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In the submitted search ,by making use of Differential operator ,we drive coefficient

bounds and some important properties of the subclass Tj(n,p,q,a,1)
{1,2,..};q,ne€ Ny = NU{0};0 < a < p — q) of analytic

(p,j EN =

and multivalent function with negative coefficients .Distortion property for functions in the class T;(n,p, q, a, 1)

are investigated once by using the composition involving an integral operator and certain fractional calculus
operator and other once by using the composition involving an integral operator and certain fractional calculus

inverse operator .
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1-Introduction

Let T(j,p) be the class of analytic and multivalent

functions f(z) in the open unit disk

U={z:z€ C:|z| <1} that defined by
f2) = 28 = 554y 7

0;/,peN=1{12..}. )

Let T'(j, p) the class consists of function of the form

(a, =

k!
a(z) = —y® = k=
f ( ) (p ! Zk:}+p (k—q)! axz

(a, =0; qeNy=NU{0}; p>¢q)

2)
The Differential operator for a function in T'(J,p) is
define by

zP~4 q

Dy (f(2)) =

P p—q_ k!l ck-q k-q
w0’ L=+ G q)-( "z
(pjEN={12..}; q,neNo, p>q)
3

The operator D was studied by M.K. Aouf [5] and
Altintas et al. [7] , earlier by Owa
[13] ,Yamakawa[9] ,Owa [12] ,Srivastava Owa[4] .
It is easy to see that

Dp*ifi(z) = “
By using the operator D} f(z) Given by (3) ,a
function f(z) belonging to T;j(n,p,q,a,A) if and
only if

( Dp*i(ri@)
(1-DDR(fI@)+A D H(f9(2))
No=Nuf{o};p>q), )

forsome a (0 <a <p)andforall ze U.

Next the following earlier investigations by Osman
Altintas,Huseyin Irmak and H.M.Srivastava [6] ,

>>a(pEN;q,nE

when f(z) € T(j,p) we define the § - neighborhood
by
Ns(f) = {g 9gET(,p)g(2) =z -

Zk J+pb
and Y-y klag — bl < 83
(6)

So that ,obviously ,
Ns(h) ={g:9 € T(,p),9(2) = z¥ -
Xik=jip biz ;
And Y jiplbil < 83 (7)
Where, and in what follows,
h(z) = z? (k=zj+p;n,pEN;q€EN, =
N u{0}). ®
we using the familiar operator J., defined by
Bernardi [10], Libera[8] and Srivastave et al. [2] as
follows

Uep)(@) = Z2[ e f(Dde (f(2) €
T(,p);c>—-p;p €N), )
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and fractional calculus operator DY Srivastave [11],
Srivastava et al.[3] that known as the form

D? (zP) = Lo+ p-p (p > —1; ueR)

F(p-p+1) (10)

2-Coefficient Inequalities
We drive sufficient condition for f(z) that defined
by using differential operator .

Theorem 1. Assume that f(z) € T(j,p) . Then

f(2) € Tj(n,p,q,a,2) if and only if
k—q k—q k—q
e (20 |(52) - (14255
Qﬂswﬂmk<u—aw@4)
O<a<p-q;pjEN;q,nENy;p>q)
(1

Where

5(p,q) = L=

_ {p(p—l)-----(p—q+1)
(r—q)!

