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ABSTRACT 

In this paper, numerical techniques based on the wavelets methods are proposed 

for the numerical solution of non-linear two-dimensional BBM-BBM system and we 

compared between them. Two methods used in numerical solutions, are the Haar 

wavelets and Legendre wavelets methods.In addition, we derived formulas of integrals 

for Legendre wavelets analytically. Its efficiency is tested by solving an example for 

which the exact solution is known. The accuracy of the numerical solutions is quite high 

even if the number of calculation points is small, by increasing the number of 

collocation points, the error of the solution rapidly decreases. We have found that the 

Legendre wavelets method is better and closer to the exact solution than the Haar 

wavelets method. 

Keywords:Boussinesq systems, BBM-BBM system, Haar wavelets, Legendre wavelets. 

 

 

 BBM-BBMاللاخطي ببعدين من نوع  Boussinesqدراسة مقارنة طرائق المويجات لحل نظام 

 اخلاص سعدالله الراوي                             احمد قاسم

 جامعة الموصل

 الملخص

غير الخطي ببعدين  BBM-BBMق المويجات في الحل العددي لنظام ائتطبيق طر في هذا البحث, تم 
في الحل العددي. بالإضافة  Legendreوطريقة مويجات Haarومقارنة النتائج حيث تم استخدام طريقة مويجات

حل  تحليليا. تأثير الحل للطريقتين اختبر بواسطة Legendreإلى ذلك قمنا باشتقاق صيغة التكاملات لمويجات
مثال ومقارنته مع الحل المضبوط. إن دقة الحلول العددية عالية وإن كانت عدد نقاط الشبكة المحسوبة صغيرة 

 Legendreتبين لنا أيضا أن طريقة مويجاتلقد وكلما زادت عدد نقاط الشبكة المحسوبة فان الخطأ يتناقص. 
 .Haarأفضل واقرب إلى الحل المضبوط من طريقة مويجات

 Legendreمويجات، Haarمويجات،  BBM-BBM، نظام  Boussinesqالكلمات المفتاحية : نظام 
 

1.Introduction 

Boussinesq developed the original formulation of the governing equations for a 

free surface flow, which included the effects of surface waves, but in which the vertical 
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dimension was eliminated. The formulation was in terms of the bottom velocity and was 

restricted to simulating waves moving over bathymetry with a flat bottom. The 

governing equations consist of one continuity equation and two momentum equations ( 

in x and y directions ). The governing equations were then called as Boussinesq 

equations [13].  

Hmidi and Keraani [10] are proved the global well-posedness of the two-dimensional 

Boussinesq system with  zero diffusivity for rough initial data. Ataie.andNajafi [3] are 

studied a higher-order two-dimensional Boussinesq wave model and they used the finite 

difference method in higher-order scheme for time and space in derived equations. Chen 

and Goubet [6] obtained the long time asymptotes of the solutions for a long class of the 

two-dimensional dissipative Boussinesq system which is model surface waves in three 

space dimensions. Also Chen [7] studied a highly efficient and accurate numerical 

scheme for initial and boundary value problems of a two-dimensional 

Boussinesqsystem. Mitsotakis [14] is derived and solved numerically by the standard 

Galerkin-finite element method the Boussinesq system in two space dimensions. Mera 

[13] focuses on the development of a set of two-dimensional boundary conditions for 

specific governing equations which is existing Boussinesq type equations. Sadaka [15] 

is using the FreeFem++ code to solve a three-parameter family of Boussinesq type 

systems in two space dimensions which approximate the three-dimensional Euler 

equations over an horizontal bottom. 

Many authors have studied the solution for partial differential equations by using 

the Haar wavelets method.  

AL-Rawi and Qasem [2] found the numerical solution for non-linear Murray 

equation by the operational matrices of Haar wavelet method and compared the results 

of this method with the exact solution, they transformed the non-linear Murray equation 

into a linear algebraic equations that can be solved by Gauss-Jordan method. 

Hariharanand Kannan [9] develop an accurate and efficient Haar 

transformorHaarwaveletmethodforsomeofthewell-knownnon-linear parabolic 

partialdifferentialequations.The equationsincludetheNowell-whiteheadequation, Cahn-

Allenequation,FitzHugh-Nagumoequation, and other equations. 

