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ABSTRACT

In this paper, we defined i-open sets and i-star generalized w-closed sets in
bitopological spaces(X,z,,7,) by using the definition of i-open sets in topological
space(X,r) (see[6]). We present some fundamental properties and relations between

these classes of sets, further we give examples to explain these relations.
Keywords: i-open sets, bitopological spaces.
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0. Introduction
Sheik and Sundaram in 2004 [9], introduced g*-closed sets in bitopological spaces.
Kannan and Chandrasekhara in 2006 [4], introduced regular star generalized closed sets
in bitopological spaces. Mahdi in 2007 [5], introduced the concept of semi-open and
semi-closed sets in bitopological spaces. Benchalli, Patil and Rayanagoudar in 2010 [2],
introduced w-locally closed sets in bitopological spaces. Sheik and Maragathavalli in
2010 [8], introduced the concept of strongly ag *— closed sets in bitopological spaces.
Nagaveni and Rajarubi in 2012 [7], introduced GRW-closed sets and GRW-continuity
in bitopological spaces. Mohammed and Askandar In 2012 [6], introduced the concept
of i-open sets as: A subset A of a topological space (X,7) is said to be i-open set[6] if

there exists an open set G#¢, X such that A < CI(AN G). The complement of an i-open

set is called i-closed set, which could entire them together with many other concepts of
generalized open sets. The aim of this paper is to introduce the concept of i-open sets in
bitopological spaces (X,7,,7,). This class of sets may be to enter together with other
classes of sets in bitopological spaces which have been mentioned above for
comparison and to find the similar properties and characterizations. Throughout this
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work, 7' is a family of all i-open sets[6] of X). This work consists of two sections. In
the first one, we define i-open sets in bitopological spaces and we give many related
examples. In the second section, we define i-star generalized w-closed sets, i-star
generalized w-open sets and study their basic properties in bitopological spaces.
(X,z,,7,) denote a bitopological space, where(X,z,)and(X,z,) are topological
spaces. For any subset Ac X, 7, —Int(A) and z; —CI(A) denote the interior and
closure of a set A with respect to the topology z,. A point xe X is called a

condensation point of A [3] if for each U € 7 with xeU , the set U (] A is uncountable.
A is called w—closed [3] if it contains all its condensation points. The complement of
an w—closed set is called w—open. The w—closure[3] and w—interior [3] of A with

respect to the topology r; , that can be defined in a manner similar to
7, —CI(A) and 7, —int(A) , respectively, will be denoted by
r, —Cl (A) and 7, —int, (A) , respectively. A® denotes the complement of Ain X .

1. i-Open Sets in Bitopological Spaces.

In this section, we define i-open sets in bitopological spaces by giving many
related examples and we study the properties of these sets. Also we define many
concepts of generalized open sets in bitopological spaces and we give many related
examples.

Definition 1.1. Let (X,7,,7,) be a bitopological space, a subset A of X is said to be
(z,z, —i—open set) if there exists 7, —openset U #¢,X st. Acz, —CI(ANU). The
complement of (z,z, —i—open set) is called (7,7, —i—closed set).

Definition 1.2. A bitopological space (X,7,,7,) is said to be Bi-Topologically
Extended for i-open sets (Bi.T.E.l.) if (X,7,z, —i—o0pensets) is a topological space.
On the other hand, if (X, 7,7, —i—opensets) is not a topological space then, (X,z,,7,)
is called non-Bi-Topologically Extended for i-open sets(notBi.T.E.I. ). Where,
7,7, —1—opensets denote the family of all i-open sets in the bitopological space

(X,7,,7,).

Example 1.3. Let X ={a,b,c} ,7, ={¢.{a}, X}, 7, ={¢,{a},{a,b}, X}.

7, —open setsare: ¢,{a}, X . r, —closed setsare: ¢,{b,c}{c}, X .

