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1- Introduction :

The topological idea from study this set is
generalization the properties and using its to prove
many of the theorems. In [1]Abd El-Monsef
M.E.,El.Deeb S.N. Mahmoud R.A Introduced set of
class B- open, B- closed which are considered as in
put to study the set of class B'c — open, B'c — closed
and we introduced the interior and the closure as
property of B'c — open set, B'c — closed set. In [4]
Najasted O (1965) and [5] Andrijecivic D (1986)
introduced a study about the set o —open,
a —closed, B — open with the set - open set and
through it, we introduced proof many of proposition
as the set B'c — open set with a —closed it can lead
to set B- open set. In [6] Ryszard Engelking
introduced the function as concept to - continuous,
B'c — continuous, p— open function, B'c — open
function, B— closed function, B'c — closed function
and find the relation among them.

2. On B'c — open sets

Definition (2.1) [1]
Let X be a top. sp. Then a sub set A of X is
called to be

i) a B- open set if A © ne
ii) a B- closed set if A 2 a0’

The all B- open (resp. B- closed) set sub sets
of a space X will be as always symbolizes that fo(x)
(resp. Be(x)).

Example (2.2):

Let X = {a, b, ¢, d} with topology
t={0,X, {a}, { a,b}, {a, c, d}. Then the clases of
- open set and Bclosed set are:

Po(X) = {0, X, {a} ,{a, b},{a, c},{a, d}, {a, b, c},{a,
b, d},{a, c, d}.

Pe(X) = {0, X, {b} ,{c},{d},{b, c}, {b, d},{c, d},{b,
c,d}.

Remark (2.3):

Let X be a top. Sp. If A = X, then A is B-
open set.

Remark (2.4):

If A B- open set in X, then A€ is B- closed
set in X.
Proposition (2.5):
Let X be a top. Sp. Then:
i) Every open set is B- open set in X.
i) Every closed set is B- closed set in X.
Proof :
i) Let A be open set, then A = A”. Since A € A, then

A=A ¢ ZO, there for A C A~ , hence A is B- open

set inX.
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ii) Let A be closed set, then A© open set, then A B-
open set in X by (i), then A B- closed set in X.

The converse of above proposition is not true in
general.

Example (2.6):

Let X ={1,2,3},t={0, X, {1}, {2,3} }.
Po(X) = {0, X, {1}, {2}, {3}, {1.2}, {1.3}, {2,3} }.
PC (X) = Po(X).

Note that A = {3} is - open (resp. PB-
closed) set, but not open (resp. closed) set.
Theorem (2.7):

Let X be atop. Sp. Then the following
statement are holds:

1) The union family of - open sets is - open set.

il) The intersection family of B- closed sets is B-
closed set.

Proof:

i) Let {A, 1 €A} be a family of B-open set in

[4

X, then A, nga,then

o o

L_J Aa - |-.-' Aa = |'--' Aa g[ LJ Aa]o
aeA aeA aeA aeA
hence I'--‘ Aa is B-open set .
ael

ii ) Let {Aa : ¢ € A} be a family of B-closed set
in X, then {A; : & € A} be -open set in X, then

{ y A; ael } B - open sets .But

ael
[ﬂ Aa] ‘= |!---I A; , then [ﬂ Aa].c B -
aeh aeh aeh

open sets in X . There for rl Aa B-closed set in

aeA

X.
Remark (2.8):
1) [1] the intersection of any two - open sets is not
- open set in general.
il) The union of any two - closed sets is not -
closed set in general.
Example (2.9):

Let X = {1, 2, 3}, t = {0, X, {1}, {2},
{1,2} }.
Po(X) = {0, X, {1}, {2}, {1,2}, {1.3}, {2,3} }.
Be(X) = {0, X, {1}, 2}, {3}, {13}, {23} }.
i) Let A= {1,3}, B= {2,3} are - open sets, but A N
B = {3} not B- open in X.
ii) Let A= {1}, B = {2} are B- closed sets, but A UB
= {1,2} not B- closed in X.
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Proposition (2.10)

Let X be atop. Sp. Then:
i) G is an open set in X iff G N A =G N A for each
A c X [2]
Proposition (2.11)

Let X be atop. Sp. Then:
i) The intersection a B- open set and open set in X
is B- open set.
ii) The union a B- closed set and closed set in X is
B- closed set.
Proof:

i) Let A be a B- open set, then A S a
Let B open set. Then

ANBc@ nB).

c@’ nB).
=(_Ao N B") by proposition (2.10) .
=(A nB)°.

