ k|x +62ﬂq—1][za k'y +61aq‘1]](x“’)2+y(p)z »
p: k1 K ke K k1 K =Lt
Therefore
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-1 pa-1,.(p),,(a) 4-1 pp-1,,(a),(p) 4-1 pp-1,,(p), (@) p-1 po-1,,(a),(p)
a X a X . a X a X .
[ b - y + b y +|.S]—[ P y + b y +I.SJ
p:q:

pl! pla! pla!

i
ﬁ%_l ‘ﬂp a‘ a"tgit a1 R\aL
H H [[ b x“”x“”+i.s]+[ pﬂp yPyt® +|s]+]( Cyy® )ﬁ

p! ptp!
-+(3.6.2)
o ) ﬂ g-1
(p!)% [aj -1 (p!)ﬂp|x(p>y<q) _ X(q>y(p)| .
a, |7 qr a_ a+p
B )T () ) e )
(24
-+(3.6.2)
Since a.and P are arbitrarily chosen, so we may assume that E is
o

infinitesimal to get the required result.
Now, since A is only regular, then y" 0 and since the first vector

derivative which is not collinear withy’is y(®, then we find that all the

. m

terms containing y%",y"y"”,...,y'y*™ on the numerator and denometor of
the right hand side of equation (3.6.1) vanish.

g-1
(B) -1jx
o
= q-1 g+l
q!(XIZ + yrz)T

Similarly, from equation (3.6.2), we get:

(@) _ (@)

Therefore

o™ Py

‘tanA
ay | @ a4
p q!(x””z 4y’ ’2p q!H},(NH Pl
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