{a} = (z, —Cl({a}N{a}) = X), {a,b} = (r, - Cl({a,b}({a}) = X)

{a,c} < (r, —Cl({a,c}N{a}) = X).

Then, {a},{a,b},{a,c} are 7,7, — i —opensets.

But, {b}{c}{b,c} are not r,r,—i—opensetshecause there is no existence
7, —openset U s.t.{b} < (r, — CI({b}NU)), {c} = (zr, —CI({c}NU))

{b,c} < (r, —CI({b,c}NUV)) Therefore, 7,7, —i —open sets ={¢,{a},{a,b},{a,c}, X}.
7,7, —1—closed sets = ¢,{b, c},{c},{b}, X

Where, (X, 7,7, —1—opensets) is a topological space. Then, (X,7,,7,) isa BiT.E.l.
space.

Example 1.4. LetX ={a,b,c,d} , 7, ={#,{a}.{b,c,d}X}, 7, ={4.{a}.{c}{a c}, X}.
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7, —open setsare: ¢,{a},{b,c,d}, X .

7, —Closed setsare: ¢,{b,c,d}{a,b,d},{b,d}, X .

By the same way, in Example 1.3, we have:

7,7, —i—open sets ={¢,{a},{b}.{c}.{d},{b, c}.{b,d}.{c.d},

{b,c,d} {a,b},{a,d} {a,b,d}, X}

7,7, —i —closed sets={¢,{b,c,d} {a,c,d} {ab,d},{a c,d},{a d},
{a,c}.{a,b}.{a}.{c,d}.{b,c}.{c}, X}.

Where, (X,7,7, —i—opensets) is not a topological space. Then, (X,z,,7,) iS not
Bi.T.E.l. space.

Definition 1.5. Let (X, ') be a topological space and let A be a subset of X . Recall that
the intersection of all i-closed sets containing A is called i-closure of A[6], denoted by

Cli(A): Cli(A)=NF.AcF, Vi where, F; isi-closed set j in a topological space (X,

ieA
7). Cli(A) is the smallest i-closed set containing A.

Definition 1.6. Let (X, ) be a topological space and let A be a subset of X. Recall that
the union of all i-open sets contained in A is called i-Interior of A[6], denoted by Inti(A).

Inti(A):U|i licA Vi Where, i is i-open set j in a topological space (X, ).
ieA

Inti(A) is the largest i-open set contained in A.

Theorem 1.7. Every 7, —open set is (X,7,,7,)in i —openset

Or (7, < (7,7, — i —open sets)).

Proof Let X be a finite non empty set. Let

., ={6, A A,,.. A, X}, 7, ={4,B,,B,,......., B,, X} .

Where, A < X,B, < X Vi.

7, —open setsare: ¢, A, A, ... A, X .

7, —closed setsare: ¢, X —B,, X - B,,........ X =B, X .

7, -CI(ANA)= NF ,where Fis z, —closed set.
ANAcF

At least, X isa 7, —closed set contains A (A Vi.
Hence, 7, -CI(ANA)= NF =X.

ANACF
Therefore, A < (7, -CI(ANA)= NF =X) Vi.
ANACcF
Then, (7, < (7,7, — i —open sets)).

The converse of Theorem 1.7 is not true. Indeed, in Example 1.4 {b,c} is
7,7, —i—openset, but is not 7, — open set.pg

Definition 1.8. Let (X,7)be a topological space, recall that extension t' [6] is the
family of all i-open subsets of space X.

Remark 1.9. [6] (X, t') need not to be a topological space.

Definition 1.10. [6] A topological space (X,z) is said to be Topologically Extended

for i-open sets (shortly T.E.1) if and only if
(X, t') is a topological space. Otherwise is called not T.E.I.
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Theorem 1.11. [6] Let X be a non-empty finite set and let = ={#, A, X} where, A is a
subset of X and containing only one element. Then, (X, 7) is T.E.l. (i.e. (X, 7) is a
topological space).

