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The Detour Polynomials of Ladder Graphs
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ABSTRACT

The detour distance D(u,Vv) between two distinct vertices u and v of a connected
graph G is the length of a longest u—v path inG . The detour index dd(G)of G is
defined by > D(u,v), and the detour polynomial of G is D(G;x)= > x°“". The

{u,v} {u,v}
detour indices and detour polynomials of some ladder graphs are obtained in this paper.
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1. Introduction
For the definitions of graph concepts and notations see the books [1] and [7].
The detour distance D(u,v)between two distinct verticesu and v in a

connected graph G is the maximum of the lengths of u—v paths in G (See [2, 3, 4, 5,
6 and 8]). A u—v path of length D(u,v) is called u-v detour. As with standard

distance, the detour distance D is a metric on the vertex set V(G) of any connected
graph G. That is

(1) D(u,v) >0 for all vertices u, veV(G),

(2) D(u,v)=0 ifandonly if u=v,

(3) D(u,v)=D(v,u) forall vertices u and v of G, and

(4) D(u,v)+D(v,w) > D(u,w) for all vertices u, v and w of G.

It is clear that D(u,v)=1if and only if uv is a bridge of G, and

D(u,v) = p(G) —-1if and only if G contains a hamiltonian u—v path. Moreover,
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D(u,v) =d(u,v) for every two vertices u and v of G if and only if G is a tree. For

other properties of the detour distance see [2 and 5].
The detour eccentricity e, (v)of a vertex v in a connected graph G is

e, (V) =max{D(u,v):ueV(G)}. ...(1.2)
The detour radius rad,(G) of a connected graph G is defined as

rad, (G) =min{e, (v):veV(G)}, ...(1.2)

while the detour diameter diam,(G) of G is

diam, (G) = max{e, (V) : veV(G)}. ...(1.3)

In any connected graph G, the detour radius and detour diameter are related by the

following inequalities[1]:

rad, (G) <diam, (G) < 2rad, (G). ...(1.4)
The detour index dd(G)of a connected graph G is the Wiener index with

respect to detour distance, that is

dd(G) =3 D(u,v), ...(1.5)

where the summation is taken over all unordered pairs of vertices u and v of G.
The detour distance of a vertex v, denoted by d;(v), is defined by

do(V)= >, D(u,v). ...(1.6)
ueV(G)
It is clear that
dd(G)=% S dy(v). L)
veV (G)

This index has recently received some attention in the chemical literature [9], because

dd(G) certainly carries some interesting structural information for cyclic compounds.
We introduce distance polynomial based on detour distance of a connected

graph G defined by

D(G;x) = >_ x°t, ...(1.8)

{uv}

where the summation is taken over all unordered pairs u,v of distinct vertices of G.

Such polynomial of G will be called the detour polynomial (or detour distance

polynomial) of G . It is clear that

dd(G)=iD(G;x) . ...(L.9)
dx L
Moreover, one easily notice that
3o
D(G;x) = _C, (G, k)x", ...(1.10)
k=1

where o, =diam,(G), and C,(G,k) is the number of unordered pairs of distinct
vertices u, v such that D(u,v) =k . The detour polynomial of a vertex v of G is
defined as

D(v,G;x)= > x4, ...(1.12)

uev (G)
U#v

It is clear that
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D(G;X) L > DV,G;x),

veV (G)
and
ep (V)
D(v,G;X) = > Co(v,G;k)x",
k>1
in which C, (v,G;Kk) is the number of vertices u(= v) such that D(u,v) =k in G .
In this paper, we find detour polynomials and detour indices for a special class of

graphs called ladders, namely P, x K, and Mobius ladder.
2. The Detour Polynomial of a Ladder L, :

A ladder L, is the graph P,xK,, where P, is the n-path, n>3. It is clear that
p(L,)=2n, q(L,)=3n-2 and diam(L,) =n. Since L, is a hamiltonian graph, then
diamy (L) =2n-1.

The graph L, is shown in Fig. 2.1 with the vertices labeled u,, v, u,, v,, ...,

u,v

n!* 'n*
uy Uz U3 Up3 Uy Uy Uy

[T L

Vpz Vy2o Vpl Vi
Fig. 2.1 The ladder L, n>4

The following theorem determines the detour polynomial for L, n>4.
Theorem 2.1:
For n>4, we have

2
D(L,;X) = (n* =n+2)x*" " +(n* =3n+4)x*" 7 + 2(x* + x+1)Y_x*"?
i=2

0, foreven n,
{ ...(2.1)

+ n+l n
2x" 4+ x", forodd n.