0

C (A NnB) by proposition (2.10)

-AnB by proposition (2.10)

There fore A N B is B- open set in X.
ii) Let A be a B- closed set in X, then A© B- open set
in X.

Let B be closed set in X, then B open set
in X, then by (i) we get A N B® B- open set in X,
but (A U B) = (A n BY), then (A U B)“ B- open set
in X, then A U B - closed set in X.
Definition (2.12):

Let X be atop. Sp. and A € X. Then:
i)Aisa—openif A C AOO [4].
i) A is a — closed if Aoo C A[4].
Definition (2.13):

Let X be atop. Sp. X and A € X. Then a -
open set A is said a B'c. open set if V x € A 3 F,
closed set 3 x € F, € A. A is a B'c— closed set if A®
isaB'c— open set X.

The all B"c — open (resp. B'c — closed) set
sub set of a space X will be as always symbolize B'c
0 (X) (resp. B ce(X) ).
Example (2.14):

In example (2.9). Note that closed set in X

are:
0, X, {2,3}, {1,3}, {3}. Then
BcO (X)=1{0,X, {2,3}, {1,3} }
Remark (2.15):
If A B'c — open set in X, then A® is B'c —
closed set in X.
Remark (2.16):
From definition (2.13). Note that:
i) Every B'c — open set is - open set.
ii) Every B'c — closed set is p- closed set.
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The converse of above Remark is not true in
general.

Example (2.17):

Let X ={a,b,c},t= {0, X, {a}, {b, c}}.
Po(X) = {0, X, {a}, {b}, {c}, {a, b}, {a, c}, {b,c} }.
pe(X) = po (X)
BcO(X)—{Q) X, {a}, {b, c} }.
B'c C(X) =B'c O (X). Not that A = {c} is B- open
(resp. B- closed) ser. but not B'c— open (resp. B¢ —
closed) set.
Remark (2.18):
i) The B¢ — open set and open set are in-dependent.
ii) The B'c — closed set and closed set are in-
dependent.
Example (2.19):

In example (2.9) not that B'co (x) = {@, X,
{1,3}, {2,3}, B'ce(x) = {0, X, {1}, {2}}. Note that
i) A = {2,3} B'c — open set, but not open and B =
{1} is open, but not B'c — open.
ii) A = {2} B'c — closed set, but not closed and B =
{3} is closed set, but not B'c — closed.
Proposition (2.20):

Let X be atop. Sp. and ACX. If A a —
closed. Then A B- open in X iff A B'c — open.
Proof:

Suppose that A a 3-open set in X, then A S

Zo.LetXEASZa.Since xEZoandA a —

closed set, then Za € A. Thus x € Za C A3 Za

closedset 3 x €A~ C A. Then A B'c — open set.
Conversely
Suppose that A B'c — open set, then by definition
(2.13), we get A B- open.
Corollary (2.21):
If A open set and & — closed, then A B'c —

open.
Proof:

By proposition (2.5) (i) and proposition
(2.20).
Proposition (2.22):

Let X be atop. Sp.and A € X. If A a —
open. Then A - closed iff A Bc — closed.
Proof:

Let A be B- closed, then A® B- open. Since
A a — open, then A® a — closed, then by proposition
(2. 20), we get A B'c — open set. There fore A p-
closed set.

Corollary (2.23):

If A closed set and a — open, then A B'c —
closed.
Proof:

By proposition (2.5) (ii) and (2.22)
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Proposition (2.24):

Let X be atop. Sp. X. Then
i) The union family of B'c — open set is B c- open
set.
ii) The intersection family B'c — closed set is B'c —
closed set.
Proof:
i) Let { Ay: o €A } be a family of B'c — open
sets, then {A,: a € A} is B- open sets, then
UqenBAq 1 B- open set by lemma (2.7) (i). Let x €
UgeaAq , then x € A, for some a € A. Since Ay
B'c- open set V a € A, then 3 F closed set in x 3 x
€EF €Ay S Ugen A. Then for UgepA, is B'c-
open set.
ii) Let { A, : a €A } be a family of B'c — closed
sets, then {AS: a € A} is a family of B"c- open sets,
then  UgeaAS, is B'c- open sets by (i), them
[UgenAS 1B c — closed. But NgepAy = [UgenAS 15
then NgepAq is B'c — closed in X.
Remark (2.25):
i) Not every intersection of two B'c — open set is
B'c— open set.
ii) Not every union of two B¢ — closed set is B'c —
closed set.
Example (2.26):

