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ABSTRACT 

Chae  et. al. (1995) have studied the concept of  -strongly -

continuous functions and (, )-closed graph. The aim of this paper is to 

investigate several new characterizations and properties of  -strongly -

continuous functions and   (, )-closed graph. Also, we define a new type 

of functions called  -open functions, which is stronger than quasi -open 

and hence strongly  -open, and  we obtain some characterizations and 

properties for  it. It is shown that the graph of f, G ( f ) is (, )-closed graph 

if and only if for each filter base  in X   -converging to some p in X such 

that f ()  -converges to some q in Y holds,  f ( p) = q. 

Keywords: -strongly -continuity, -open function and (,)-closed 

graph. 

 ضاءاتفي الف (, )-المغلق الرسم البيانيو -فتوحةوالم -بقوة -الاستمراريةحول 
 لوجيةتبو ال

 عبد الله محمد عبد الجبار
 جامعة صلاح الدين ، كلية العلوم

 2/4/2006قبول: تاريخ ال                                14/8/2005تاريخ الاستلام: 
 الملخص

 function   -strongly -continuousمفهومين 1995 سنة خرون أو  Chae دَرَسَ  
الهدد  مدن اداا ال هد  ادو دراسدة ممنوادة مدن الننيدواص و ال دوا    closed graph-(, )و

، وركدون اداا الدالددة   -  للنفهدومين  و ذدالت رعر دو  دوي جديددد مدن الدالدة النفاوندة مددن الدنن  
، واكداا  strongly -openأقدو  مدن   ثد  مدنو   quasi   -openأقدو  مدن الدالدة مدن الدنن  

  f  واداا يوحدأ أن الرسد  النيدا ا لدالدة نصلنا الى ممنواة من النيدواص و ال دوا  لهداا الدالدة 
ماقاربدة مدن  Xفا  فضاء   fiter base     ذان لكل إذاوفق   إذا closed graph-(, )  وا
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بعد   قدا    إلدى  ماقاربدة مدن الدنن    ) ) fأن   بهيد X    فدا  pبعد   قدا   إلدى  الدنن  
q   فاY يهقق  f (p) = q   

الرس  النيا ا ، -، دالة مفاونة-بقوة -الاسانرار ة، لوجيةانو ال  ضاءاصالفالكلمات المفتاحية: 
  (,)-النغلق

1. Introduction 

Njastad (1965) introduced and investigated the concept of -open 

sets. Chae et.al. (1995) have studied the concept of -strongly -continuous 

functions. It is shown in Chae et. al. (1995) that the type of -strongly -

continuous function is stronger than a strongly -continuous function [25] 

and  a strongly -continuous function [12]. 

The purpose of the present paper is to investigate  

i) Further  characterizations  and    properties   of  -strongly -continuous 

functions [7] and (, )-closed graph [7].  

ii) We define a new type of functions called -open functions, which is 

stronger than quasi  -open and hence strongly -open, and we obtain some 

characterizations and properties for it. 

 

2. Preliminaries 

   Throughout the present paper, spaces always mean topological 

spaces on which  no separation axiom is assumed unless explicitly stated. 

Let E be a subset of a space X. The closure and the interior of E are denoted 

by Cl(E) and Int(E), respectively.  A subset E is said to be regular open 

(resp. -open [22] and semi-open [16]) if  E = Int(Cl(E)) (resp. E  

Int(Cl(Int(E))) and E  Cl(Int(E))). A subset E is said to be -open 

[34](resp. -semi-open [26]) if for each xE, there exists an open (resp. 

semi-open) set U in X such that x  U  Cl(U)  E. The complement of 

each regular open (resp. -open, semi-open, -open and -semi-open) set is 

called regular closed (resp. -closed, semi-closed, -closed, -semi-closed). 

The set Cl(E) = { pX: E  H   for each -open set H containing p}. A 

filter base  is said to be -convergent [34](resp.               -convergent 

[32]) to a point x  X  if for each open (resp. -open) set G containing x, 

there exists an F  such that  F  Cl(G) (resp. F  G). 

