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Abstract:
Our goal in the present paper is to recall the concept of general fuzzy normed space and

its basic properties to define the general fuzzy bounded operator as a background to introduce
the notion general fuzzy norm of a general fuzzy bounded linear operator. After that we proved
any operator from a general fuzzy normed space into a general complete general fuzzy normed
space has an extension. Also we prove that a general fuzzy bounded operator on a general
fuzzy normed space is equivalent to a general fuzzy continuous. Finally different types of fuzzy
approaches of operators is introduced in order to prove that the general fuzzy normed space
GFB(V,U) is general complete when U is general complete.
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1.Introduction. Zadeh in 1965[1] was the first
one who introduced the theory of fuzzy set. When
Katsaras in 1984 [2] studying the notion of fuzzy
topological vector spaces he was the first researcher
who studied the notion of fuzzy norm on a linear
vector space. A fuzzy metric space was also studied
by Kaleva and Seikkala in 1984 [3]. The fuzzy norm
on a vector space have been studied by Felbin in
1992 [4] where Kaleva and Seikkala introduce this
type of fuzzy metric. Another type of fuzzy metric
spaces was given by Kramosil and Michalek in [5].

Certain type of fuzzy norm on a linear space was
given by Cheng and Mordeson in 1994 [6] where
Kramosil and Michalek present this type of fuzzy
metric. A finite dimensional fuzzy normed space
was studied by Bag and Samanta in 2003 [7].
Saadati and Vaezpour in 2005 [8] where studied
complete fuzzy normed spaces and proved some
results. Also Bag and Samanta in 2005 [9] were
studied fuzzy bounded linear operators on a fuzzy
normed space.

Again Bag and Samanta in 2006 and 2007 [10],
[11] used the fuzzy normed spaces that introduced
by Cheng and Mordeson to prove the fixed point
theorems. The fuzzy topological structure that
introduced by Cheng and Mordeson of the fuzzy
normed space was studied by Sadeqi and Kia in
2009 [12]. Kider introduced a new fuzzy normed
space in 2011 [13]. Also he proved this new fuzzy
normed space has a completion in [14]. The
properties of fuzzy continuous mapping which was
defined on a fuzzy normed spaces by Cheng and
Mordeson was studied by Nadaban in 2015 [15].
The concepts of fuzzy norm is developed by a large
number of researches with different authors have
been published for reference one may see [ 18, 19,
20, 19,22, 23, 24, 25].

In this paper first the definition of general fuzzy
normrd space is recalled and also its basic properties
in order to define the general fuzzy norm of a
general fuzzy bounded linear operator from a
general fuzzy normed space V into another general
fuzzy normed space U.
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2.Basic Properties of General Fuzzy Norm
Definition 2.1:[10]

A binary operation © : [0,1]X[0,1]-[0,1]

satisfying
(1)a®b=bO a
2)bO1=>b

(3)aO[bO t] =[a® b]Ot
(4)ifb<aandt<sthenbOt<aOs.
forall a,b,s,t €[0,1] is called a continuous
triangular norm [or t-norm].

Example 2.2:[11]

(1)Let m@ n=m. n for all n, m € [0,1] where m .n is
multiplication in [0,1]. Then & is continuous t-
norm.

(2)Let m@ n=m A n for all n, m€[0,1] then & is

continuous t-norm.

Remark 2.3:[24]

(Dfor all n > m there is k with n@® k =m where n,
m, k €[0,1].

(2)there is q with q&® q = n where n, q €[0,1].

First we need the following definition

Definition 2.4:[26]

Let R be a vector a space of real numbers over filed
R and O, be continuous t-norm. A fuzzy set Ly
:RX[0,00) is called fuzzy absolute value on R if it
satisfies

(A1) 0 < Lg(n,a) <1foralla>0.

(A2) Lgr(n,a) =1 & n= 0 for all a>0.

(A3) Lg(n+m, a+b) = Lr(n, a) OLk(m, b).

(A4) Lr(nm, ab) = Lg(n,a) ® Lr(m, b).

(A5) Lgr(n, .):[0,00)—=[0,1] is continuous function
of t.