In example (2.9)
B'c O (X)= {0, X, {2,3}, {1,3} }.
B'c C(X)={@, X, {1}, {2} }. Not that:
i) Let A= {1,3}, B={2,3} are B'c — open set, but A
N B = {3} not B'c — open set in X.
ii) Let A = {1}, B = {2} are B'c — closed set, but A
U B = {1,2} not B'c — closed set in X.
Definition (2.27):

Let A subset of top. Sp. Then A is called:
i) Clopen set if A closed and open.[6]
it) B- Clopen set if A B- closed and B- open.
iii) B'c - Clopen set if A B'c - closed and B'c —
open.
Proposition (2.28):]4]

Let X be atop. Sp. and A € X. Then
i) Every closed set is @ — closed set.
ii) Every open set is o — open set.
Proposition (2.29):

Let X be atop. Sp. Then:
i) The union B'c — open set and clopen set is B'c —
open.
ii) The intersection Bc- closed set and clopen set is
B'c — closed.
Proof:
i) Let A B'c — open set, then A° B'c- closed. Let B
clopen, then B¢ clopen, then B¢ closed and open.
Since B€ closed, then B¢ B- closed. Since B€ open,
then B a — open by proposition (2.28) (ii), then B®
Bc — closed, then A n B® Bc — closed by
proposition (2.22) (ii), then (A°n B) B'c — open.
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But A U B = (A n BYS, there for A UB B'c —
open set in X.
ii) Let A B'c — closed, then A° B'c — open. Let B
clopen, then B clopen, then by (i), we get A© U B©
Bc — open, then (A“ U B)“ B¢ — closed. But A N
B = (A% U B, then A n B B'c — closed.
Proposition (2.30):

Let X be atop. Sp. Then:
i) The intersection B'c — open set and clopen is B'c
— open set.
ii) The union B"c- closed set and clopen set is Bc-
closed.
Proof:
i) Let A be B'c — open set and B clopen, then B
open and closed, then A - open set and B open,
then A N B is B- open set by (2.11)(1). Letx € A N
B, then x € A and x € B, then 3 F closed setin x 3 x
€ F < A. Since F n B is closed set in X, then x € F
NB S AN B, hence AN BB'c—open.
ii) Let A B'c — closed set, then A B'c- open. Let B
clopen in X, then B clopen, then by (i) we get A“ n
B B'c- open in X, then (A U B B'c — closed.
But A U B = (A° n B, then A U B B¢ — closed
in X.

The following diagram shows the relation
among types of open, closed sets.

i aper
.'I # ¥ " r .,J ¥
?‘2.-"‘ W, il | U
a b A
1L ol I ko] [ ] " ) &
i : k] E H I.'. - [
(a) Feiili (b)

Definition (2.31):

Let F: X —» Y be a function and A € X.
Then:
i) F is called continuous function [6]. If VA open
subset of Y, then F™' (A) is open subset of X.
ii) F is called B- continuous function. If VA open
subset of Y , then F™' (A) is p- open subset of X.[1]
iii) F is called B"c-continuous function. If VA open
subset of Y, then F' (A) is B'c - open subset of X.
Proposition (2.32):

Let F: X — Y be a function and A € X.

Then:
i) Every cont. function is a 3- cont.
ii) Every B'c -cont. function is a - cont.
Proof:

Let F: X —» Y be a function
i) Let F cont. and Let A be open in Y. Since F is
cont. function , then F' (A) is open in X, then F'
(A) is a B- open in X. Hence F is a - cont.
ii) Let F B'c -cont. and Let A be open in Y. Since F
B'c -cont. function then F' (A) B'c — open in X,
then F' (A) B- open in X, hence F is a p- cont.

The converse of above proposition is not
true in general.
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Example (2.33)
Let F: X = Y be a function and let X = {1,

2,3}
t={0, X, {1}, {2,3} }.
po(X) = {0, X, {1}, {2} {3}, {12}, {13}, {2.3} }.
Bco(X)={0, X, {1}, {2,3} }.
Y={ab,c}, {={0,Y, {a}, {b}, {a, b} }.
Po(Y) = {9, Y, {aj, {b}, {a, b}, {a, c}, {b.c}}.
Bco(Y)={0,Y, {a,c}, {b,c} }.