In [9], E is a feebly open set in X if there exists an open set U such 

that  U  E  sCl(U), where sCl is the semi-closure operator. It is shown in 

[13] that a set is -open if and only if it is feebly open. It is well-known that 
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for a space (X, ),  X can be retopologized by the family    of all -open 

sets of X [19] and also the family  of all -open set of X [34], that is,  

(called -topology) and  (called  an - topology) are topologies on X, and 

it is obvious that         . The family of all -open (resp. -open and 

feebly-open) set of X is denoted by O(X) (resp. O(X) and FO(X)). 

• f : X→Y is called strongly -continuous [27] if for each xX and each 

open set H of Y containing  f (x), there exists an open set G of X containing 

x such that  f (Cl(G))  H. 

• f : X→Y is called strongly -continuous [27] if for each open set H of Y,   

f -1(H) is -open in X if and only if each closed set F of Y,  f -1(F) is -closed 

in X. 

• f : X→Y is called  -continuous [20] (resp. faintly continuous [18], 

completely -irresolute [21] and strongly -irresolute [12]) if for each open 

(resp.  -open, -open and -open) set H of Y,  f  –1 (H) is -open (resp.  

open, regular open and open) in X. 

• f : X→Y is called semi-open [23] ( resp. -open [20], quasi -open [33], 

s-open[1], weakly s-open[1] and s**-open[2]) function if the image of 

each open (resp. open, -open, open, -open and semi-open) set G of X,  f 

(G) is semi-open (resp. -open, open, -semi-open, -semi-open and open) 

in Y. 

• f : X→Y is called pre-feebly-open[8]( resp. strongly -open [33] and 

**-open[2]) function if the image of each -open set G of X,  f (G) is  -

open in Y. 

It is clear that  pre-feebly-open,  strongly  -open  and  **-open  

functions are equivalent. 

• A subset N of a space X is said to be a -neighborhood[5] of a point x in 

X if there exists an open set G such that  x  G  Cl(G)  N. 

• f : X→Y is called -open function [5] if for each  x  X and each                            

-neighborhood N of x,  f  (N) is -neighborhood of   f (x). 

• A space X is said to be almost regular[31] if for each regularly closed set 

R of X and each point  x  R, there exist disjoint open sets U and V such 

that  R  U and  xV. 

• A space X is said to be -Hausdorff [12] if for any  x, y  X, x  y, there 

exist -open sets G and H such that x  G, y  H and G  H = . It is clear 

that   -Hausdorff  and  Hausdorff are equivalent. 
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• A space X is said to be -compact [30] (resp. -compact [14]) if and only 

if every cover of X by -open (resp. -open ) sets has a finite subcover. 

•  A subset S of a space X is said to be  quasi H-closed [28] relative to X if 

each cover {Ei : iI} of S by open sets of X, there exists a finite subset I of  

I such that S    {Cl(Ei) : iI}. 

• A space X is said to be quasi H-closed [28] if X is quasi H-closed  

relative to X. 

• A function  f : X→Y  is said to have -closed[24](resp. s*-closed[17], 

semi-closed[11], s-closed[1], almost strongly s-closed[1] and strongly  

s-closed[1]) graph if and only if for each xX and each yY such that    

y f(x),  there exists an open (resp. semi-open, semi-open, semi-open, semi-

open and semi-open) U  containing x in X and an open (resp. open, semi-

open, open, open and open) set V containing  f  (x) in Y such that:       

(Cl(U)  Cl(V))  G(  f  ) =  {resp. (U  V)  G(  f  ) = , (U  V)  G(  f) 

= , (Cl(U)  V)  G(  f  ) = , (Cl(U)  Int (Cl(V)))  G(  f  ) = and 

(Cl(U)  Cl(V))  G(  f  ) = }. 

 

3. -strongly -continuity 

Definition 3.1. A function   f : X→Y  is said to be -strongly -continuous 

[7] if for each x  X and each -open set H of Y containing  f (x), there 

exists an open set U of X  containing  x   such that   f (Cl(U))  H. 
 