Corollary 1.12. Let (X,7,,7,) be a bitopological space and let (X,z,) be a (T.E.l.)
topological space as like as in Theorem 1.11, let 7, = z; where, 7 is the family of all i-

open sets in a topological space (X,z,), then,.=r, i —opensets 7,7, —

Proof Suppose that X={x1,x2, ......... xnyand 7, ={¢,{x}, X}.

7, —open setsare: ¢ {xi},X.

By definition of i-open sets, we have:

o ={¢ b {xuxe h{xaxs b, L, Xn BXu XX B{Xu X2, Xa 2, ... ...,

{XLX2, XN s e e e e {X1,X3, X4, xn h{X1,X2, oo oo oo xn }=X3
Since, 7, =7, then 7, —closed setsare:{xi,Xz,...,.xn }=X,
{X2|X31X4|"'|Xn }I{X31X4 PREE -an }1{X2 1X4 B "'-1Xn }) """" B {x2) ---)xn'l}a{x4: ---:xn}’

{X3 X5,...Xn} X3, ..c,Xn-1}, ..., P2}, @
Since,{x,} is the alone 7, —openset # ¢, X and the intersection between {x,} and the

sets P} {x3 4 ... fxnh o {x2,X3 X2 e B{X2 X3, X4 .,
{x2,X3,%n },...,{X3,X4,Xn}, ..., {xn-2,Xn-1,Xn} Which does not contain {x}, equal to ¢ and by

the same way in Theorem 1.11 we have:

7,7, — i —opensets = 7, where, 7, =7, .

Example 1.13. Let X ={a,b,c} ,

7, ={p{a}, X} 7, =71 ={p.{ak{a,b}.{a,c}, X}

7, —closed sets are : ¢,{b, c},{c},{b}, X.

By the same way of the examples mentioned above, we have:

7,7, — I —opensets =z,

Definition 1.14. A set A of a bitopological space (X,z,,7,) is called:

1. 7,7, —generalized closed set (7,7, — g —closed set) [3]
if 7, —-ClI(A)cU where AcU and U < X is 7, —openset.

2. 7,7, —g —openset [3]if X —A is 7,7, —g—closed.

3.7, —closed set.is < X F < Awhere F cz,—Int,(A)if 7,7, —gi—openset

4.7,7,—gi—openis X —Aif 7,r,—gi—closed set

5. r,r, —i—star genralzed closed set (r,7, —i* g —closed set)
if 7, —-ClI(A) cU where AcU and U < X isi—openset. 7, —

6. 7,7, —i —star genralzed openset (z,7, —1* g —openset) if X-A is
7,7, —1* g —closed.

7. 7,7, —genralzed w—closed set (7,7, — gw—closed set )[1]

if 7, —Cl,(A) cUwhere AcUand U c X is 7, —openset.

8. 7,7, —genralzed w—open set (7,7, — gw —open set )[1] if X-A is
7,7, — gw—closed.
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In the following example X is a finite set.

Example 1.15. LetX ={a,b,c} ,7, ={¢4,{a}, X} 7, ={4.{a}, X}.
From definitions mentioned above we have:

7, —opensets : ¢,{a}, X, 7, —closed sets : ¢,{b, c}, X.

7, —W—closed sets : ¢,{a},{b},{c},{a,b},{a,c},{b,c}, X.

7, —w—opensets : ¢,{a},{b},{c},{a,b},{a, c},{b,c}, X.

7, —i—opensets : ¢,{a},{a,b},{a,c}, X.

7, —1 —closed sets : ¢,{b, c},{c}.{b}, X.

7, —opensets : ¢,{a}, X , 7, —closed sets : ¢,{b, c}, X.

7, —W—closed sets : ¢,{a},{b},{c}.{a,b},{a,c},{b, c}, X.

7, —W—opensets : ¢,{a},{b},{c}.{a,b},{a,c},{b,c}, X.