Define F(1) =a, F(2) =b, F(3)=C.
Note that F is - cont. But
i) F not cont. Since A ={b} open in Y, but F'I(A) not
open in X.
ii) F not B¢ - cont. Since A = {b} openin Y, but F
1(A) not B’c- open in X.
Remark (2.34):

The continuous function and B"c-
continuous are independent in general.
Example (2.35):

Let F: X — Y be a function
Let X={1,2,3},t={0, X, {1}, {2}, {1,2}, {1,3}},
Bo(x) =t.
B'co (x) = {@, X, {2}, {1,3} }.
Y={ab,c}, t=1{0,Y, {a}, {b}, {a, b} }.
Po(Y) = {0, Y, {a}, {b}, {a, b}, {a, c}, {b, c}}.
Bco(Y)=1{0,Y, {a,c}, {b,c} }.

Define F(1) =a, F(2) =b, F3)=C.
Note that F is cont. function, but not B'c - cont.
function. Since A={a} open in Y, but F'(A) not
B'c- open in X.
Example (2.36)

Let F: X - Y be a function and Let X = {1,

2,3}.
t={0,X, {1}, {3}, {1,3}}, Bo(X) ={0, X, {1}, {3},
11,25, {13}, 12,3}
Bco(X)=1{0, X, {1,2}, {2,3} }.
Y ={a,b,c},t=1{0,Y, {a,b} }.

Define F(1) =a, F(2) =b, F(3)=C.
Note that F is B'c - cont. Since A = {a, b} is open
in Y, but F'(A) not open in X.
The following diagram shows the relation among
type of the continuous function.

Limi Fanctum
7 ¥
XX

u
B - Cant Furstion = B Lk [Fenchin

—

3- The Closure:
Definition (3.1): [1]

The intersection of all B- closed set of atop.
Sp. X which is containing A is called a - closure of
A and denoted by AP.
i. e AP =n{F: A CF, Fisp- closed in X}.
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Definition (3.2):

The intersection of all B'c - closed set of
atop. Sp. X which is containing A is said a B'c -
closure of A and denoted by ABC.

i.e ABC=n{F:ACF FisB'c-closed in X}.
Lemma (3.3):

Let X be atop. Sp. and A € X. Then
i) X € AP iff v B-openset Gandx EGIG N A #
o [1].

ii) X € AB'C iff v B'c-openset Gandx €G3 G N
A=+0.

Proof:

i) Let x € AP'C, then x ¢ N F 3 F is B'c — closed set
and A € F, then x € [NF]° 3 [NF]® is B'c — open
containing x. Hence

[NF]° NA € [NF]° N [NF] = @.

Conversely

Suppose that 3 a B'c — open set G 3 x € Gand A N
G=0.,then A € G° 3 G%is B'c — closed set, hence
x ¢ AB'C

Remark (3.4):

Let X be a topological space and A € X.

Then
i) AP is B- closed set and AP 'C is Bc — closed set.
ii) AP (resp. ABC) is the smallest B- closed (resp.
B’c — closed) set containing A.
iii) A € AP also ACABC. vACX.
Proof:
Clear.
Proposition (3.5):

Let X be a top. Sp. X and A € X. Then:
i) A B- closed set iff A = AP [1].
ii) A Bc — closed set iff A = AB'C.
Proof:
ii) Let A be B'c — closed set

Let X ¢ A, then X € AS, then 3 Bc - open
set A3 AN A=¢, then X ¢ AB'C, then AB'C C
A. Since A € AB'C by Remark (3.4) (iii). Hence A =
AB°C,
Conversely

Let A = ABC. Since AP B'c — closed set
in X and A = AB"C, then A B'c — closed set.
Proposition (3.6):

Let X be a top. Sp. X and A € X. Then:
DAF - 1]
i) If A € B, then AP < BE.
Proof:
ii) Let A € B. Since B < B by Remark (3.4) (iii),
then A c BE.