The proof of the following theorem is not hard and therefore, it is 

omitted. 
 

Theorem 3.1. For a function   f : (X,  )→(Y, ), the following are 

equivalent: 

i)  f  is -strongly -continuous;  

ii)  f : (X,  )→(Y, ) is strongly -irresolute; 

iii) For each point x X and each filterbase   in X  -converging to x, the 

filterbase   f ( )  converges to  f (x) in  (Y,  O(Y)); 

iv) For each point  x  X  and each net  {x}   in X  -converging to x, 

the  net  { f {x)}   converges  to   f (x)  in  (Y,  O(Y)); 

v) For each point  x X and each filterable    in X  -converging  to x, the 

fiterbase  f  ( )   -converges to  f (x)  in  (Y,  ); 

vi) For each point x  X and each net {x} in X -converging to x, the  

net  { f {x)}   -converges  to  f (x)  in  (Y,  ). 
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Lemma 3.1. (Andrijevic [4]). Let E be a subset of  a  space  (X, ). Then 

the following hold. 

1) Cl(E) = E  Cl(Int(Cl(E))); 

2)   Int(E) = E  Int(Cl(Int(E))). 

Theorem  3.2. For   f :  X→Y, the following are equivalent: 

a)  f  is -strongly -continuous; 

b)  f (Cl(E))   f (E)  Cl(Int(Cl ( f (E)))), for each subset E  of  X; 

c)  Cl( f -1 (W))   f  -1 ( W  Cl(Int(Cl(W))),  for each subset W  of  Y; 

d)  f -1 ( W  Int(Cl(Int(W)))  Int ( f -1(W)), for each subset W  of  Y. 

Proof. This follows from Lemma 3.1 and Theorem 2 of [7]. 

 

Theorem 3.3.  If  f : X→Y  is  -strongly -continuous and if E is an open 

subset of X, then  f | E : E→Y is -strongly -continuous. 

Proof.  Let H be any -open subset of Y. Since  f  is -strongly -

continuous. By [7, Theorem 2],  f  -1 (H)   O(X),   so  by  Lemma  1.2.9  

of [1], ( f | E)–1 (H) = f –1 (H)  E O(E). This implies that  f | E : E→Y is 

-strongly -continuous. 
 

The proof of the following result directly is true.    
 

Theorem 3.4. For  any two functions,  f : X→Y and  g: Y→ Z, the 

following are true:  

i) if f is -strongly -continuous and  g  is  -continuous, then g  f  is 

strongly  -continuous. 

ii) if f  is faintly continuous and  g  is -strongly -continuous, then g  f  is 

strongly  -irresolute. 
 

Theorem 3.5. Let f : X→Y be a function. If  g: Y→ Z  is an -open 

bijection and  g  f : X→Z  is -strongly -continuous, then  f  is strongly -

continuous.  

Proof.  Suppose  g  is  -open function. Let H be an open subset of Y, since  

g  is one to one  and onto, then the set  g (H) is an -open subset of  Z, since  

g  f   is -strongly    -continuous, it follows that ( gf )-1( g (H)) =  f  -1( g 
–1(g ( H ))) =  f -1 (H)  is  -open in X. Thus,  f  is  strongly -continuous. 
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Theorem 3.6. If  X  is  almost  regular and  f : X→Y is completely -

irresolute function, then  f   is -strongly -continuous. 

Proof. Let  H  be an -open subset of Y. Since  f   is completely -

irresolute,  f –1(H) is regular open in X and from the fact that a space X is 

almost regular if and only if for each  x  X and each regular open set          

f –1(H) containing x, there exists a regular open set O such that   

x O  Cl(O)   f –1(H) [31, Theorem 2.2]. Therefore,  f –1(H) is -open in 

X and by [7, Theorem  2],  f  is -strongly -continuous.  
 