N a2

Proof. If f(z) € T;(n,p,q,a, 1) , then

( DI(£9(2)) > _
<1—A)D"(fq(z))+aD"“(fq(z)) N

k! k=d.n41 k—
R R dALICE T "
)n[1 a+/1( )]akzk P

(p q)‘ ~Zie J+p(k— q)'(

)n+1 12

)]aklk_”} >

V
{ oo IR =)ol G

(p q)' +Ek =j+pk- q)'(_)n[)‘ 1= )“(

(1_0-’) >Zk J+p( ) ((};%Z)+Aa—a—
a(Z%Z))U:—!q)!akzk'p ,

. _ k—q k—q
Since z — 17 ,we have Z,‘f=j+p(ﬁ)" (—)—

p—q
k-ay _ k-p _
a <1 +1 ((,,_q) 1)) 8k, Qa,z* P < (1
a)é(p,q)
Conversely ,assume that inequality (11) holds
true ,since
R(W) > ifand only if |m| <1
Since
D1 (i) L
(1-)DP(fU(2)+A D (£U(2) |
DE (1) (12
R T PPV v e
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=| (1-)DF* 1 (r9(2)-(1-2) D (FU(2)) |
[ +A-2a)DPF (F1(2))+(1-2a)-2(1-2a) D{}(fq(z))|

| ~ X “l’tk q) (ﬁ)n[ﬂ_ (p q) 1+2]az*P |

~dyn k-q k—-q k—q. k-p
(p q) 1)+ 4P q)( ) [2a+A-2aA-1— A(p )+2al( )]akz |

byl J+,,(;)"[(p‘g) A(ED)-1+ a1 s P
~201- a)wzk /+p(p q)n[ZaM 2a1-1- ( )(1+A Zaa)]
<1.

-p
(k akz

Putting j =1,n=1,g=0and A =0 in Theorem
1,we have the following corollary :

Corollary 1 . Let the function f(z) € T(j,p) . Then
f(z) € C(p, a) if and only if

e e P

pP;pEN) .
Not that this result obtained by Salagean et al[1] .

0=<a<

Corollary 2. Assume that the function f(z) defined
by (2) be in the class Tj(n, p,q,a,1) .Then
[ee) (1_ )5 »
S 80k, @)y < — =0
(Tq+1) ((ﬁ(l—al))+(1—a))
13)

(k=zj+p;p,jEN;q,nENy; p>q).
The result is sharp for the function f(z) given by

f(2) =

7P —

A-a)8(p.9)

G0 (G-o{a (20 Joso

p;pjEN;q,nEN;;p>q). (14)

zF (k=j+

3-Extreme points
Theorem 2. Let f,(z) =z and fi(2) = 2P —

(1-a)é(.9) k

(2%3)”((;%3)_%m((;;fg)_l)))m.q)
for k=2j+p and p>gq Then f(z) €
T;(n,p,q,a, A) if and only if it is of the form
f(2) = Xk=p wrfr(z) ,where w, =0 for all
k>j+pand ¥p_, w, = 1.

Proof . Suppose that

Wpfp(2) + Xiczjsp Oifi(2)
=z'p+Y (k=j+p)" fo_k (((1 -

)8(p, )/ ((k —q)/(p — @)"n (((k —q)/(p —

Q) —a(l+A((k-q)/(p—q)) -

NSk, a)) z°k ] .

f(2) = Xicep wiefu(2) =
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Then £ (20" [ (2) - a(l ;
1((=9)-

1-a)é(».9)

1> ) 8(k, oo (ﬂ)n<(k_:q)_a(1+z((ﬁ)—l)))&k.q)

p—q p—q

= Y=jip Wk (1 —a)8(p, q)

= (1 — oop)(l —a)é(p,q)
<s1-a)dq -
Thus ,it follows from Theorem (1) that f(z) €
Ti(n,p,q,a,2) .
Conversely ,suppose that f(@) €
T;(n,p,q,a, 1) ,since

a < SeOLIGE) k=j+p.
(—+1) [—(1 ar)+(1-a)|8Gi+p,a)
We define
k—q\"( (k- k—
=) ((p_;;)_a<1+l((ﬁ)q)))mm
W = 105 (.0) e
k=j+p).
And W, =1 = Y54y Ok by simple
calculation ,we get
f@) =2 = 5 jup 2"
=P
RN (1-a)s@.9 ook
k
K7 | ke — k -
J+p (p q) ((pg) (1+A((—p2)1>)>6(k,q)
= wyzP —
Zk:j+p wrf(2) .

Thus we get the result .

