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ABSTRACT 

The object of this paper is to obtain the existence, uniqueness and upper bounds 

for errors of six degree spline interpolating the lacunary data (0,2,5). We also showed 

that the changes of the boundary conditions and the class of spline functions has a main 

role in minimizing the upper bounds for error in lacunary interpolation problem. For 

this reason, in the construction of our spline function which interpolates the lacunary 

data (0,2,5), we changed the boundary conditions and the class of spline functions 

which are given by [1] from first derivative to third derivative and the class of spline 

function from ]1,0[2C  to ]1,0[4C . 
Keywords: spline function, boundary conditions, lacunary interpolation 

problem. 
Spline دودِ العلياِ مِنْ الأخطاءِ لدالة الحصول على الوجودِ والوحدانيةِ والح    

الفراغية من الدرجة السادسة الذي يندرج البيانات    (0,2,5)   

عباس يونس البياتي    روستم كريم سعيد                     كاروان حمه جومر                     
جامعة الموصل        جامعة السليمانية                       جامعة صلاح الدين                       

 12/6/2008 تاريخ قبول البحث :            24/2/2008 تاريخ استلام البحث :
 الملخص 

نم ا   ددا و لدالددة  دد لاين مددن   إنّ هددده هددلا الهوددل هددو الواددوو ِلددل الوجددو و لالوددانيددةو لالودددل و العليدداو مددو
تددا ات ددجلجاا تددان تشردد  الددد ل  الودل اددة ل صددل   الددة ، 0,2,5)الدرجددة السا  ددة الددلج يلدددرا ال يانددا  ال  ا يددة  

تددا الددا و  الددة  لَهُمددا  لر رسيسدد  َدد  تَللرددل الودددل و العليدداو للخ ددلاو َدد  مدددغلةو اتندددراا ال  ا دد   لهددلا السدد  ، دد لاين 
دص لصدلَ  لدالدة  د لاين الدلج مُع دل0,2,5  لاين اللج يلدرا ال يانا  ال  ا ية   ا رد لَ  الودَ ن وِ دل  (،  رّ ندَ  [1]مدو

  4C]1,0[إلل  2C]1,0[مونم اترجلاق ا لوو إلل اترجلاق الثاللو لصل و  الة   لاين مونم 

  اتندراا ال  ا  ،  الد ل  الودل اة ،    الة   لاينالكلمات المفتاحية: 

1. Introduction 

The subject of lacunary interpolation by polynomials has a rich history from Ltd 

Stone. For complete historical background we refer to the survey article [6]. The aim of 

this paper is to continuous works [2,5] Jwamer, but for different lacunary interpolation 

case that is (0,2,5) lacunary interpolation by using spline function of degree six, also we 

can use the same idea but for different partitions and different degree of spline 

functions. Many of the authors and co-workers are working on the lacunary 

interpolation problem by spline functions, for examples [2, 4, 7] and their references, 

but on minimizing error bounds there is a few papers, for examples [2, 5].    

In 2004, Jwamer [1], obtained the error bounds for (0, 2, 5) lacunary 

interpolation of certain classes of function by deficient six spline. In this paper we study 
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the same lacunary interpolation data, but the essential difference here being in the 

boundary condition and the class of spline functions. The main object of this work is to 

show that the change of the boundary conditions and the class of spline functions affect 

on minimizing the upper bounds for error in lacunary interpolation problem. 

For description our problem, let 1...0: 220 == mxxx  be a uniform partition of the 

interval [0, 1] with ,
2m

i
xi =  i=0, 2, …, 2m and n=2m+1. We define the class of spline 

function Sp(6,4,n) where ( )nSp ,4,6 denotes the class of all splines of degree 6 which 

belongs to  1,0
4

C , and n is the number of knots, as follow:   

Any element ( ) ( )nSpxS ,4,6  if the following two conditions are satisfied:  

( )
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
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
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2. Construction of the Spline Function 

If P(x) is a polynomial of degree six on [0, 1], then we have  

P(x)=P(0)A0(x)+P(
3

1
)A1(x)+P(1)A2(x)+ )

3
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In the subsequent section we need the following values:  

For  fC6[0,1] we have the following expansions  

 ++++=+ )(
3

4
)(2 )(2)()( 2

3

2

2

2222 iiiii xfhxfhxfhxfxf +)(
3
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)4(4

ixfh  

  ),(
45

4
)(

15

4
2,1

)6(6

2

)5(5

ii fhxfh + 222,12  + iii xx   
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+−+−=− )(
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3. Existence and Uniqueness: 

In this section we prove the following theorem about the existence and 

uniqueness of the spline function Sp(6,4,n): 

Theorem 1: 

Given arbitrary numbers ( ) ,2ixf ( ) ( ),2i

r tf  i=0,1,…,m-1; r=0, 2,5  and 

( ) ( ),, 20 mxfxf   there exits  a unique spline Sn(x)Sp(6,4,n) such that  



 Abbas Y. Al-Bayati - Rostam K. Saeed and Karwan H. Jwamer  
 

 

 52 

( ) ( )
( )( ) ( )( )

( ) ( ) ( ) ( ) 







==

=−==

==

mmnn

i

r

i

r

n

iin

xfxSxfxS

rmitftS

mixfxS

2200

22

22

,

5,2,0 ;1,...,1,0,

,...,1,0,

         (5) 