7, —1—opensets : ¢,{a},{a,b},{a,c}, X.

7, —1 —closed sets : ¢,{b, c},{c},{b}, X.

7,7, — g —closed sets : ¢,{b},{c},{a, b},{a,c},{b,c}, X.

{a}is not 7,7, — g —closed set because r, -Cl({a}) = X < X
butz, —Cl({a}) = X & {a} (definition(1.14)(1)) .

7,7, —Q —opensets : ¢,{a, c},{a, b},{c},{b},{a}, X.

but {b, c}isnot 7,7, — g —open set because {a}° ={b, c}

and {a} is not 7,7, — g —closed set(difinition1.14(2))

7,7, —gi—opensets : ¢, X , 7,7, — gi —closed sets : ¢, X.

7,7, —1* g —closed sets : ¢,{b,c}, X , 7,7, —1* g —opensets : ¢,{a}, X.
7,7, —gw—closed sets : ¢,{a},{b},{c},{a, b}.{a,c},{b, c}, X.

7,7, — gw—opensets : ¢,{a},{b},{c}.{a,b}.{a,c},{b,c}, X.

In the following example X is an infinite set.

Example 1.16. LetX =R,7, ={¢,R—Q,R} 7, ={#,Q,R}. Where, R is the set of real
numbers, Q is the set of rational numbers and R —Q is the set of irrational numbers.
From definitions mentioned above, we have:

7, —opensets : ¢, R—Q,R, 7, —closed sets : ¢,Q, R.

7, —w—closed sets : ¢, R—Q,Q, R, other setsc Rwhich satisfies the
definitionof w—closed sets.

7, —w—opensets : ¢, R —Q,Q, R, other setsc Rwhich are the
complements of 7, —w —closed sets.

7, —i—opensets : ¢, R —Q, R, other sets = R which it satisfies the
definition of i —opensets.Q is notz, —i —open set.

7, —i —closed sets : ¢, Q, R, other sets c Rwhich are the
complements of 7, —i —opensets.R —Q is notz, —i —closed set.

7, —opensets: ¢, Q, R, 7, —closed sets : ¢, R—Q, R.

7, —W—closed sets : 9, R—Q,Q, R, other setsc Rwhich it satisfies the
definition of w—closed sets.
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7, —W—opensets : ¢, R—Q,Q, R, othersetsc R which are the
complements of 7, —w—closed sets.

7, —i—opensets : ¢,Q, R, other setsc Rwhich it satisfies the

definition of i —opensets.

7, —i—closed sets : ¢, R—Q, R, other setsc Rwhich are the
complementsof 7, —i —opensets.

7,7, — g —closed sets : ¢, R —Q,Q, R, other sets = Rwhich it satisfies the
definition of 7,7, — g —closed sets.

7,7, —Q —opensets : ¢, R—Q,Q, R, other sets ¢ R which are the
complements of 7,7, — g —closed sets.

7,7, — Qi —opensets : ¢, Q, R, other sets = Rwhich it satisfies

the definition of 7,7, — gi —opensets.R —Q isnotr,z, — gi —open set.
7,7, — Qi —closed sets : ¢, R — Q, R, other sets ¢ Rwhich arethe
complements of 7,7, — gi —opensets. Q isnotz,z, — gi —closed set.
7,7, —1* g —closed sets : ¢, R — Q, Q, R, other sets = Rwhich it satisfies
the definition of 7,7, —i* g —closed sets.

7,7, —1* g —opensets : ¢, R —Q,Q, R, other sets ¢ Rwhich are

the complements of 7,7, —i* g —closed sets.

7,7, —gw—closed sets : ¢, R — Q, Q, R, other sets < R which it satisfies
the definition of 7,7, — gw —closed sets.

7,7, —gw—opensets : ¢, R — Q, Q, R, other sets — Rwhich are

the complements of 7,7, — gw —closed sets.