(A6) lim,_,, Lr(n,a) =1.

For all m, n €R and for all a, b €[0,1]. Then (R,
Lg, ©,Q) is called a fuzzy absolute value space.
Example 2.5:[26]

Define Lg(a, t) = ﬁlal for all a € R then Ly is a
fuzzy absolute value on R wheret @ s =t-sandt

®s=t-sforallt,s € [0, 1] where t - s is the
ordinary multiplication of t and s.
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Example 2.6 :[28]
Define L;: Rx [0,0) —=[0,1 ] by

0 if ag<|u
La(u, 2)= {1 if a> ||u||
then L, is a fuzzy absolute value on R . L, is called
the discrete fuzzy absolute value on R.
Definition 2.7:[28]

Let V be a vector space over the filed R and ©,&
be a continuous t-norms. A fuzzy set G,:VX[0,0) is
called a general fuzzy norm on V if it satisfies the
following conditions for all u, véV and for all
a €ER,s,te[0,0):

(G1) 0< Gy (u, s)<1 for all s>0.

(G2) Gy(u, s)=1 <& u=0 for all s>0.

(G3) Gy(au, st) > Lg(a, s) @ Gy(u, t) for all a #0

ER.

(G4) Gy(ut v, s +t) > Gy (u, s) © Gy(v,t).

(G5) Gy(u, .) : [0,0) = [0,1] is continuous function

of t.

(G6) lim,_,, Gy(u ,t)=1

Then (V,G,,0,Q) is called a general fuzzy

normed space.

Example 2.8:[28]
Define G),(u,a)=

a

for all u€eR .Then

a+|u|

(R,G,;,0,Q) is a general fuzzy normed space with
s@t=stand t® s =t.s for all s ,t € [0,1]. Then
G, is called the standard general fuzzy norm
induced by the absolute value |. |.

Example 2.9 :[28]

If (V, |I.|) is normed space and G : V X [0,00) =
[0,1] is defined by :

Gwa) = a:;u" then (V,G, ,© ,® ) is general

fuzzy normed space where sOt=s Atand tQ s=
t. s for all t ,s € [0,1]. Then G is called the
standard general fuzzy norm induced by the
norm ||.||.
Example 2.10 :[28]
Let (V]| .|) be vector space over R, define
1 if llull<t

Galu)= {o i]]: lull > ¢
Where u@©@ v=u@® v=uA v forallu, ve [0,1]
and u® v=u . v for all u, ve€ [0,1]. Then G, is
called the discrete general fuzzy norm on V.
Proposition 2.11:[28]

Suppose that (V, ||.||) is a normed space define
Gy(u, s) = —— for all u €V and 0< s. Then (V,

s+|lull

Gy,©,R) is general fuzzy normed space where a
Ob=a®@b=a.bforalla,be0,1].
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Lemma 2.12:[28]
Gy(u, .) is a nondecreasing function of t in the
general fuzzy normed space (V, G,,0,&) for all u

€V this means when 0< t <s implies G, (u, t) <

Gy(u,s).
Remark 2.13:]28]
Assume the general fuzzy normed space

(V,Gy,©,®). Then for any u € V, s>0 ,0<n<I .
I-If Gy(u, s)=(1—n ) we can find 0< t< s with
Gy(u ,t)> (1—n).
2- If Gy(u, s)=(1—n ) we can find 0< s< t with
Gy(u,t)> (1—n).
Definition 2.14:[28]

If (V,Gy,0,8) is a general fuzzy normed space.
Then GFB(u ,n ,s) = {
m €V: Gy(u—m, s)>(1—n) } is called a general
fuzzy open ball with center u€V radius n and s>0
and GFB[ u,n ,s] = {m €V : G,(u—m ,s ) > (1—n)}
is called a general fuzzy closed ball with center
u€eV radius n and s>0.
Definition 2.15:[28]

Suppose that (V, G, ,0O,Q) is a general fuzzy
normed space and MES V. Then M is called a
general fuzzy open if for any u € M we can find 0<
n<l, s>0 with FB(u, n,t) € M . A subset W € V is
called a general fuzzy closed set if W€ is a general
fuzzy open.