Since BP is B- closed in X and AP is the
smallest B- closed set containing A. There for
AP c BE.
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Proposition (3.7):
Let X be a top. Sp. X and A € X. Then

B*c
— ABC

i) ABc
ii) If A € B, then AB'C c BB'C,
Proof:
i) Since ABC is B'c — closed, then by proposition
(3.5) (i), we get the result.
ii) Let A € B. Since B € BPby Remark (3.4) (iii),
then A € BB'C.
Since BB'C is B'c — closed and AB'C is the smallest
B'c — closed containing A. Then fore AB'C € BB,
Proposition (3.8)

Let F: X — Y be function. Then the
following statements are equivalent.
1) F is B- continuous.
ii) F' (B) is B- closed in X V B is closed set in Y.
iii) F(AP)c F(A)VAC X.

— B _
ivyF-1 (B) € F'(B)VYBCY.
Proof:

(i1)

Q)

Let B be closed set in Y, then Y-B is open
set in Y, then F' (Y-B) is a B- open in X by (i),
then X — F' (B) is a B- open in X.

Then F' (B) is a p- closed in X.
(ii) (iii)

Let A S X, then F(A) €Y, then F(A) is
closed set in Y, then F' (F(A)) is a B- closed set in
X by (ii). Since F(A) € F(A), Then A € F' (F(A)),
then AP € F' (F(A)), there fore F (AP) < F(A).

(iii) (iv)

Let BCY, then F'(B) <X, then

F[F-1 (B)]B c F [F~'(B)] by (ii), then F

—B = ——FB =
[F-1(B)] < (B),then F-1 (B) < F'(B).
(iv) @

Let B be open set in Y, then Y — B is
closed set in Y. Then

F-1 (Y- B)B C F' (Y=B)=F" (Y — B). Since F'
(Y =B)=X - F"' (B) is a B- closed set in X, then F™'
(B) is a B- open set in X.
There fore F is a B- continuous.
Proposition (3.9)

Let F: X - Y be a function. Then the
following statements are equivalent.
i) F is BC- continuous.
i) F' (B) is B'c - closed in X V B is closed set in Y.
i) F(AB¢)c F(A)YACX.

— B —
W) F1(B) cF'(BVvBCY.
Proof:
(ii)

0

Let B be closed set in Y, then Y-B is open
setin Y, then F' (Y-B)is a B'c - open in X by (i),
then X —F' (B) is a Bc- open in X.
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Hence F' (B) is a B'c - closed in X.
(ii) (iii)

Let Ac X, then F(A) €Y, then F(A) is
closed set in Y, then F' (F(A)) is a BC- closed set in
X by (ii). Since F(A) € F(A), Then A € F' (F(A)),
then AB"C € F' (F(A)), hence F (AP'C)  F(A).

(iii) (iv)
Let BCY, F(Y)
F[F-* (B)] < F[F-1(B)], then F[F-* (B)] <

— — B _
B, then F-1(B) CF' (B).
(iv) (1)

Let B be open set in Y, then Y — B is
closed set in Y. Then

FT(Y—B) CF' (Y=B)=F'(Y—B), then F"
(Y - B) =X — F' (B) is a BC- closed set in X. F'
(B) is a BC- open set in X.
There fore F is a B'c - continuous.
Definition (3.10):

Let F: X — Y be function and A € X.

then c X, then

Then:
i) F is called open (resp. closed) [6] . If V A open
(resp. closed), subset of X, then F(A) is open (resp.
closed) subset of Y.
i) F is called B- open (resp. B- closed). If V A open
(resp. closed), subset of X, then F(A) is B- open
(resp. B- closed) subset of Y.
iii) F is called B'c - open (resp. B'c - closed). If V A
open (resp. closed), subset of X, then F(A) is B'c -
open (resp. B'c - closed) subset of Y.
Proposition (3.11):

Let F: X - Y be a function and A € X.