Lemma 3.2 [10]. Let { X


:   } be a family of spaces and U i  be a 

subset of  X i for each i=1,2,…,n. Then U =  
=

n

i 1
 U i  


 X    is  -

open in 


 X    if and only if  U i  O(X i)   for each  i=1,2,…,n. 

 

Theorem 3.7. Let g: X→Y be a function for each     and                                          

g :  X→ Y   a function defined by   g ( { x


}) =  { g


  ( x


)}   

for each   { x


}   X . If g is -strongly -continuous, then  g


 is 

-strongly -continuous for each    . 

Proof. Let    and V  O(Y). Then, by Lemma 3.2, V = V  




Y


 is  -open  in   Y  and   g -1(V) = g -1  (V)  


X


 is  

-open in  X . From Lemma 3.2,  g -1(V)  O(X). Therefore,  g   is 

-strongly -continuous. 
 

Remark 3.1. It was known in [6, Example 2.2] that V  O(XY) may not, 

generally, be a union of sets of the form A  B in the product space X  Y, 

where A  O(X) and B  O(Y). Therefore, the converse of  Theorem  

3.8  may not be true, generally.  
 

Theorem 3.8. Let  g : X →Y1  Y2 be -strongly -continuous function and  

fi  : X →Yi  be coordinate functions, i.e.  for x  X, g (x) = (x1, x2),  f i (x) = 

x i ,  i = 1, 2. Then  fi : X→Y i is -strongly -continuous  for  i = 1, 2.  

Proof. Let  x  be any point in X and H1 be any  -open set in Y1 containing  

f 1(x)  =    x1,  then  by Lemma 3.2, H1  Y2 is  -open  in  Y1  Y2 , which  
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contain (x1, x2). Since g is -strongly -continuous, there exists an open set 

U containing x such that g (Cl(U))  H1  Y2. Then  f 1(Cl(U))  f 2 (Cl(U)) 

 H1  Y2 . Therefore,  f 1(Cl(U))  H1. Hence  f 1 is -strongly -

continuous.  

Lemma 3.3. Let  X1, X2, …, Xn  be n topological spaces and  X = 
=

n

i
iX

1

. 

Let  Ei  O(Xi), for  i = 1, 2, …, n. Then  
=

n

i 1

 Ei O( 
=

n

i
iX

1

). 

Proof. Let (x1, x2, …, xn)  
=

n

i 1

 Ei, then xi  Ei , for  i = 1, 2, …, n. Since 

Ei  O(Xi), for  i = 1, 2, …, n. Then, there exist open sets Ui, for  i = 1, 2, 

…, n  such that   xi  Ui  Cl(Ui) Ei, for  i = 1, 2, …, n. Therefore, (x1, x2, 

…, xn)  U1  U2  …Un  Cl(U1) Cl(U2) …Cl(Un) = Cl X1  X2  …Xn 

(U1  U2  …Un )   
=

n

i 1

 Ei         and    
=

n

i 1

 Ui   ( 
=

n

i 1

 Xi). Hence  


=

n

i 1

Ei   is -open set in  
=

n

i 1

 Xi . 

 

Theorem 3.9. Let X1, X2, …, Xn and  Z be topological spaces and 

Z
n

i

f →
=

 Xi

1

 :  . If  given any point  p  of  
=

n

i 1

 Xi , and given any -open set  

U in Z containing   f (p), there exist -open sets  Ei in Xi  for i = 1, 2, …, n  

such that  p  
=

n

i 1

Ei   and f ( 
=

n

i 1

Ei)  U. Then  f  is -strongly -

continuous. 

Proof. Let  p  
=

n

i 1

 Xi  and U  be any -open set in Z containing  f (p). By 

hypothesis, there exist -open sets Ei  in  Xi  for i = 1, 2, …, n such that p  
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=

n

i 1

Ei  and  f ( 
=

n

i 1

Ei)  U. Since Ei  O(Xi), for i = 1, 2, …, n. 

Therefore, by Lemma 3.3, 
=

n

i 1

Ei   O( 
=

n

i 1

 Xi), for i = 1, 2, …, n. Thus,  f  

is -strongly -continuous. 