Proof: (1)
First assume n is even. From Fig.2.1, we find

D(ul,u.):{zn_l' foreven j > 2,

! 2n-2, forodd j>3.

Also

DUV )= {Zn—l, forodd j >1,
v 2n—2, foreven j>2.

Therefore, by the symmetry of L, we obtain
D(w, L ; x) = nx*"* +(n—1)x2”‘2, wefu, v, U, V. }. ..(2.2)

Now, for i =2,3,.. 5 ;i# jand je{l, 2, ..., n}, we have
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2n-1, if [j—i| is odd
D(ui’uj): el s
2n—2, if |j—i| is even
Also, for i:2,3,...,g and je{l, 2, ..., n}—{i, i-1 i+1} we have

D(U.v.) = 2n—-1, if | j—i|iseven,
Y7 2n—-2, if |j—ilis odd.

Finally, for i=2,3,..., g and j=i+loriori-1,we have

2i, if j=i+],
D(u;,v;)=2n-12i-1, if j=i,
2i-2, if j=i-1.

Therefore, for i =2,3,..., g we have

D(U;, L,; X) = (n=1)x*" " + (n=3)x°"% 4+ X224 X212 4 x2n202 ...(2.3)

It is clear from the Fig. 2.1, that (2.3) holds for v, u and v where

n+1-i n+1-i?

1=2,3,..., g Thus, for even n >4, we have from (2.2) and (2.3)

D(Ln;x):% > D(w,L,;x)

n’
weV (L,)

i | | .
=%{4(nX2nl T (n _l)XZn—Z) +4Z|:(n _1)X2n—1 T (n _3)X2n—2 +X2n—2| n X2n—2|+1 + X2n—2|+2:|}
i=2
.
=(n* =n+2)x*" +(n? =3n+4)x*"? 42(x* + x+1) ) x*"*, forevenn. ..(2.9)

i=2
(1) If n is odd, then using the steps used in proving even case, we get (2.2), and (2.3)

fori=2to iznT_1 . Then, we add 2D(u,,,L,;x) inside the brackets { }, where

2

D, .., L;X)=(n=)x"" " +(n-3)x*" % +2x"" +x".

nets
2

This completes the proof of the theorem. W
For L, and L,, we obtain by direct calculation:

D(L,; x) = 4x* +2x°,
D(L,; X) =8x> +6x* + x°.

Corollary 2.2:
For n>2, we have

4n® —gn2 +7n—4, forevenn,
dd(L,) = 2 , ..(25)
4n®*—==n?+7n——, foroddn.
2 2

Proof:
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Taking the derivative of D(L,;X) with respectto x at x=1, we get

2l

dd(L,)=(n’—=n+2)(2n-1)+(n*-3n+4)(2n-2) +6>_(1)

B ‘
+6)_(2n—2i)+

i=2

0, for even n,
3n+2, for odd n.

EJ {O, for even n,

—An® —11n2 +19n—10+ 6(2n+1)(| 2 |- -125"i +
( )({ZJ ) ,; 3n+2, for odd n.

3(2n +1)(n—2)—6(2+2](%—1), for even n,
=4n°-11n* +19n-10+
3(2n+1)(n-3) —g(n2 ~9)+3n+2, for odd n.

Simplifying the expression we get (2.5). M

Remark:
We notice that the polynomial D(L,;X) is of degree 2n—1, and has n zeros, with

nonzero coefficients a, of the terms aix‘, i=2n-1,....n.

3. The Detour Polynomial of a Mébius Ladder:

A Mobius ladder, denoted ML, is a ladder L, with the two edgesu,v, and vu, as

shown in Fig.3.1. It is clear that p(ML,)=2n, q(ML,) =3n, diam(MLn):(ﬂ and

diamy (ML) =2n-1
1751 U2 U3 e Ui U1 U; Uim1 Up-2 Upa1 Up

Fig.3.1 A Mobius ladder ML, n>5

The graph ML, is a cubic hamiltonian graph and it can be redrawn as shown in Fig.3.2

from which we see that all its vertices have the same detour polynomial. Thus
D(ML, ; x) =nD(u,, ML, ;: L ..(3.1)

Fig.3.2 ML,, n>5
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The detour polynomial of the M6bius ladder is obtained in the next theorem.
Theorem 3.1:
Forn>2,
n(2n-1)x*"*, for even n,

DML, x) :{ 2,,2n-1

..(3.2)
n*x*"* +n(n—1)x>"2, foroddn.