2. i-Star Generalized w-Closed and i-Star Generalized w-Open Sets in
Bitopological Spaces.

Throughout this section, we define i-star generalized w-closed, i-star generalized
w-open sets and study their basic properties in bitopological spaces.
Definition 2.1. A set A of a bitopological space (X,7,,7,) is said to be
7,7, —1—star genralized w—closed set (z,z, —i*gw— closed set), if z, —Cl,(A) cU
where, AcU and U c X isa 7, — i —openset.
In Example 1.15, we have:
7,7, —1* gw—closed sets : ¢,{a},{b},{c}.{a,b},{a c},{b,c}, X.
in Example 1.16, we have:
7,7, —1* gw—closed sets : ¢, R — Q, Q, R, other sets = Rwhich it satisfies

the definition of 7,7z, —i* gw—closed sets.
Remark 2.2. [6] Every open set in a topological space (X, 7) is i-open .

Theorem 2.3. Let (X,7,,7,) be a bitopological space and Ac X then, the followings

are true:
1. If Ais z, —w-—closed then, A is 7,7, —i* gw—closed .
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2. If Ais z; —i—open and 7,7, —i* gw—closed then, A is z, —w—closed .
3. If Alis r;r, —i*gw—closed then, A is 7,7, — gw—closed .

Proof
1. Suppose that A is i—open 7,—are Uc Xand AcU. Letr, —w—closed then

7,—Cl, (A)=AcU.

Therefore, A isz,7, —i*gw—closed .

2. Suppose that A is 7, —i—open and 7,7, —i*gw—closed. Let Ac Aand A is

r,—1—open. Then, 7,-Cl,(A) < A. Therefore, z,-Cl ,(A)=A. Then, A is

7, —W—closed .

3. Suppose that A is 7,7, —i*gw—closed . Let AcU and. Since, 7, —openis U < X
is A. Then, z,-Cl (A)cU(Remark 2.2), we have Xin i-openz, —isU

.m 0.7, — 9w-—closed

Theorem 2.4. Let (X,7,,7,) be a bitopological space, then every

7,7, —1*g—closed set in X is r;z, —i*gw—closed .

Proof Suppose thatA is 7,7, —i* g —closed set, we have 7, —CI(A) cU, where

AcU and U c X are 7, —i—openset.

Since, 7, —Cl,(A) c 7, —CI(A),

we have 7, —Cl ,(A) c 7, -ClI(A) cU.

Therefore, A is 7,7, —i* gw—closed .pg

Remark 2.5. The converse of Theorem 2.4 is not true. Indeed, in Example 1.15,

A={a, b} is r,z, —i*gw—closed set, but is not 7,7, —i*g—closed .

7,7, —i* g —closed set 7 wmmminlyy — closed

Theorem 2.6. If A is 7,7, —i*gw—closed set in X and Ac Bc r, —Cl (A), then
Bis r,z, —i* gw—closed set.

Proof Suppose that A is 7,7, —i*gw—closed set in X and Ac Bc z, —Cl,(A). Let
BcUand U is 7, —i—openset. Then, AcU .Since, A is 7,7, —i* gw—closed set
,we have z,-Cl, (A)cU. Since, Bcr,-Cl, (A),7,-Cl,(B)c7,-Cl, (A cU.
Hence, B is 7,7, —i* gw—closed .pg

Theorem 2.7. If A and B are 7,7, —i* gw—closed sets then, so isAUB.

Proof Suppose that A and B are 7,7,—i*gw—closedsets. Let Uc X be
7, —i—opensetand (AUB)cU. Then, AcUand BcU. Since, A and B are
7,7, —1*gw—closed sets, we have r,—-Cl, (A)cUand 7,—-Cl, (B)cU. Then,
7, —Cl,(AUB) cU . Therefore, AUB is 7,7, —i* gw—closed set. g

Theorem 2.8. Let (X,7,,7,) be a bitopological space and Ac X then, the following
are true:
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1. If Ais r,—closed then, A is 7, —w—closed .