4. -open Functions. 

In this section we define a new type of functions called -open 

function and we find some characterization and properties for it. 
 

Definition 4.1. A function  f : X→Y is called  -open if and only if for 

each  -open set G in X,  f (G)  O(Y). 

It follows immediately that every  -open functions is quasi  -

open and hence strongly -open, the converse is not true as seen from the 

following example. 
 

Example 4.1. Let X = {a, b, c, d} and   = { X, , {a}, {c}, {a, b}, {a, c}, 

{a, b, c}, {a, c, d}}. The identity function  i  : (X, ) →(X, ) is strongly -

open, but it is not -open function since {a} O(X, ), but  f  ({a}) = {a} 

O(X, ). 

We find some characterizations and properties of  -open 

functions. 
 

Theorem 4.1. For any bijection function f : X→Y, the following are 

equivalent: 

i) The inverse function  f  -1: Y→X  is -strongly -continuous; 

ii)  f : X→Y is -open function. 

Proof. Follows from their definitions. 
 

Theorem 4.2. For a function   f : X→Y, the following are equivalent: 

a) f  is  -open function; 

b) f (Int (E))  Int ( f (E)),  for each subset E of X; 

c) Int( f -1 (W))   f –1 (Int (W)), for each subset W of Y; 

d) f –1 (Cl (W))   Cl( f –1 ( W)), for each subset W of Y. 

 Proof. (a)(b). Suppose f is -open function and E  X. Since Int(E)  

E,  f (Int(E))  O (Y) and  f (Int (E))   f (E) and hence  f (Int (E))  

Int(  f (E)).  
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(b)(c). Let W  Y. Then f –1(W)  X. Therefore, we apply (b), we obtain  

f (Int (  f 
–1 (W)))  Int (  f ( f 

–1 (W))).  Then, Int(  f 
–1 (W))  f –1 (Int 

(W)). 

(c)(d). Let W  Y, then apply (c) to Y \ W, we get  Int(  f 
–1 (Y \ W))   f 

–1 (Int (Y \ W)). Then, Int (X \  f 
–1 (W))   f –1 ( Y \ Cl (W)), which 

implies that X \ Cl( f –1 (W))  X \  f –1 (Cl (W)). Hence  f –1 (Cl (W))  

Cl(  f –1 (W)). 

(d)(a). Let G be any  -open  set in X. Then  Y \ f  (G)  Y, apply (d), we 

obtain   f –1 (Cl (Y \ f  (G)))   Cl(  f –1 ( Y\ f (G))). Then   f –1 (Y \ Int(  f  

(G)))  Cl (X \ G). Which implies that  X \ f –1 (Int( f (G)))   X \ Int G 

=X \ G. Therefore, G   f –1 (Int(  f (G))). Then, f (G)  Int( f 

(G)).Therefore,   f  (G) O (Y). which completes the proof. 
 

Remark 4.1. Let   f : X→Y  be a bijective function. Then,  f  is -open 

function if and only if   f  (F)  C (Y), for each -closed set F in X. 
 

Theorem 4.3. If  Y is a regular space, then each  s**-open function is -

open. 

Proof. Let G be any -open subset of X, then it is semi-open. Since   f  is 

s**-open function. Therefore,  f (G) is open in Y. But Y is a regular space, 

then by [1, Lemma 1.2.8]  f (G) is -open in Y.  
 

Theorem 4.4. If a function   f :  X →Y  is  -open  and E  X is an open 

set in X, then the restriction   f E: E→Y is -open function. 

Proof. Let H be any -open set in the open subspace E. Then, by [15, 

Theorem 3.7],  H is -open in X. Since  f  is -open function. Therefore,  f 

(H) is -open in Y. Hence   f E is -open function. 
 

Theorem 4.5. Let  f : X→Y be a function and {E : } be an open cover 

of X. If the restriction  fE : E →Y is -open function for each , 

then  f  is -open function. 