Lepik, U., [11] applied the two-dimensional Haar wavelets for solution of the 

partial differential equations. To demonstrate the efficiency of the method, two test 

problems are discussed. Celik, I. [5] studied an efficient numerical method for solution 

of non-linear generalized Burgers-Huxley equation based on the Haar wavelets 

approach, approximate solutions are compared with exact solutions. 

Liu, N. and Lin, E-B. [12] introduced an orthogonal basis on the square [-1,-1]x[-

1,1] generated by Legendre polynomials on [-1,1], and defined an associated expression 

for the expansion of a Riemann integrable function. They described some properties and 

derived a uniform convergence theorem. Abbas, Z. et al. [1] used the continuous 

Legendre multi-wavelets on the interval [0,1] to solve Fredholm integral equations of 

the second kind. To do so, they reduced the solution of Fredholm integral equation to 

the algebraic equations. 

In this paper, we study a comparision between Haar wavelets and Legendre 

wavelets for non-linear two-dimensional BBM-BBM system. 

We organized our paper as follows. In section 2, the Haarwavelet  is introduced 

and an operational matrix and function approximation is presented. Section 3 Legendre 

wavelet approximation is presented. Section 4 we explain the 2D BBM-BBM system 

and we use Haar wavelets to solve this system. Section 5 numerical solution by 
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Legendre wavelets is presented. Section 6 numerical results are presented. Concluding 

remarks are given in section 7. 

 2. Haarwavelets 

As a powerful mathematical tool, Wavelet analysis has been widely used in image 

digital processing, quantum field theory, numerical analysis and many other fields in 

recent years. 

The Haar functions are an orthogonal family of switched rectangular waveforms 

where amplitudes can differ from one function to another. They are defined in the 

interval [0,1) by [9]: 

( )















+


+
−

+


=

)1,0[0

12/1
1

2/1
1

inotherwise

m

k
x

m

k
m

k
x

m

k

xhi

       …(1) 

The integer Jjm j ,....,2,1,0,2 ==  indicates the level of the wavelet; 

k=0,1,2,…,m-1 is the translation parameter. Maximal level of resolution is J. The indix i 

is calculated according to the formula i=m+k+1; in the case of minimal values. m=1,k=0 

we have i=2, the maximal value of i is 122 +== jMi . It is assumed that the value i=1 

corresponds to the scaling function for which ]1,0[1)(1 inxh = . Let us define the 

collocation points )2,...,2,1(,2/)5.0( MlMlxl =−= and discredits the 

Haarfunction )(xhi ; in this way, we get the coefficient matrix ))((),( li xhliH = , 

which has the dimension 2M*2M. 

The operational matrix of integration P, which is a 2M square matrix, is defined by 

the equation:  [11] 
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Lipek, U. found the general form of v-times of integrals [11]: 
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such that 
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Integrate equation (3) from (0) to (1), we get the following notation: 
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Any square integrable function  u(x) in the interval [0,1) can be expanded by a 

Haar series of infinite terms [9]: 

  Nixhcxu
i

ii =
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=

0)()(
0

       …(7) 

Where, the Haar coefficients ic  are determined as follows: 

 ==
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    …(8)

 

)1,0[,20,0,2 += xkjki jj
 

Usually, the series expansion of (7) contains infinite terms for a general smooth 

function u(x). However, If u(x) is approximated as piecewise constant during each 

subinterval, then u(x) will be terminated at finite m terms, that is: 
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Where, the coefficients 
T

mc )(  and the Haar function vector )()( xh m  are defined as: 
 

 110)( ....,,, −= m

T

m cccc  And  Tmm xhxhxhxh )(),......,(),()( 110)( −=  

Where, T is referring to the transpose. 