2. If Ais r;z, —i*g—closed then,.7;7, —g —closed is A

3. If Ais rr,—g—closed then, A is 7,7, —gw—closed .
Proof
1. Suppose that A is «z,—closed. Then 7,—Cl (A)=A. Since,
z,-Cl, (A cz,-Cl (A)=A, we haver,-Cl,(A)=A. Therefore, A is
7, —W—closed .
2. Suppose that A isAcU. Letrr,—i*g—closed and. z; —openis UcX
Therefore, 7, —Cl (A)cU . Then, A is 7,7, — g —closed .
3. Suppose that A is 7,7,—g-closed. LetAcUand. z,—openare U c X
Therefore, 7, —Cl (A)cU.
Since z,-Cl,(A)cz,-Cl (A)cU, we have 7,-CI (A)cU. Then, A is
7,7, — QW —closed . g
Remark 2.9. The converses of Theorem 2.8 are not true. Indeed, In Example 1.15, A
= {a, c} is 7, —w—closed set, but is not r, —closed , A={a,c} is 7,7, —g—closed set ,
but is not 7,7, —i*g—closed set. Also {a} is 7,7, —gw—closed set but, is not
7,7, — g —closed .

7, —closed set 7, —w

+
7,7, —i1* g —closed set rg?losed

7,7, — g —closed set 7,7, -=—)*osed

Definition 2.10. A set A of a bitopological space (X,z,,7,) issaid to be
7,7, —1 —star genralzed w—openset (7,7, —i*gw—openset), if X —A is
7,7, —1* gw—closed set.

In Example 1.15. we have:

7,7, —1* gw—opensets : ¢,{a},{b},{c},{a, b}, {a, c},{b, c}, X.
Also, in Example 1.16 we have:
7,7, —1* gw—opensets : ¢, R — Q, Q, R, other sets = R which it satisfies

the definition of 7,7, —i* gw—open sets.

Theorem 2.11. AsetA is 7,7, —i*gw—openset if and only if F <z, —Int,(A),
whereF c Aand F < X is.i—closed set 7, —

Proof Suppose thatA is 7,7, —i*gw—openset. Suppose that Fc X sz, —
FC. Then Fc Aand i-closed setis is A°. Since, A< F“and i—openr, -
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Since, 7, —Cl (A°) c F°, we have 7,r, —i* gw—closed set
.F cr,—Int,(A), we have 7, —Cl (A°) =[r, — Int (A)[
Conversely, suppose that Fcz,—Int,(A) where Fc A and Fc X isrt —
FCand A® c F°. Then, i—closed setis and F ¢z, — Int, (A). Since, i—open z, -
isA°.  Then, ,-Cl (A°)cF°, we haver, —Cl (A%) =[r, - Int (A)[
7,7, —1* gw—closed set . Therefore,.pg 7,7, —1*gw—opensetis A
Theorem 2.12. If A and B are separated 7,7, —i* gw—opensets, then so isAUB.

Proof Suppose that A and B are r,7,—i*gw—opensets. Let Fc< X be

7, —i—closed setand F < (AUB). SinceA and B are separated sets, we have
7,—CI(A)NB =AMz, —CI(B) =¢.
Also,z, —CI(A)NB=AN7,-CI(B)=¢ . Then,

FNz,-CI(A)c(AUB)Nz,-CI(A)=A. By the same way, we have
FNz,-CI(B)cB. Since, Fc X is r; —i—closed set, we have F 1z, —CI(A) and
F 7z, —CI(B) are 7, —i—closed sets. Since, A and B are 7,7, —i* gw—opensets,
we have F(z,-CI(A)c 7, —Int,(A)and FN 7z, -CI(B) < 7, — Int,(B). Now
F=FN(AUB)< (FNz,-CI(A)) U (FNz,-CI(B))

S 7, —Int, (AUB).
Therefore, AUB is 7,7, —i* gw—openset. g

Theorem 2.13. If A and B are 7,7, —i* gw—opensets then so isA(1B.