Definition 2.16:[28]

Suppose that (V,G,,©O,®) is a general fuzzy
normed space. A sequence (u,) in V is said to be
general fuzzy approaches to u if every 0 < & <1
and 0<s there is N € N such that G, (u, —u,s)>(1
—¢) for every n> N. If (u,) is general fuzzy
approaches to the fuzzy limit u we write lim,,_,,, u,=
uoru, - u Also lim,_,Gy(u, —u,s)=1ifand
only if (u,) is general fuzzy approaches to u.
Definition 2.17:[28]

Suppose that (V,Gy,O,Q) is a general fuzzy
normed space. A sequence (v,)in V is called a
general Cauchy sequence if for each0 <r <
1 ,t > 0 there exists a positive number N € N such
that Gy[vy, — vy, t] > (1 —r1) forallm,n > N.
Definition 2.18:[28]

Let (V,G,,0,Q) be a general fuzzy normed
space and let MS V. Then the general closure of M
is denote by M or GCL(M) is smallest general
fuzzy closed set contains M .
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Definition 2.19:[28]

Suppose that (V,G,,0,&Q) is a general fuzzy
normed space and let MS V. Then M is said to be
general fuzzy dense in V if MC =V
Lemma 2.20:[28]

If (V,Gy,0,Q) is a general fuzzy normed space
and let M € V. Then m € M¢ if and only if we can
find (m,,) in M such that m, - m.

Definition 2.21:]28]

Suppose that (V,G,,©,Q) 1is a general fuzzy
normed space A sequence (v,)in V is called a
general Cauchy sequence if for each0 <r <
1,t>0we can find N € N with GV[V]- —Vk,t] >
(1 —r) forall j, k=N.

Definition 2.22:]28]

Let (V,Gy,©,Q) be a general fuzzy normed
space. A sequence ( u,) is said to be general fuzzy
bounded if there exists 0< q <1 such that Gy( u, ,
s) >(1—q) for all s>0 and n€ N.

Definition 2.23 :[28]

Let (V,G,,© ,®)and (U,G,;,O,®) be two
general fuzzy normed spaces the operator S: V— U
is called general fuzzy continuous at v, €V for
every s>0 and every 0 <y <1 there exist t and there
exists & such that for all veV with Gy[v — vg,s] >
(1 — &) we have Gy[S(v) — S(vy),t] > (1 —y) if S
is fuzzy continuous at each point v€V then S is
said to be general fuzzy continuous .

Theorem 2.24:[28]

Suppose that (V,Gy,® .®Q) and (U, Gy,O,Q) are
general fuzzy normed spaces. Then S:V— U is a
general fuzzy continuous at u € V if and only if
u, —uin Vimplies S(u,) =S(u) in U.

Definition 2.25:]28]

Suppose that (V,Gy,®,®)and (U, Gy,O,Q ) are
general fuzzy normed spaces. Let T:V — Uthen T
is called uniformly general fuzzy continuous if
fort > 0and for every0 < a <1 there is f and
there iss >0 with Gy[T(v) — T(u),t] > (1 — @)
whenever Gy[v—u,s] > (1 —B) forallv,u € V.
Theorem 2.26:[28]

Suppose that (V, Gy,®,®) and (U, Gy,O,Q ) are
two general fuzzy normed spaces. Let T:V -U be
uniformly general fuzzy continuous operator. If (u,)
is a general Cauchy sequence in V then (T(uy,)) is a
general Cauchy sequence in U.
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Definition 2.27:[28]

Suppose that (V,Gy,©,&Q) is a general fuzzy
normed space. Then V is called a general complete
if every general Cauchy sequence in V is general
fuzzy approaches to a vector in V.
3.General Fuzzy Bounded Linear Operator
Definition 3.1 :

Suppose that (V,Gy,©,® ) and (U,Gy, ©, Q) are
two general fuzzy normed spaces. The operator
S:D(S) —U is called general fuzzy bounded if we
can find @, 0 < a0 < 1 with

Gy(Sv,)=1—-a) ....(3.D

foreachv € D(S) andt > 0

Notation :

Suppose that (V,Gy, ©,® )and (U, Gy, ©, ® )are a
general fuzzy normed spaces. Put GFB(V,U) =
{S:V-oU: Gy(Sv,) =2 (1 — )} with 0 < a <1
Proposition 3.2:

If (V,Gy,®,®)1is a general fuzzy normed space.
Then the sum of any two general fuzzy bounded
subset of V is again general fuzzy bounded also the
scalar multiple of any general fuzzy bounded subset
of V by a real number is again a general fuzzy
bounded.