4-Neighbouhoods for the function class
Tj (n' p' q! Qa, )')

In this section ,we conclude the neighborhood
properties for each of the following slightly mutated
function in the class Tj(n, p,q,a, A, y) .Our first
implication relation including the §- neighbourhood
Ng(h) is given below in the following Theorem .

Theorem 3. If f(z) belonging to
Ti(n,p,q,a,A) then
T;(n,p,q,a,A) © Ns(h) . (15)

Where h(z) is defined as (8) and

(1-a)é(p.9)

(ﬁ+l)n((#(l—al)>+(1—a))

6:=
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Proof For
(1) ,immediately yields .

(L+1) <(ﬁ(1 - aA)) +(1- a)>5(j +
D@ Xk=jrp i < (1 —a)d(p.q) ,
so that 0( + 1@ Xi=jip kay <

,Theorem

f(2) €Ty, p)

(1-a)8(p.q)

(ﬁ+1)n((#(l_al))+(l_a)>

Thus ,we have

Zl?:j+p kak <
(1-a)8(p.q) =5
(ﬁ+1)n(<ﬁ(1—al)>+(1—a))6(j+p,q)
This complete the proof .
A function f(z) € T(j,p) is said to be in the class
Tj(n, p,q,a,4,y) if there exists another function
9(2) € Ty(n,p,q, @ 4,y) such that

f@ _ )
) 1|<p y (zeU:0<5y<p).

Theorem 4. Let g(z) € Tj(n,p,q,a,4,y) .Suppose
also that

‘}/ =
p—
5 (j+p)!(ﬁ+1)n<(#(1—al))+(l—a))
s (#H)n((ﬁ(l—az))ﬂkm)(j+p)!—(1—a>6(p.q)(j+p—q)!
16)
Then

Ns(g9) c Tj(n,p,q,a,4,7)

Proof . Suppose that f(z) € Ns(g) ,we then find
from (6) that

Yi=jspklay — bl <6
Which readily implies the following coefficient
inequality

o § .

Yik=j+plax — bl < G (Jy)pEN;p>q)
Next ,since g(z) € T;(n,p, q,a, 1) ,we have
A-a)s(.a)(G+p-a))

Z?:jﬂo bk = . n .
G5+ <(pi—q(1—a&)>+(1—a)>(j+p)!
So that
f@ | She j+pli—bil
9(2) 1-2R% jup Dk
8 1
=G+ | 1 1-a)s(@.9U+p-9)!

n .
(ﬁﬂ) ((p]Tq(l—uA))+(1—a)>(j+p)!
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5 Gl (3Lg+ 1)n[ﬁ(1—an+(1—a)]

<(j +p) (ﬁ+ 1)"((ﬁ(1 - al)) +(1- a)))([ +p) = (L= )@ )G +p — !

=p—v

Provided that y is given properly by (16) .Thus we
have f(z) € Tj(n,p,q,a,A,y) forevery y given

by (16).This obviously completes the proof of
Theorem (4).

5- Properties involving the operator J ., and DY
Lemma 1.[6] let the function f(z) € T(j,p),then

Dy (Jepf(2)) =
T+ oy v (c+p)r (k+1) k—u
r(p-p+1) z Lic=j+p ((C+k)1"(k—#+1)) k
(HERc>-p;j,pEN) a7
And
u _ (c+p)r(p+1) p—u _
Jew (DZf(Z)) T (p-utor(p-p+1)
o (c+p)l(k+1) k-u
Zk=j+p ((k—u+c)1“(k—u+1)) Kz
(MER;c>-p;j,pEN) (18)

Provided that there are no zeros appear in the
denominators in (17) and (18) .This in general ,the
operators

Jcp and D} are non-commutative .

So as to give growth and distortion properties for
functions in the class T;j(n,p,q,a,4) including the
operators /., and DY ,we find it to be convenient to
use the order operation exhibited by (18) and (19) as
we shown in the following Theorems .