Proof Suppose that A and B are r7,—i*gw—opensets. Let Fc< X be
7, —1—closed setand F < (AB), we haveF c A and FcB. Since, A and B are
7,7, —1*gw—opensets, we have Fcr,—Int,(A)and Fcrz,—Int,(B). Then
Fcz,—Int,(ANB).

Therefore, A(B is 7,7, —i* gw—openset. g

Theorem 2.14. If A is 7,7, —i*gw—openset in X and z, —Int,(A) < B < A, then
Bis 7,z, —1* gw—openset .

Proof Suppose that A is 7,7, —i*gw—openset in X and 7, —Int,(A)c B < A. Let
Fc X be r,—i—closed setand F — B. Since, FcB and Bc A, we have Fc A.
Since, A is r7;7,—i*gw-openset, we have F crz,—Int,(A) and  Since,
7, —Int,(A)c B, we have 7z,—Int,(A)cz,—Int,(B). Then, Fcrz,—Int,(B).
Therefore, Bis 7,7, —1* gw—o0pen. g

Theorem 2.15. Let (X,7,,7,) be a bitopological space and Ac X then the followings
are true:

1. If Ais r, —w—open, then A is 7,7, —i* gw—open.

2. If Ais z,—i—closed and 7,7, —i*gw—open, then A is z, —w—open.

3. If Aisrr,—i*gw—openthen A is 7,7, — gw—open .
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If Ais r,z,—i*g—openthen A is 7,7, —i*gw—open .
If Ais z,—openthen Ais 7, —w-open . [3]

If Ais 7,7, —1*Qg—open then A is 7,7, — g —open.

7. If Ais r;z,—g—open then Ais 7,7, —gw—open .

o o &

Proof

1. Suppose that A isz,—w-open. We have A®ist, —w—closed . Then,is A
(Theorem2.3(1)) . 7,7, —i* gw— closed
Therefore, A isz,z, —1*gw—open.

2. Suppose that A is 7, —i—closed and z,z, —i*gw—open. Then, A%is z, — i —open
and 7,7, —i*gw—closed .
Then,.z, —w—openis A(Theorem2.3(2)). Therefore , 7, —w closed is A®

3. Suppose that A isz,z, —i*gw—open. Then, A%is 7,r, —i*gw—closed , hence A®
is7,7, — gw—closed (Theorem2.3(3)). Therefore, A is 7,7, — gw—open .

4. Suppose that A isz,z, —i*g—open. Then, A%is 7z, —i*g—closed , hence A®is
7,7, —1* gw—closed (Theorem 2.4). Therefore, A isz,z, —i* gw—open.

5. (see [3]).

6. Suppose that A isis A, hence 7z, —i*g —closed is A®. Then, 7,7, —i* g —open
7,7, —Q —closed (Theorem 2.8(2))
Therefore, A is 7,7, — g —open.

7. Suppose that A isz,z, —g—open. Then, A® is r,z, —g-closed, hence A®is
7,7, — gw—closed (Theorem 2.8(3)).
Therefore, A is 7,7, — gW—0pen. g

Remark 2.16. The converses of Theorem 2.15(4)(5)(6)(7) are not true. Indeed, In

Example 1.15, A ={b} is 7,z, —i*gw—open, but it is not= Aand 7,7, —1*g—open

{b} is 7, —w—openset, but it is not 7, —open. Also, A={b} is 7,7, — g —openset , but

itisnot z;,7, —i*g —openset.

{b, c} is 7,7, — gw—open set but it is not 7,7, — g —open.

7,7, —i*g—openset 7,7, ¢ open

r, —openset 7, — W=

7.7, —i*g - open set rp?pen

7,7, — § —Openset 7,7 m———gPopen
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