Proof :

Suppose that A € V, B © V are general fuzzy
bounded we will prove that A + B and aA are
general fuzzy bounded for every o #0. By our
assumption A and B are general fuzzy bounded so
there is p,0 <p <1 and q,0<g <1 such that
Gy(a,t) = (1—p) for all a€Adand t>0 also
Gy(b,s) = (1 —q) for all b € B and s > 0. Now

Gy(a+ Db, t+5s) = Gy(a, t)OGy(b,s)

>(1-p)O -0
Put(1-p)©1—-q) =1 —r) forsomer,0<r<
1
Hence Gy(a+Db,t+s)=(1—-r) so A + B is
general fuzzy bounded. Similarly Gy(aa,ts) =
Lr(a,)® Gy(a,s)) put Lr(a, t)=(1—p). Now
choose 0 <6 <1 with that (1-8)® (1 —p) =
(1-8). Thus Gy(aa,ts) = (1—8). Hence oaAis
general fuzzy bounded
Lemma 3.3 :
Suppose that (V, Gy, ©, ®) and (U, Gy, ©, ®) are two
general fuzzy normed spaces then T; + T, € GFB(V,
U) and aT € GFB(V, U) for all T;, T, € GFB(V, U)
and0#a €F.
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Proof :
Let T, and T, be general fuzzy bounded
operator then there is 0<7; <1 and 0 <1, <1 such
that Gy (T; (V) ,t) = (1—r; ) and G(T,(V) ,t) = (1—13)
for any veD(T;) N D(T,) and any s , t > 0 .

Now
Gy(Ty + To)(v) ,t+8) =Gy(Ty (V) + T2 (v)) ,t+s)

= Gy(T,(v), t) OGy(T,(v),s)
2 (1 -r)O0 1 -r)

Choose r, 0 <r <1 such that
(I1-m)O0 A -r)=2-1)
Hence Gy[(Ty + T,)(v) ,t+s]> (1 —r1)
Thus T, + T, is general fuzzy bounded operator.
Also
Gy(aT,ts) = Lg(a, )® Gy (T, s))let Lg(a, t)=(1—L)
and Gy (T, s) =
(1 —p). Now choose 0 < § <1 with that (1-8) ®
(1-p) = (1-6).
Hence Gy(aT,ts) = (1—6).Thus aTis general
fuzzy bounded
Theorem 3.4:

Suppose that (V, Gy, ©, ®) and (U, Gy, ®©, ®) are
two general fuzzy normed spaces. Put G(T, t) =
infyep )Gy (Tv, t) for all T€ GFB(V, U), t> 0.
Then [GFB(V,U), G, ®,®] is general fuzzy normed
space.

Proof :
(G1)Since 0< Gy(Tv,t) < lwith all ve D(T) and
t>0s00< G(T,t)<1 forall =0
(G2) For all t>0,
infveD(T)GU (TV, t)=1 54 GU (TV, t)zl
© T(v)=0forallve D(T) T =0
(G3) Forall 0 # a € F we have
G(aT,ts) = infyep )Gy (aT, ts)
= infyep(nLr (o, @Gy (T, s)
=Ly (o, ) ®inf,ep 1) Gy (T, s)
=Lr(a, )QG(T,s)
(G4 G(Ty+T,,t+s)=
inf Gy, eper,yperp (Tt + TV, t+5)
= inf GUVED(Tl)nD((Tz)(Tl (V) + T,(v), t+s)

> inf Gy veD(ry) (Tyv, )@ inf Gy (T,v,s)

=G(T,)O G(T,,s)

(G5) Let (t,) be a sequence in [0, o) with t, -t €

[0, ) then

Gy(Tv,t,) = Gy(Tv,t)so G(T,t,) = G(T,t)

is (T, @) is a continuous.