 
Fig.1. First eight Haar functions 

 

Similarly, a two dimensional function ),( yxu which is square integrable in the interval 

1010  yandx can be expanded into Haar series by [16]: 
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Where the coefficient matrix jiC ,  and the Haar function )()( yhandxh ji  are defined as: 
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Equation (9) can be written into the discrete form by: 

)()(),( yHCxHyxu T =        …(10) 

Now, integrate with respect to variable (x) of ),( yxu  by using equations (2) and (3), we 

get [16]: 
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also 

)()(

)()(),(

1,

0 0

yPCxH

dyyHCxHdyyxu

i

T

y y

T

=

= 
      …(12) 

performing the double integration, we obtain: 
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i

T
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      …(13) 

3. Legendre Wavelets 

Legendre wavelets ( ) ( )tmnktmn ,,ˆ,,  =  have four arguments ;

12,...,4,3,2,1,12ˆ −=−= knnn  , k can assume any positive integer, m  is the order for 

legendre polynomials and t is the normalized time. They are defined on the interval 

)1,0[  by: [1,12] 
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where m=0,1,….,M-1. in equation (1), the coefficient 
2

1
+m

 is for 

orthonormality. [1] 

Here Lm(t) are the well-known legendre polynomials of the order m, which are 

orthogonal to the weight function w(t)=1 and satisfy the following recursive formula: 
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such that the set of legendre wavelets are an orthonormal set. 
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Any function )1,0[)( 2Ltf   may be expanded as: 
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where ( ))(),( ,, ttfC mnmn = , in which (.,.) denotes the inner product. 

If the infinite series in (16) are truncated, then (16) can be written as: 
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similarly, any function )1,0[)1,0[),( 2  Lyxu  may be expanded as: 
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For convenience equation (18) can be re-written as follows: [1] 
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Now, we derive the operational matrix of integration P, which is a ( 12 1 − Mk ) 

square matrix is defined by the equation: 
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These integrals can be evaluated by using equation (14), we get: 
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We also introduce the following notation: 
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4. Mathematical Model 

We consider the non-linear two-dimensional coupled Benjamin-Bona-Mahony 

(BBM-BBM) system which has the form [8,15]: 

0
2

1

0..

**

**

2
=−++

=−++

tt

tt

VdVV

bVV





      …(25) 

for = wheretyxX ,0,],[ ****  is a bounded open set in 2IR , and b, d > 0 and the 

initial data: 
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and zero Dirichlet homogenous boundary conditions [8,15]: 
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This system is of type of Boussinesq systems derived as approximations to the 

three-dimensional Euler equations describing irrotational free surface flow of an ideal 

fluid over a horizontal bottom. The independent variables ],[ *** yxX =  and t represent 

the position and elapsed time, respectively, ),( ** tX  is proportional to the deviation of 
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the horizontal velocity of the fluid at some height. Specifically, we have 
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Since, the Haar and Legendre wavelets are defined for ]1,0[x , we must first 

normalize of the system (25) with regard to ],[ *** yxX = and the domain 
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With the initial and boundary conditions: 
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The solution by the Haar wavelets method is started by dividing the interval (0,T] 

into N equal parts of  length NTt /=  and denoting to tsts −= )1(  s=1,2,…,N. 
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expanded in terms of Haar wavelets as follows: 
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m

mmmtyyxx 
= =

=  

)()(),,(
2

2

2

1

1

121

2

1

2

1

, yhxhDtyxv m

M

m

M

m

mmmtyyxx 
= =

=  

where the elements 
212121 ,,, , mmmmmm DandCE are constants in the subinterval 

],( 1+ ss ttt
.
 

Assume that mmm == 21  , above equations can be written into the matrices 

form by: 

],()()(),,( 1+= ssmm

T

mtyyxx tttyHExHtyx    …(31a) 

],()()(),,( 1+= ssmm

T

mtyyxx tttyHCxHtyxu
   

…(31b)

 
],()()(),,( 1+= ssmm

T

mtyyxx tttyHDxHtyxv
   

…(31c) 

wewell focus on the function ),,( tyxu and the functions ),,(),,( tyxvandtyx are 

computed by the same way. 
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Integrating (31b) with respect to ( t)  from )( st  to (t)  and double integrating with 

respect to  (x)  from   (0)  to  (x) , and double integrating with respect to  (y)  from   (0)  

to  (y) ,we obtain: 