Theorem 5 .If f(z) is in the class Tj(n,p,q,a, ),
then

r(p+1)
r(p-p+1)

(c+p)F(j+p+1)(1-a)8(p.q)
. n .
(j+p+c)r(j+p+y+1)(p+q+1) ((pij(l—al))+(1—a))

|D;*(Jepf ()]

|z|/

<
r(p+1)
r(p—p+1)
(c+p)r(j+p+1)(1-a)8(p.q)
(j+p+c)1’(j+p+/,¢+1)(ﬁ+1)n((ﬁ(1—al))+(l—a)>

|z|/ ¢ z|P*#
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(zeU;0<a<p—q; u>0;n,q€
Ny;j,pEN,c>-p;p>q)
19

The result is sharp for the function give

]C,p(f(z)) =

7P — (c+p)1-2)6(.9) 2J+P
; i\
(]+p+c)(ﬁ+1) (ﬁ(l—aﬂ)+(1—a))

(20)

by

Proof . It follows from Theorem (1) that

(ﬁ+ 1)” ((ﬁ(l - azl)) +(1- a)) SG+DQ) Ty W <
S L q" | (k—q k—q
ZP [H <(H> - “(1 * A((m) - 1>>>6Uc.q>ak
s(A-a)d®q .
Which readily yields

[o¢]
Yi=jip Ak <
(1-a)8(p.9)
o
p-q

Tofoms
@1

Assumed that the function defined in U by
I( N —un-
F(z) = (Fti) 274D, () f (2))

I'(p+1)
© (p+)(p+pu+1)r(k+1) k
— D _ )
=2z Zk:f"’p ((k+c)l"(p+1)l"(k+u+1)) k
=8, Q2" = Liljp 0z (z€U)
(22)
. _ (p+o)T(p+u+1)r(k+1)
if we set o(k) = Rt OT (DI kgt D) (k=
j+piipEN) . 23)

Then it is easily seen that 0(k)

function of k when u > 0 ,and hence
0<0k)<0(+p)=

(P+l(p+u+DL(+p+1) ) s

(+P+OT DI G+p+a+ D) €>=p:pn>0;jpe

N)) . 24

Where

is decreasing

Dz_#(]c,pf(z) ) =

@+l (p+p+Dr(j+p+1)(1-a)8(p.9) akzjﬂ,w

(f+p+c)r(p+1)r(j+p+n+1)(ﬁ+1)n<<ﬁ(l—aﬂ))+(l-a)>5(1+P'q)

By using (21) and (24), we deduce that
1zIP — 0 + Pzl P X jpar S IF(2)] <

2P + 6G + Pzl P TR ar

84
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That is
z|P —

P+l (p+pu+Vr(j+p+HA-a)8(P.9)

|Z|i+17 <

(j+p+c)F(p+1)I"(j+p+u+1)(ﬁ+1)n<<#(1—a2)>+(1—a)>6’(j+p,q)

IF(2)| <

|z|P +

(p+olr(p+pu+r(j+p+H(A-a)8(P.9)

(1‘+p+c)r(p+1)r(1‘+p+u+1)(p+'q+1)”((#(1—@)+(1—a))6(1‘+p.q)

Which yields inequality (19)
Theorem 6 .If f(z)isin T;(n,p,q,a, 1), then

r(p+1)
r'(p-p+1)

(c+p)r (j+p+1)(1-a)8(p.q)
(j+p+c)r(j+p—u+1)(ﬁﬂ)n((ﬁ(l—a/l))ﬂl—a))
|D5(]C,pfq(z) )l

IN

T'(p+1)
F(p—p+1)

—

(c+p)T(+p+1)(1-a)8(p.9)
(j+p+c)l"(j+p+u+1)(#+1)n<<#(1—a1)>+(1—0{))

(zeEU;0sa<p—-q0=sp<1nq€NyjpE
N,c>-p;p>q). (25)

The result is sharp for the function give by (20) .