(G6) lim,, G(T,t) =lim;_,, inf Gy(Tv,t) =
inflim,_q, Gy (Tv,t) =1

linear

G(THh=1e

veD(T2)

that
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Hence (GFB(V,U),G, ©, ®) is general fuzzy normed
space.
Note 3.5 :
We can rewrite 3.1 by :
Gy(Sv,) 2 G(S,0) e, 3.2)
Example 3.6 :
Let V be that vector space of all polynomials on
C[0,1] with
[lvl] = max|v(x)|, x € [0,1]. Let
1 if vl <t
Gy (v, 0 = {0 if ||||v|||I >t
Then by example 2.10 (V,Gy,®,®) is a general
fuzzy normed space.
Let T:V » V be defined by
Tlv(] = ¥(x)

then T is linear. Let v,(x) = x"

indeed ||v,|l =1 so

wited={; 128

Hence there is no ¢,0<c <1 satisfies the
inquality

Gy(T(v),t) = (1 —c). Therefore T is not general
fuzzy bounded.

Theorem 3.7 :

Suppose that (V,Gy,®©,®) and (U,Gy, O, Q) are
general fuzzy normed spaces with U is a general
complete. Assume that T:D(T) -»U be a linear
operator and a general fuzzy bounded. Then T has an

extension S:D(T) — U with S is linear and general

fuzzy bounded such that G(T,t) = G(S,t) for all

t>0.

Proof:

Suppose that v € D(T)C then by Lemma 2.22 there

is (v,) in D(T) such that

v, =V. But T is linear and general fuzzy bounded we

have Gy(T(v),t) = (1 —r)

forall ve D(T) and t > 0 wherer, 0 < r < 1. Now

Gyl Tvyp = Tvy,tl= Gy[T(vy — Vi), t]
=>(1-17)

Thus (T(Vn)) is general Cauchy sequence in U but

by our assumption U is general complete so that

(T(Vn)) fuzzy approaches to u € U. Define S(v)=u.

Let v, »v and w, —v then y, -v where (y,) =

(vy,Wy,Vy,Wy, .....). Hence  (Typ)

approaches and (Tv,) and (Tw,) the

subsequences of (Ty,,) will has equal limit. Hence S

fuzzy
two

is well defined for any v € D(T)G. S linear is clear
also S(d)=T(d) for every d € D(T) thus S is an
extension of T.
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Now we have Gy[Tv,,t] =G (T, t) let n - oo then
Tv, = S(v) =u thus GylSv,t] =
G(T,t).Hence S is general fuzzy bounded and
G[S, t] = G[T, t] but G[S,t] < G[T,t] by the
definition of general fuzzy. Together we have
G[S,t] =G[T,t]

Theorem 3.8 :

If (V,Gy,®,®)and (U, Gy, ©,®) are general fuzzy
normed spaces and let T:D(T) -»U be a linear

we  obtain

operator where D(T) €V. Then T is general fuzzy
continuous if and only if T is general fuzzy bounded.
Proof :
Let T be general fuzzy bounded and let ¢,0 < € <
1be given and t > 0 then for every z € D(T) we
have Gy[Tz,t] = (1 — €). Now let y € D(T) then
for any choice of 0<r<1 with Gy[x—1y,s] =
(1 — r) which implies that
Gy[Tx — Ty, t] = Gy[T(x —y),t] = (1 —¢). Thus
T is general fuzzy continuous at x. Hence T is
general fuzzy continuous.
For the Converse let T be a general fuzzy continuous
at any point x € D(T). Then given €,0 < ¢ < 1 and
t> 0 thereisr, 0 <7 <1 and s > 0 with Gy[Tx —
Ty, t] > (1 — ¢) for all y € D(T) satisfying
Gyly —x,s] > (1 —r). Take any z #+ 0 € V and set
y =x+z, hence forallt > 0
Gy(Tz,t) = Gy[T(y —x), ]