),,()()()(),,( syyxxmm

T

msyyxx tyxuyHCxHtttyxu +−=   …(32) 

 ),0,(),0,(

),,()()()(),,( 1,

syxxyxx

syxxim

T

msyxx

txutxu

tyxuyPCxHtttyxu

−+

+−=
  …(33) 

   ),0,(),0,(),0,(),0,(

),,()()()(),,( 2,

sxxxxsyxxyxx

sxxim

T

msxx

txutxutxutxuy

tyxuyPCxHtttyxu

−+−+

+−=
...(34) 

   
   
 ),0,0(),0,0(

),,0(),,0(),0,(),0,(

),0,0(),0,0(),0,(),0,(

),,()()()(),,( 2,1,

sxx

sxxsxx

syxyxsyxyx

sxim

T

isx

tutu

tyutyutxutxu

tutuytxutxuy

tyxuyPCxPtttyxu

−−

−+−+

−−−+

+−=

…(35) 

   
   
   

   ),0,0(),0,0(),,0(),,0(

),0,(),0,(),0,0(),0,0(

),,0(),,0(),0,0(),0,0(

),0,0(),0,0(),0,(),0,(

),,()()()(),,( 2,2,

ss

ssyxyx

sxxsxx

syysyy

sim

T

is

tututyutyu

txutxututuyx

tyutyuxtutux

tutuytxutxuy

tyxuyPCxPtttyxu

−−−+

−+−−

−+−−

−−−+

+−=

…(36)

 

We can reduce the order of boundary conditions used in equations (34)-(36) by 

using the boundary condition at x=1 and notation (6) instead of the derivatives 

),0,0(,),,0(,),,0( tutyutyu xsxx and ),0,0( sx tu . 

The values of unknown term ),0,0(,),,0(,),,0( tutyutyu xsxx and ),0,0( sx tu can 

be calculated by integrating equation (36) from 0 to 1 which is given by: 

   
 

   
   

   ),0,0(),0,0(),,0(),,0(

),0,1(),0,1(),0,0(),0,0(

),0,0(),0,0(),0,1(),0,1(

),,1(),,1()()1()(

),0,0(),0,0(),,0(),,0(

2,2,

ss

ssyxyx

syysyy

sim

T

is

sxxsxx

tututyutyu

tutututuy

tutuytutuy

tyutyuyPCPtt

tututyutyu

−+−−

−−−+

−+−−

−+−−

=−−−

…(37) 

Such that )1(2,iP  is defined in equation (6).By substituting equation (37) in 

equation (36), we get:

  
   

   

  

   
      ),0,0(),0,0(),,0(),,0(),0,1(),0,1(

),0,0(),0,0(),0,1(),0,1(

),,1(),,1()()()(

),0,0(),0,0(),,0(),,0(

),0,(),0,(),0,0(),0,0(

),0,(),0,(),,()()()(),,(

2,1,

2,2,

sss

syysyy

sim

T

is

ss

ssyy

syysim

T

is

tututyutyututu

tutuytutuy

tyutyuyPCxRttx

tututyutyu

txutxututuy

txutxuytyxuyPCxPtttyxu

−+−−−−

−+−−

−+−−+

−−−+

−+−−

−++−=

…(39) 

Similarly, and by using the boundary condition at y=1 and notation (6), we get: 
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   
   

 

     

 

     ),0,0(),0,0(),1,0(),1,0(),0,1(),0,1(

),1,1(),1,1()()()(

),0,0(),0,0(),1,0(),1,0(),0,(),0,(

),1,(),1,()()()(

),0,0(),0,0(),0,1(),0,1(

),0,0(),0,0(),0,(),0,(

1,1,

1,2,

sss

sim

T

is

sss

sim

T

is

syysyy

syysyy

tutuxtutuxtutux

tutuxyRCxRttx

tututututxutxu

txutxuyRCxPtt

tutuxtutux

tututxutxu

−−−+−+

−−−+

−+−−−−

−+−−

=−+−−

−−−

…(40) 

By substituting equation (40) in equation (39), we get: 

 

   

 

     

 

     

 