 

Poof:  

The proof depends on the following representation of Sn(x) for 2ih x  (2i+2)h, 

i=0,1,…, m-1. We have  
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On using equ.(6) and conditions  

).1()1(,)0()0( fSfS nn
==               (7) 

 We see that Sn(x) as given by (6) satisfies (1) and is sextic in [x2i, x2i+2], i=0,1, 

…,m-1. We also need to show that whether it is possible to determine 

1,...,2,1,)( 2 −= mixS in  uniquely. For this purpose we use the fact that  
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Equation (8) is a strictly tri-diagonal dominant system which has a unique 

solution (see [3]). Thus )( 2in xS  , i=1, 2…, m-1 can be obtained uniquely by the system 

(8) which establishes Theorem 1. 

4. Error Bounds: 

In this section, the upper bounds for errors studied in the following results: 

Theorem 2:  
Let  1,0

6

Cf   and ( )xSn  ( )nS p ,4,6  be a unique spline satisfying the 

conditions of Theorem 1, then   

5,4,3,2,1,0,2)
1

;(179859.27)()( )6(6)6(6)()( =+− −− rfm
m

fwmxfxS rrrr

n .                 (9) 

    Where w ( ) )
1

;( 6

m
f  denotes the modulus of continuity of ( )6f  and 

( ) ( )( ) 10;max 66 = xxff . 

In order to prove Theorem 2 we need the following:  

Lemma 1: 
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Let us write E2i= ,)()( 22 iin xfxS −  then for  fC6[0,1] , we have 
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From (8) we have  
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The result (10) follows on using the property of diagonal dominant [3].   

Lemma 2: 

Let  fC6[0.1] then  
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Proof:  

From (6) we have 
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By using (10), we get (11). The proofs of (12)-(15) are similar, and we only mention 

that  
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Proof of Theorem 2: 

For 10  y , we obtain   A0(y)+A1(y)+A2(y)=1. 
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and  
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)
2

2
()()(( 1

)5(

2

)5(

3
h

ihx
AxftSL in

−
−= )).()()()()()(( )6(

22

)5(

2

)5(

2

)5(

2

)5( fxxxftftftS iiiiin −−−+−=  (20) 

From (4) we obtain  

)(
3

2
)()( 2,10

)5(

2

)4(

2

)4(

iii hfxftf =− , and 0)()( 2

)5(

2

)5( =− ii tftf . 

Substitute this result and (12) in (19), we obtain  

)
1

;(2 )6(

3
m

fhwL  .           (21) 

Putting (18) – (21)  in (17) we obtain  
 

.4 )
1

;(
13209

457037
)()( )6()6()5()5( fh

m
fhwxfxSn +−        (22) 

 

This proves Theorem 2 for r=5. To prove Theorem 1.2 for r=4, since  

 +−=−

x

t

nn

i

dttftSxfxS

2

))()(()()( )5()5()4()4( ).()( 2

)4(

2

)4(

iin tftS −  

On using (14) and (22) we obtain 
 

.8h )
1

;(
79254

5780599
)()( )6(2)6(2)4()4( f

m
fwاxfxSn +−        (23)  

 

This proves Theorem 2 for r=4. To prove Theorem 2 for r=3, since  

 +−=−

x

t

nn

i

dttftSxfxS

2

))()(()()( )4()4()3()3(
).()( 2

)3(

2

)3(

iin tftS −  

On using (15) and (23) we obtain  

.16h )
1

;(
4403

957368
)()( )6(3)6(3)3()3( f

m
fwhxfxSn +−       (24) 

 

Which proves Theorem 2 for r=3. To prove Theorem 2 for r= 2, since 

)()())()(()()( 22

)3()3(

2

iin

x

t

nn tftSdttftSxfxS

i

−+−=−  . 

Since 0)()( 22 =−
iin tftS , and using (23) we obtain 

.32h )
1

;(
4403
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)()( )6(4)6(4 f

m
fwhxfxSn +−          (25) 

Which proves Theorem 2 for r=2. The proof of Theorem 2 for r= 1, since 

)()())()(()()( 22

)2()2(

2

iin

x

t

nn tftSdttftSxfxS

i

−+−=−  . 

Since  0)()( 22 =− iin tftS , and on using (16) and (25), we obtain 

.64)
1

;(
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)()( )6(5)6(5 fh

m
fwhxfxSn +−        (26) 

This proves Theorem 2 for r=1.To prove Theorem 2 for r=0 , since  
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)()())()(()()( 22

2

iin

x

t

nn tftSdttftSxfxS

i

−+−=−  , 

0)()( 22 =− iin tftS ,  

using (26) we obtain 

.128)
1

;(
16048935
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)()( )6(6)6(6 fh

m
fwhxfxSn +−  

Put 
m

h
2

1
=  in the above result we obtain 

.2)
1

;(179859.27)()( )6(6)6(6 fm
m

fwmxfxSn

−− +−  

This completes the proof of theorem 1.2.  

5. Conclusions 

In this paper, we conclude that the changes of the boundary conditions and the 

class of spline functions together affect on minimizing error bounds in the subject of 

lacunary interpolation by spline functions. 
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