Proof. Let H be any -open set in X. Therefore, by [15, Theorem 3.4], H  

E  is  -open in the  subspace E  for each  . Since  f E  is -open 

function ( f E ) (H  E ) is -open in Y and hence   f (H) = {(  f E ) 

(H  E ) : }is -open in Y. This shows that  f  is -open function. 
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Theorem 4.6. A function  f : X→Y is -open if and only if  for each 

subset S of Y and any -closed set F in X containing f –1(S), there exists a -

closed set  M  in  Y containing  S  such that  f –1 (M)  F. 

Proof. Suppose  that   f   is  -open function.   Let  S  Y and  F  be an -

closed set in X containing  f –1(S). Put  M = Y \  f ( X \ F), then M is -

closed  in Y and  since   f -1(S)  F, we have S  M.  Since   f   is -open 

function and  F is -closed  in X,  M is -closed in Y. Obviously   f –1  (M) 

 F. 

Conversely, let G be any -open subset of X and put  S = Y \  f (G). 

Then, X \ G is -closed set containing  f -1(S) . By hypothesis, there exists a 

-closed set M in Y containing S such that  f –1 (M)  X \ G. Thus, we have   

f (G) Y \ M. On the other hand, we have  f (G) = Y \ S Y \ M and hence  

f (G) =Y \ M. Consequently,  f (G) is    -open in Y and  f  is -open 

function. 

 

5. Functions with (, )-closed graph 

In this section we investigate several new properties of (, )-closed 

graph [7]. 
 

Definition 5.1[7]. Let G( f ) = {(x, f (x)): x  X} be the graph of   f : X→Y  

then  G ( f ) is said to be  (, )-closed with respect to  X  Y,  if for each 

point (x, y)  G ( f ), there exists an open set U and an -open set H 

containing  x and y, respectively such that  f (Cl(U))  H = .  
  
The following diagram is an enlargement of the diagram 4.1.1  of  

[1].  Note that none of the implications is reversible  
almost strongly    s-closed graph 

 

 

s-closed graph    strongly s-closed graph          -closed graph          (, )-closed graph 

                                                                                                     

 

                                                                  

      s*-closed graph                        semi-closed graph 

Diagram 5.1 
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Example 5.1. Let X = {a, b, c } and    = {, X, {a}, {a, b},{a, c}}, then the 

function   f  : (X, )→ (X, ) is defined as: 

 f (x) = a,  for each x  X, has -closed graph, which has not (, )-closed  

graph. 
 

Theorem 5.1. If  f : X→Z is a function with (, )-closed  graph,  and  g : Y 

→ Z  is    -strongly -continuous  functions, then the set  {(x, y) : f (x) = g 

(y)} is -closed in        X  Y. 

Proof. Let E = {(x, y):  f (x) = g (y)}. If  (x, y)  X  Y \ E, then   f (x)  g 

(y). Hence (x, g (y))  (X  Z) \ G ( f ). Since  f  has (, )-closed graph. 

Therefore, there exists open set U  X and -open set H  Z  containing x 

and g (y), respectively, such that  f (Cl(U))  H = . The -strongly -

continuity of  g  implies that there is an open set V of Y such that  g (Cl(V)) 

 H. Therefore, we have   f (Cl(U))  g (Cl(V)) = . This establishes that  

(Cl(U)  Cl(V))  E = , which implies that (x, y)  Cl (E). So, E is  -

closed in X  Y. 
 

Corollary 5.1. If Y is an Hausdorff space and  f , g: X→Y are -strongly                      

-continuous function, then the set {(x, y) :  f (x) = g (y)} is -closed in X  

X. 

Proof.  Follows from Theorem 5.1 and Theorem 16  of [7]. 
 

Theorem 5.2. If f : X→Y is any function with -closed point inverses such 

that the image of closure of each open set is -closed, then  f  has (, )-

closed  graph.  