Then:
i) Every open function is - open.
i) Every closed function is B- closed.
iii) Every B'c — open function is p- open.
iv) Every B'c — closed function is p- closed.
Proof:
i) Let F: X — Y be a function.
Suppose that F open function and let A open in X.
Since F open, then F(A) open in Y, then F(A) B-
open in Y. Thus F is B- open.
ii) Similarly part (i).
iii) Suppose F is B'c - open function and let A open
in X. Since F Bc - open, then F(A) B'c - openinY,
then F(A) B- openin Y. Thus F is B- open.
iv) Similarly part (iii).
The Converse above proposition is not true in
general.
Example (3.12):
In example (2.34)
Closed set in X are: @, X, {2,3},{1}.
Closed setin Y are: @, Y: @, X, {b, c}, {a,c},{c}.
Be(Y) = {9, Y, {b, ¢}, {a, ¢}, {c],{b}, {a} }.
B'c (Y) = {0, Y, {b}, {a} }.
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Not that:

i) F B- open, but not open since A = {2, 3} open in
X, but F(A) not openin Y.

i) F B- closed, but not closed. Since A = {1} closed
set in X, but F(A) not closed setin Y.

iii) F p- open, but not B'c — open. Since A = {1}
open in X, but F(A) not B'c— opensetinY.

iv) F B- closed, but not B'c — closed. Since A = {2,
3} is closed in X, but F(A) not B'c — closed in Y.
Remark (3.13):

i) The open function and B'c — open function are
independent.

ii) The closed function and B'c — open function are
independent.

We can
following examples.
Example (3.14):
i) Let F: X —» Y be function and let X = { a, b, ¢}
£= {0, X, b}, {b, c}}, Bo (%) = {0, X, {b}, {a, b},
b ¢}

B co (X) = {9, X}.

Y=1{1,2,3} t={0,Y, {2}, {3}, {2,3}, {1,2}}.
Po(Y) =18, Y, {2}, {3}, {1, 2}, {2,3} J.
Bco(Y)=1{0,Y, {3}, {1,2}}.

Define F(a) = 1, F(b) = 2, F(c) = 3.
ii) Let F: X = Y be a function and let X = { a, b, ¢}
t=1{0,X, {b,c}}, Pox)={@,X, {b}, {c}, {a, b},
fa c}, (b, c}l.
B co (X)= {0, X}.
Y={1,2,3},t=1{0,Y, {1}, {3}, {1,3}}. .
Bo(Y) = {8, Y, {1}, {3}, {1,3}, {2,3} }, B'co(Y)
={0,Y, {2,3}}.

Define F(a) = 1, F(b) = 2, F(c) = 3.
In example (i). Note that:
1) F B- open, but not B'c — open. Since A = {b}
open in X, but F(A) not B'c— opensetinY.
2) F b'-closed, but not B'c—closed. Since A= {a}
closed set in X, but F(A) not B c—closed in Y.
In example (ii). Note that:
1) F B¢ — open, but not open. Since A = {b, ¢} open
in X, but F(A) not open setin Y.
2) F B¢ — closed, but not closed. Since A = {a}
closed in X, but F(A) not closed in Y.

C e [irsTion open fostinn

showing that with two the

33

Raad .A/Karim .F

4- The interior:
Definition (4.1):]1]

The union of all B - open set of atop. Sp. X
contained in A is called B- interior of A and denoted
A%,

ie
A°® = U {U:UCc Aand U B- open set in X}.
Definition (4.2):

The union of all B'c- open set of atop. Sp.
X contained in A is called B'c - interior of A and
denoted A°B°C.
ie
A°P¢ = J {U:UC A and U BC- open set in X }.
Proposition (4.3):

Let X be atop. Sp. and A € X. Then:
i) X € A°® iff 3 G B- openin X3 x €G € A. [1]
ii) X € A°P"Ciff 3 G B c-open in X3 x € G C A.
Proof:
ii) Let X € A°B'C
Since A°®C=U {G:G S A, G is B'c - open set in
X }.
Thenz € U {G: G C A, G is B'c - open set in X}.
Then 3G B'c—openinX3 X €GCA.
Conversely

LetXe GS Aand Gis B'c—openinx €
G S A. Then
XeU{G:GCS A GisB'c-opensetinX }.
There fore X € A°BC.
Remark (4.4):

Let x be atop. Sp. and A € X. Then:
i) A°F is B- open set and A°BC is B'c - open set.
ii) A°F (resp. A°B"C) is the largest B- open (resp. B'c
— open) set contained A.
iii) A°® C A also A € A°B'C,
Proof:
Clear.