Proof:
Assume that n>5. We shall consider two cases for n.

(1) niseven.
If i iseven, i>2, then there is a hamiltonian u, —u, path in ML, namely:

Upy Viy Vo, Uy, Ugy Viueows Uigy Vg, Viy Vi, ooy Vi, Uy, Uy e, Uy, U (See Fig.3.1).

Thus
D(u,,u;)=2n-1, 1=2,4,.,n. ...(3.3)

If i isodd, i >3, there is also a hamiltonian u, —u, path in ML, namely:
Uy Upyeuoy Upyy iy, V

Therefore
D(u,u;)=2n-1, for i=3,5,..,n-1. ...(3.4)

Now, we determine D(u,,v;). If i is even, i>2, then there is a hamiltonian

B A N VA ¥ O | I VA VAN VAN I

u, —V, path, namely:
Upy Uyseey Uigy Vigy Voo, Vigyeeey Vo Vi, Uy Vi, Vogy U gy Ul oy Voo, Ve, e, UGV
Thus
D(u,v;)=2n-1, fori=2,4,..,n. ...(3.5)
If i is odd, i>1, then there is a hamiltonian u, —v, path, namely (this is for i >3, for
i =1, itis clear):
Uy, Vi, Vo, Uy Ugyeoey Vigy U gy Uy Usg ey Uy Vo Vg,V e, Vg, Vs
Thus
D(u,v;)=2n-1, for i=13,5,..,n-1. ...(3.6)
Hence, for every vertex w(= u,) of ML, we have D(u,,w)=2n-1.
Thus, from (3.1), we obtain (3.2) for even n.
(1) n is odd.
Suppose that i is even, then it is clear from Fig.3.1, that
Uy, Vi, Vo, Uy, Ugy Vaueeoy Uiy Vg, Vi Vg, ooy Vo, U, U, Uy e, U
Is a hamiltonian u, —u, path for even i. Thus
D(u,u,)=2n-1, for i=2,4,..,n-1. ...(3.7)
If i is odd, then
U, Vi,Vy, Uy, Ugy Voo Uin,Vin, Vig, Viseew, Vo,U,, U, U ,,...,U; (Which does not
contain u,_,) is a u, —u, detour of length 2n—2, for odd i. Thus
D(u,u,)=2n-2, for i=13,5,...,n. ...(3.8)
To find D(u,,Vv,), firstassume i is even, then
U, Vi,Vy, Uy, UgyVaseos Vipy Uiy Uiy Upyeeny Uy Vo, Vo, Vo, ..., Vi (Which does not

contain v, , ) is a u, —Vv; detour of length 2n—2 for even i. Thus
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D(u,,v;)=2n-2, for i=2,4,..,n-1. ...(3.9)
Now, let i be odd, then there is a hamiltonian u, —v; path
Uy, Vi, Vs Uyy Ugy Vaeo Vg, U gy Uiy Uy seeny U Vs Vo gs Vi g seens Vi

Thus
D(u,v;)=2n-1, for i=13,5,...,n. ...(3.10)

From (3.7) and (3.10) we get n pairs of vertices (u,,u;) and (u,,v,)of detour distance
2n—1; and from (3.8) and (3.9), we get (n—1) pairs of vertices (u,u,) and (u,,v;) of

detour distance 2n—2. Thus, from (3.1) we obtain (3.2) for odd n.
By direct calculation one may easily obtain:

D(ML,; x) =6x°,

D(ML; x) =9x° +6x",

D(ML,; x) = 28x’,

D(ML; x) = 25x° +20x°,

which are the same results obtained from (3.2). Thus, the Theorem 3.1 holds for all

valuesof n>2. m
From Theorem 3.1 and using (1.9) we get dd(ML,) as given in the next

corollary:

Corollary 3.2:
For n>2, the detour index of ML, is

n(2n-1)?, for even n,
dd(ML,) = ( )
4n®-5n? +2n, for odd n. [ |
The following corollary is a useful graph theoretical result.

Corollary 3.3:
The Mdbius ladder ML, is hamiltonian-connected if and only if n is even.

A connected graph G of order pis called saturated (with respect to detour

distance) [9] if dd(G) :% p(p—1)?; that is if and only if G is a hamiltonian-connected

graph. Thus ML, is saturated if n iseven. H

The density [9] of a (p,q) connected graph G is defined as den(G) 9 one
p

may show that the density of every saturated graph G is not less that % Thus, from

corollary 3.3, ML, for even n, is saturated with minimum density g
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