=Gy[Ty — Tx, t] > (1 — €).
Thus T is general fuzzy bounded .
Corollary 3.9 :
Suppose that (V, Gy, ©, ®)and (U, Gy, ©, ®) are two
general fuzzy normed spaces with T:D(T) -»U is a
linear operator where D(T) €V. If T is a general
fuzzy continuous at an arbitrary vector v € D(T) then
T is general fuzzy continuous.
Proof :-
Assume that T is fuzzy continuous at v € D(T) then
by Theorem 3.8, T is general fuzzy bounded which
implies that T is a general fuzzy continuous.
Theorem 3.10:
Suppose that (V, Gy, ®©, ®) and (U, Gy, ©, ®) are two
general fuzzy normed spaces and assume that
T:V-U is a general fuzzy bounded operator. Then
l)v, — v [where v,,v € D(T)] implies
Tv, = Tv
2) The kernel of T N(T) is general closed .
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Proof :

Since T is general fuzzy bounded then there is
r,0 < r < 1 such that

Gy[T(v),t] = (1 —r) for each v € D(T) and t > 0.
Now

Gy[Tv, — Tv, t] = Gy[T(v, —v),t] = (1 —1).
Therefore Tv, = Tv.

2) Let v € N(T)G then we can find (v,) in N(T)
with v, = v.

Hence Tv, = Tv by part (1) . Also T(v)=0 since
T(v,) = 0 so that v € N(T). Since v € N(T)¢ was
arbitrary so N(T) is general closed.

Definition 3.11 :

Suppose that (V, Gy, ©, ®) is a general fuzzy normed
space and (R, Lg, ©O,&) is fuzzy absolute value
space (R, L, ©,&). Then a linear function f:V— R
is called general fuzzy bounded if there exists o €
(0, 1) with Lg[f(v),t] = (1 — o) for any v € D(f),
t > 0. Furthermore, the fuzzy norm of f'is

L(f t) = inf Ly (f(v),t)

and Lg(f(v),t) = L(f, t).

The proof of the next results follows directly from
Theorem 3.8

Corollary 3.12 :

Suppose that (V, Gy, ©, ®) is a general fuzzy normed
space and (R, L, ©O,&) is fuzzy absolute value
space. Then a linear function f:V— R with D(f) €
V is general fuzzy bounded if and only f is general
fuzzy continuous.

Definition 3.13 :

Suppose that (V, Gy, ©, ®) is a general fuzzy normed
space. Then GFB(V, R) = { V> R : f is general
fuzzy bounded linear } forms a general fuzzy normed
space with general fuzzy norm defined by L(f,t) =
inf Lg (f(v),t) which is said to be the general fuzzy
dual space of V.

Definition 3.14:

Suppose that (V,Gy, ®, ®) is general fuzzy normed

space. A sequence (v,) in V is general fuzzy

weakly approaches if we can find v € V with every

h € GFB(V,R) limh(v,) = h(v). This is written
n—oo

vy, =" vthe element v is said to be the weak limit to

(vp) and (v,) is said to be general
approaches weakly to v.

fuzzy
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Theorem 3.15:
Suppose that (V, Gy, ®, ®) is a general fuzzy normed

space and (V) is in V.
L. If v, oV then v, =WV

2. v, »%“v implies v, »v when dimension of V is
finite.

Proof:

1.Since v, = vso for givent > 0, o € (0, 1) there is
N € with

Gy[vy, —v,t] > (1 —0) for all n> N. Now for
every f € GFB(V,R)

Lglf(vy) — f(v),t] = LR[f(Vn— V),t] > L[f,t]. Put
Lft] = (1 —¢)

Hence Ly [f(v,) — f(v),t] > (1 — €). This shows that
v, =V v

dimV=m let

(x&") e, +

2.Suppose  thatv, »¥ v and

..en} be a basis for V so v, =

...... + o

el ey ..

aPe, + - e and
f(vy) -

o f

V= a; e+ ae; + ..+ ay e, But
f(v) for every f € GFB(V,R) put f;,f,,..
by: f;(e;) = land f(e}) = 0 when k # j.