Proof . It follows from Theorem (1) that

Z?=j+p kak S
U+p)A-a)é®.9) ©
(#+1)n(<#(1—al))+(1—a))6(j+p,q)
p:0<spu<1lj,peN), (26)
suppose that the function defined in U as follows
I'(p—u+1)
G(2) =222 D) (Jopf (@)

I'(p+1)
» (p+o)I (p—pu+1)r (k) k
— D _ )
zP = Yk=j+p ((k+c)1“(p+1)1"(k—u+1)) Az
=27 — ¥y 9 (kay 2" (zel) ’
27
] _ (p+or(-p+1rk)
if we set ﬁ(k) - (k+c)r (p+ I (k—p+1) (k =
j+p0<u<1;j,peN). (28)

Then it is easily seen that 9(k)
function of k when u < 1 ,and hence

is decreasing

|Z|]'+17

|z ¢ |z|P# <

|zl ¢ 1z|P~#
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0<9(k) <9 +p)=— POl p=pt VI +p) 5. M.K. Aouf ,On certain subclasses of multivalent

. Utp+Or (p+ DI G+p—p+1) functions with negative coefficients defined by

(c>-p;p,jEN;0=p<1l). (29 using differential operator, Bull. Instil. of Math.
Academia Sinica , Vol.5 ,No0.2(2010),181-200.

By using (26) and (.2 9), we deduce that 6 . M.P. Chen ,H. Irmak and H.M. Srivastava ,Some
1zIP =9 + Pzl P X jip kay < [F(2)] < families of Multivalently analytic functions with
1z|? +9( + p)|z|/t? Dk j+p Kay negative coefficients, J.Math. Anal.

That is Appl.214(1997),674-690.
|z]P — 7. O. Altintas,H. Irmak and H.M. Srivastava,
neighbuorhoods for certain subclasses of
(c+p)F@-p+ DT G+p+1)(1-a)5(p.q) |27+ multivalently analytic functions defined by using

= a differential operator ,Dep. Of Math. Baskont

. RS B B A ,1) _
(+prar@+OIG+ #H)(P“?“) (("“?(1 o Jra a)> Univ. Turkey and Univ. of Victoria ,Canada ,

|F(2)| < Computers and Mathematics with Applications
55(2008),331-338
[z|? + 8 . R.J. Libera , Some classes of regular univalent
functions, Proc. Amer. Math. Soc.,16(1969),755-
(c+p)F(-p+DI(+p+1D(A-a)8(p,q) |z|i+P 758 .

9. R.Yamakawa ,Certain subclasses of p-valently

starlike functions with coefficients; in H.M.
. Srivastava and S.Owa (Eds) current Topics in
Which yields inequality (25) . analytic function Theory ,world scientific
publishing  Company  ,Singapore ,New
Jersey ,London, and Hongkong ,(1992) 234-

J i
(j+p+c)F(p+1)F(j+p—u+1)(ﬁ+1) ((ﬁ(l—aﬂ))+(1—a))
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o g3l Basatial) Aobudadl) J) Al cilial Jga
A9 AN e ARG Ll figal) Ao gy 48 pall

el Lasling sl Al Bage Gy

Sl ) acd Szl ) aud
potall 4l A A Als

333y daala dwa@l) daals

s oaldinl)

Saaaiial) Autudasl) ) gal dagall (el gAd) (lany ¢ Jalaall 3gaa Uaag ¢ Al Jalad) aladialyg, adlal) &l B
@JjEN={12..}%qneENy=NU&s Ti(np,qa )i diall 4l cSlalaad ¢ gl
Jaladl g Ll Jalad) Gadaial) cus i) aladiuly J)gal) &l ¢ gddl) duald Liasd, Je{0},0<a<p-—gq)

. oSl mlead) o sl Jalad) g Ll Jalad) Cpadaiall qus il Leddic/ (g 3/ 8 a9 5 pa (gsdd) (g uusl)
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