   
 ),0,0(),0,0(

),1,0(),1,0(),0,1(),0,1(

),1,1(),1,1()()()(

),0,0(),0,0(),1,0(),1,0(),0,(),0,(

),1,(),1,()()()(

),0,0(),0,0(),,0(),,0(),0,1(),0,1(

),,1(),,1()()()(

),0,0(),0,0(),,0(),,0(

),0,(),0,(),,()()()(),,(

1,1,

1,2,

2,1,

2,2,

s

ss

sim

T

is

sss

sim

T

is

sss

sim

T

is

ss

ssim

T

is

tutuyx

tutuyxtutuyx

tutuyxyRCxRttyx

tutuytutuytxutxuy

txutxuyyRCxPtty

tutuxtyutyuxtutux

tyutyuxyPCxRttx

tututyutyu

txutxutyxuyPCxPtttyxu

−−

−+−+

−−−+

−+−−−−

−+−−

−+−−−−

−+−−

−−−+

−++−=

…(41) 

Now, the derivatives of equation (41) with respect (t),(x) and (y), we get: 

),0,0(),1,0(),0,1(

),1,1()()(

),0,0(),0,(),1,0(

),1,()()(

),0,0(),,0(),0,1(

),,1()()(

),0,0(),0,(),,0()()(),,(

1,1,

1,2,

2,1,

2,2,

tuyxtuyxtuyx

tuyxyRCxRyx

tuytxuytuy

txuyyRCxPy

tuxtyuxtux

tyuxyPCxRx

tutxutyuyPCxPtyxu

ttt

tim

T

i

ttt

tim

T

i

ttt

tim

T

i

tttim

T

it

−++

−+

+−−

+−

+−−

+−

−++=

  …(42)

 

 

 

     

 

 

 

   
 ),0,0(),0,0(

),1,0(),1,0(),0,1(),0,1(

),1,1(),1,1()()()(

),0,(),0,(

),1,(),1,()()()(

),0,0(),0,0(),,0(),,0(),0,1(),0,1(

),,1(),,1()()()(

),0,(),0,(),,()()()(),,(

1,1,

1,1,

2,1,

2,1,

s

ss

sim

T

is

sxx

sxxim

T

is

sss

sim

T

is

sxxsxim

T

isx

tutuy

tutuytutuy

tutuyyRCxRtty

txutxuy

txutxuyyRCxPtty

tututyutyututu

tyutyuyPCxRtt

txutxutyxuyPCxPtttyxu

−−

−+−+

−−−+

−−

−+−−

−+−−−−

−+−−

−++−=

…(43) 

 
   ),0,(),0,(),1,(),1,(

)()()(),0,(),0,(

),,()()()(),,(

1,

2,

sxxxxsxxxx

im

T

mssxxxx

sxxim

T

msxx

txutxuytxutxuy

yRCxHttytxutxu

tyxuyPCxHtttyxu

−−−+

−−−+

+−=

 …(44)
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   ),0,(),1,(),0,(

)()()()(),,( 1,2,

txutxuytxu

yRCxHyyPCxHtyxu

txxtxxtxx

im

T

mim

T

mtxx

−++

−=

  …(45) 

Similarly, we find yytyyy uanduu ,, . By substituting equations (42)-(45) in system 

(28), we get:

 

11,22,2

1,22,21,1,

1,2,2,1,2,2,

)()()()(

)()()()()()(

)()()()()()(

GyHExRx
L

b
yHExP

L

b

yRExHy
L

b
yPExH

L

b
yRExRyx

yRExPyyPExRxyPExP

mm

T

i

y

mm

T

i

y

im

T

m

x

im

T

m

x

im

T

i

im

T

iim

T

iim

T

i

=













+














−














+













−+

−−

...(46a) 

21,22,2

1,22,21,1,

1,2,2,1,2,2,

)()()()(

)()()()()()(

)()()()()()(

GyHCxRx
L

d
yHCxP

L

d

yRCxHy
L

d
yPCxH

L

d
yRCxRyx

yRCxPyyPCxRxyPCxP

mm

T

i

y

mm

T

i

y

im

T

m

x

im

T

m

x

im

T

i

im

T

iim

T

iim

T

i

=













+














−














+













−+

−−

...(46b) 