Then f;(v,) = a]-(n) and fj(v) = a; hence fj(v,) -

™, o

f;(v) implies o; j

Now for n >N

m
Gy[v, — Vv, ts] = GV[Z ( aj(n) — (x]-) ej, St]

j=1
t
> Lgf[oy™ — 0y, 5] ® Gy [el,;] O
Le[t;®™ = o8] ® Gy [e,— ] @ ... ®
t
Lm[an(“) - an,s] ® Gy [en,;].
Put L,R[(xj(“) — (x]-,s] =(1-r1) and Gy [ej,i] =
(1 — g;)-Choose 1,0 <r <1 with
1-r)Q®(1—-qPO (1-r12)Q(1—q,)O
®(1 - rn) ®(1 - qn) > (1 - 7")
Hence Gy[v, —v,t]_> (1 —r) for
Therefore v, »v
Definition 3.16:
Suppose that (V, Gy, ©, ®) and (U, Gy, ©, ®) are two
general fuzzy normed spaces. A sequence (T,) of
operators T, € GFB(V, U) is said to be:
1.Uniformly operator general fuzzy approaches if
there is Te GFB(V, U)
G[T, =T, t] »1 as n— oo.
2.Strong operator general fuzzy approaches

all n>N.

if (T,v) general fuzzy approaches in U for every v €
V.
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3.Weakly operator general fuzzy approaches if
(T,v) general fuzzy approaches weakly in U for
every v € V.

Definition 3.17:

Suppose that (V, Gy, ©, ®) is a general fuzzy normed
space. A sequence (h,) with h, € GFB(V,R) is
called

1)Strong general fuzzy approaches in the general
fuzzy norm on GFB(V, R) that is h € GFB(V, R)
with G[h, — h,t] - 1 for all

t > 0 this written h, — h

2)Weak general fuzzy approaches in the fuzzy
absolute value on R that is h € GFB(V,R)
with h,(v) - h(v) for every v € V written by
lim,_, h,(v) =h(v).

Theorem 3.18 :

Suppose that (V,Gy,®,®) and (U, Gy, O, ®) are
two general fuzzy normed spaces. Then GFB(V, U)
is general complete when U is general complete.
Proof :

Let (T,) be a general Cauchy sequence in GFB(V,
U) . Hence for every €, 0 <e <1, t> 0 thereis a
number N with Gy[T, — Ty, t]

> (1 —¢) forall m,n >N.

Now for v € V and m, n =N we have by Remark 3.5
GU [TnV - TmV! t] = GU[(Tn - Tm)(V)'t] > (1 -

Now for any fixed v and given &, 0< &, < 1 and we
have from (3.3)
Gy[T,v — Tyv,t] > (1 —¢,) so that (T,v)is a
general Cauchy sequence in U but U is general
complete hence (T,v) fuzzy approaches to u € U that
is T,v—=u. The vector u depends on v € V this
defines an operator T:V — U defined by T(v)=u. The
operator T is linear since
Tlox + Bz] = lim_, T,[ax + Bz]

=alim,,e Tox + Blimy e Thz

= aTXx) + B T(z)
We will prove that T is general fuzzy bounded
and T, = T since (3.3) is satisfied for all m >N
and T,,v - Tv we may let m — oo we have from
(3.3) for every n = N and t > 0 where for all v
€ V we obtain
Gy[(Th = TY(V), t]
= Gy[Tpv = limy L0 TV, t]

= limm—»oo GU[(Tn - Tm)(v)' t]

>1-g)....... (3.4)
Thus (T, —T) with n >N is general fuzzy
bounded linear but T, is general fuzzy bounded
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so T=T, — (T, — T) is general fuzzy bounded
that is T € GFB(V, U) also from (2.4) we obtain

by taking the infimum for all v

G(T,—T,t) =(1 —¢). for all n >N and t > 0
thatis T, = T.

The proof of the next result follows immediately
from Theorem 3.18

Corollary 3.19 :

Suppose that (V, Gy, ©, ®) is a general fuzzy normed
space and (R, Ly, ©O,Q) is fuzzy absolute value
space. Then GFB(V, R) is general complete if (R,
Lgr, ©,®) is general complete.
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