Proof.  Let (x, y)  (X  Y) \ G ( f ). Then  x  f − (y)  and since  f − (y) is  

-closed,  there  exists  an open set U containing x such that  Cl(U)    f − 

(y)  = . By assumption  f (Cl(U)) is -closed. Since y  f (Cl(U)), there is 

an -open set  H  in Y containing y such that   f (Cl(U))  H = . Thus  f  

has (, )-closed  graph.  
 

Theorem 5.3. Let f : X→Y be a function with (, )-closed graph, then  for 

each x X, { f (x)} =  {Cl( f (Cl(U))): U is an open set containing  x}  

Proof. Let the graph of the function be (, )-closed.  

If  { f (x) }  {Cl( f (Cl(U))): U is an open set containing x}.  
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Let y  f (x) such that y   {Cl( f (Cl(U))): U is an open set containing 

x}. This implies that y  Cl( f (Cl(U))) for each open set containing x; it 

means that , for each -open set V containing y in Y, V   f (Cl(U))  . 

That  contradicts  Definition 5.1. Thus y =  f (x).  
 

Theorem 5.4. Let f : X→ Y be a function with (, )-closed graph. If E is 

quasi H-closed in X, then  f  (E) is -closed  in Y. 

Proof. Let E be a quasi H-closed in X. Suppose that  f (E) is not -closed                       

in Y. Let  y f (E). Therefore, y  f  (x)  for each  x  E. Since  G( f )  has 

(, )-closed, for each x  E, there exists open set Ux and -open set Hx 

containing x and y, respectively such that f (Cl(Ux))  Hx = , for each x  

E. The family Q = {Ux : x  E} is an open  cover of E.  Since  E  is quasi H-

closed,  there  exists  a finite subfamily { Ux(1),…, U x(n)} of  Q such that  

E 
n

i 1=

Cl(U x(i)). Put 

 H= 
n

i 1=

Hx(i). Then,  f(E) H 
n

i 1=

( f ( Cl(Ux(i))))  H  
n

i 1=

( f  (Cl(U x(i)))  Hx(i) ) = .  

 Since H is an -open set containing y, y  Cl( f (E)). Therefore, 

Cl(  f (E)) f (E), which implies that  f (E) is -closed. 

 

Corollary 5.2. The image of any quasi H-closed space in any space is -

closed under functions with (, )-closed graphs. 

 

Theorem 5.5. Let f : X→ Y be given. Then G ( f ) is  (, )-closed graph if 

and only if for each filter base  in X  -converging  to some p  in X such 

that   f ()  -converges to some q in Y holds,  f (p) = q. 

Proof. Suppose that G ( f ) is (, )-closed  graph and let   = {E :   } 

be a filter base in X such that   -converges to p and  f () -converges to 

q . If  f (p)  q, then  (p, q)  G( f ). Thus, there exists an open set U  X 

and  -open set V  Y containing p and q, respectively, such that (Cl(U)  

V)  G( f ) = . Since   -converges to p and  f () -converges to q, 

there exists an E   such that  E  Cl(U) and f (E)  V. Consequently, 

(Cl(U)  V)  G( f )  , which is  a contradiction. 
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Conversely, assume that G( f )  is not (, )-closed graph. Then, there exists 

a point (p, q)  G ( f )  such that for each open set U  X and each  -open  

set V  Y containing p and q, respectively, holds  (Cl(U)  V)  G ( f )  . 

Let  { U :   1}be the set of all open sets of X containing p. Define  

1 = {Cl(U):  1}, 

2 = {V: V is an -open set containing q and  2} 

3 = {E (, ): E (, ) = (Cl(U)  V)  G ( f ),  (, )  12} and  

 = {* (, ): (, ) 12}, where  

 * (, ) = {x Ux : (x, f (x))  E (, )}. Then   is a filter base in X with 

property that  -converges to p,  f () -converges to  q , and  f (p )  q . 

This completes the proof. 

 

Corollary 5.3. A function  f : X→ Y has (, )-closed graph if and only if 

for each net {x} in X such that   x  →  p  X and   f (x) → q  Y holds,  

f (p ) = q. 
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