31,22,2

1,22,21,1,

1,2,2,1,2,2,

)()()()(

)()()()()()(

)()()()()()(

GyHDxRx
L

d
yHDxP

L

d

yRDxHy
L

d
yPDxH

L

d
yRDxRyx

yRDxPyyPDxRxyPDxP

mm

T

i

y

mm

T

i

y

im

T

m

x

im

T

m

x

im

T

i

im

T

iim

T

iim

T

i

=













+














−














+













−+

−−

...(46c) 

such that: 

( )

( ) ),,1(),,0(1

),1,(),0,(1

),1,1(),1,0()(),1,(),0,1()(

),,1()),0,0()1(),0,()1(),,0()1(

),,(),,(
1

),,(),,(
1

),,(),,(
1

),,(),,(
1

),,(
1

),,(
1

22

22

1

tyx
L

b
tyx

L

b

txy
L

b
txy

L

b

tyxtyxytxytyxx

tyxtyxyxtxytyx

tyxvtyx
L

tyxvtyx
L

tyxutyx
L

tyxutyx
L

tyxv
L

tyxu
L

G

tyy

y

tyy

y

txx

x

txx

x

tttt

tttt

ssy

y

sys

y

ssx

x

sxs

x

sy

y

sx

x


























+−














+














+−













+

+−+−−+

−+−−+−+−+














−














−










−











−














−










−=

 

( )

( ) ),,1(),,0(1

),1,(),0,(1

),1,1(),1,0()(),1,(),0,1()(

),,1()),0,0()1(),0,()1(),,0()1(

),,(),,(
1

),,(),,(
1

),,(
1

22

22

2

tyux
L

d
tyux

L

d

txuy
L

d
txuy

L

d

tuyxtuyxytxuytuyxx

tyuxtuyxyxtxuytyux

tyxvtyxv
L

tyxutyxu
L

tyx
L

G

tyy

y

tyy

y

txx

x

txx

x

tttt

tttt

sxs

x

sxs

x

sx

x














+−














+














+−













+

+−+−−+

−+−−+−+−+











−










−










−= 
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( )

( ) ),,1(),,0(1

),1,(),0,(1

),1,1(),1,0()(),1,(),0,1()(

),,1()),0,0()1(),0,()1(),,0()1(

),,(),,(
1

),,(),,(
1

),,(
1

22

22

3

tyvx
L

d
tyvx

L

d

txvy
L

d
txvy

L

d

tvyxtvyxytxvytvyxx

tyvxtvyxyxtxvytyvx

tyxvtyxv
L

tyxutyxu
L

tyx
L

G

tyy

y

tyy

y

txx

x

txx

x

tttt

tttt

sys

y

sys

y

sy

y














+−














+














+−













+

+−+−−+

−+−−+−+−+














−














−














−= 

 

 We can write system (46) by the form: 

122

2

21,2,21,2,

)()(

)()()()()()(

GyHExH
LL

b

yH
L

b
yRyyPExH

L

b
xRxxP

mm

T

m

yx

m

y

iim

T

m

x

T

i

T

i

=













−




























−−


























−−

 …(47a) 

222

2

21,2,21,2,

)()(

)()()()()()(

GyHCxH
LL

d

yH
L

d
yRyyPCxH

L

d
xRxxP

mm

T

m

yx

m

y

iim

T

m

x

T

i

T

i

=













−




























−−


























−−

 

…(47b) 

322

2

21,2,21,2,

)()(

)()()()()()(

GyHDxH
LL

d

yH
L

d
yRyyPDxH

L

d
xRxxP

mm

T

m

yx

m

y

iim

T

m

x

T

i

T

i

=













−




























−−


























−−

 …(47c) 

By multiplying  
1

21,2, )()()(

−


























−− xH

L

b
xRxxP T

m

x

T

i

T

i
to the right hand side and   1

)(
−

yH m  to 

the left hand side of each term in equation (47a), we obtain: 

 

 

  0)()()()(

)()()()(

)()()()(

1

1

1

21,2,

1

21,2,

22

2
1

21,2,
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Also, we get: 
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The system (48) is the Lyapunov matrix equations which can be solved by one of 

the packages [4] or by using MATLAB Language: 

X=Lyap(A,B,C) 

To solve the equation AX+XB+C=0 ,such that the matrices A,B and C must have 

compatible dimensions but need not be square.Finally, The solution of the problem is 

found according to (41).  

Now, we use the Legendre wavelets to solve the system, that is, we can replace the 

Legendre wavelets instead of Haar wavelets in equations (41)-(45) and by substituting 

in the system (28), we obtain: 
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Also 

 

  0)()()()(

)()()()(

)()()()(

1

,2

1

,21,2,

1

,,21,2,

,22

2
1

,21,2,

=

























−−−





























−−+










































−−−

−

−

−

−

yGx
L

d
xRxxP

yy
L

d
yRyyPC

Cx
LL

d
x

L

d
xRxxP

mn

T

mn

x

T

i

T

i

mnmn

y

iim

m

T

mn

yx

T

mn

x

T

i

T

i







 …(49b)

 

 

  0)()()()(

)()()()(

)()()()(

1

,2

1

,21,2,

1

,,21,2,

,22

2
1

,21,2,

=

























−−−





























−−+










































−−−

−

−

−

−

yGx
L

d
xRxxP

yy
L

d
yRyyPD

Dx
LL

d
x

L

d
xRxxP

mn

T

mn

x

T

i

T

i

mnmn

y

iim

m

T

mn

yx

T

mn

x

T

i

T

i







 …(49c)

 

such that )(),( 2,, xPy T

imn  and )(1, xRT

i are matrices defined in equations (14), (23) and 

(24), respectively. 

5. Numerical Experiments 

In this section, we present the results of two-dimensional BBM-BBM system (28) 

which solved numerically by using the wavelets technique. 
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In the first example, we took zero Dirichlet homogenous boundary conditions for 

vandu,  on the whole boundary in the square    1,01,0   with exacts solutions: [15] 
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Then, we compute in table (1) and figure (2), the corresponding right hand side in 

order to obtain the 2L  norm of the error between the exact solution and the numerical 

solution by using the Haar wavelets and Legendre wavelets, respectively. 
 

Table (1) Compared between the Haar wavelets method and Legendre wavelets method 

when 0001.0,1,6/1,6/1 ==== tLdb  

The method k, M 
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Figure (2)The error 8  at 001.0=t by using 2D wavelets methods. 

In the second example, we consider the numerical solution of 2D BBM-BBM 

system (28) with initial and homogeneous Dirichlet boundary conditions [15]: 
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on the square    40,4040,40 −−  . Figure (3) shows the generation and propagation of 

Tsunami wave wave−   by the Haar wavelets method when the step of space 

1622 1 == +JM and time step 1.0=t . 
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Figure (3a) the generation of tsunami wave wave−  by 2D Haar wavelets method when 

2M=16, 1.0,80,6/1,6/1 ===== tLLdb yx . 

 

 
Figure (3b) the generation of tsunami wave wave−  by 2D Haar wavelets method when 

2M=16, 1.0,80,6/1,6/1 ===== tLLdb yx . 
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6. Conclusions 

In this paper, we develop an accurate and efficient the wavelets methods for 

solving non-linear two-dimensional BBM-BBM system by convert the partial 

differential equation into a simple Lyapunov matrix equation. 

The benefits of the wavelets approach are sparse matrices of representation, fast 

transformation and possibility of implementation of fast algorithms. It’s worth 

mentioning that the wavelets solution provides excellent results even for small values of 

(2M) as noted in table (1). Also, when 2M=64 , 2M=128 , …, we can obtain the results 

closer to the exact values. We have also been reducing the boundary conditions used in 

the solution by using the notation (6) when x=L respect to space and the results were a 

high resolution. Matlab language is used in finding the results and figure draw, its 

characteristic at high accuracy and large speed. 

Also, we compared between the wavelet methods in the numerical solution for 

non-linear BBM-BBM system and we have found that the Legendre wavelets method is 

better and closer to the exact solution of the Haar wavelets method as shown in table 

(1). 
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