Lemma (4.5): [1]

Let X be atop. Sp. and A € X. Then
i) [A°F]C = A"
ii) [AP1C = AC”?
Remark (4.6):
i) [A%B°CIC = AT ©
ii) [AB"C1C = AC*PC,
Proposition (4.7):
Let X be atop. Sp. and A € X. Then:
i) A B- open set iff A = A°F [1]
ii) i) A B'c - open set iff A = A°B°C.
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Proof:
ii) Let A B'c — open set, then A B'c — closed set,
then by Remark (3.4) (iii), we have A® = FB ¢
Since AC" © = [A°®"CIC by Remark (4.6) (ii), then
A =[A°P"CI¢ hence A = A°BC.
Conversely
Supposedly that A = A°B"C,
Since A°2C is B'c — open set and A = A°B°C| then
B'c— open set.
Proposition (4.8):

Let X be atop. Sp. and A, B € X. Then
i) [A°P]°F = A°B [1].
ii) If A € B, then A°® < B°B,
Proof:
ii) Let A € B. Since A°® € A C B, then A°f c B.
Since B°Pis the largest B- open set contained B,
them A°F c B,
Proposition (4.9):

Let X be atop. Sp. and A, B € X. Then
l) [AOB*C]OB*C _ AOB*C.
ii) If A € B, then A°8"C € B°B'C,
Proof:
i) Since A°BC is BC— open set, then A°®'C C B.
Since BB'C s the largest B'c — open set contained
B, then A°8"C ¢ BoB'C,
Proposition (4.10):

Let F: X — Y be function. Then the
following statement are equivalent.
i) F - open function.
i) F (A°) S [F(A)]°P VA CS X,
iii) [F'(A)]° S F' (A°’) vV AC Y.
Proof:
i) ------- i)

Let A € X. Since A® open in X, then F(A%)
B- open in Y by (i). Then F(A®) = [F(A*)]°F c
[F(A) ]°. Hence F(A®) € [F(A) ]°F.
i) ------- (iii)

Let ACY, then F'(A) € X, then F [(F
'(A"))°] € [F(F'(A)) ]°Pby (ii). Then F [(F"(A))°] €
A°P. Then [F'(A)]" S F' (A°F).
iii) ------ (1)

Let A open in X, then A = A’. Let F (A) S
Y, then
[F'(F (A))]° € F'[ (F (A))°F], by (iii). Then A = A°
c F'[ (F (A))°F], then F(A) S [F(A)]°®. But
[F(A)]°P € F (A), then F(A) = [F(A) ]°?. Hence F
(A) B- open in Y, there fore F B- open function.
Proposition (4.11):

Let F: X — Y be function. Then the
following statement are equivalent.
i) F B"c — open function.
ii) F (A°) € [F(A) ]°2¢ v A S X.
i) [F'(A)] S F' (A C)VACY.
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i) ------- i)

Let A € X. Since A® open in X, then F(A®)
B'c - open in Y by (i). Then F(A°) = [F(A°) ]°B°¢ ¢
[F(A) ]°B"C. Hence F(A®) S [F(A) ]°B°C.
i) ------- (iii)

Let ACY, then F'(A) € X, then F[(F
'(A"))°] < [F(F'(A)]°P"C by (ii). Then F [(F"(A))"]
C A°B°C hence [F'(A)]° € F' (A°B°C).
iif) ------ (1)

Let A open in X, then A = A°. Let F (A) S
Y, then
[F'(F (A)]° € F'[ (F (A))°B'C], by (iii). Then A =
A° € F'[ (F (A))°BC], then F(A) S [F(A)]°8°C. But
[F(A)]°B°C € F (A), then F(A) = [F(A)]°B°C. Hence
F (A) BC- open in Y, there fore F Bc- open
function.
Proposition (4.10):

A function F: X = Y is a B- closed iff
FAAPCFA)VACX.
Proof:

Suppose F is a B- closed. Let A € X, then A

closed in X, then F (A) is a B- closed in Y.
Then F(A)? € F(A)P=F (A).
Conversely

Let A be closed in X, then A = A Since
F(A)P € F (A) =F (A), then F(A)P € F (A). But F
(A) € F(A)P, then F (A) = F(A)P. There fore F(A)
is a B- closed set in Y. Hence F is a - closed.
Proposition (4.11):

A function F: X — Y is a B'c- closed iff
FAAP“CF@A)VACX.
Proof:

Suppose that F is a B¢ - closed.
Let A € X, then A closed set in X, then F (A) is a
Bc - closed in Y.
Then F(A)®'C € F(A)PC=F (A).
Conversely

Let A be closed in X, then A = A Since
F(A)B'C C F (A) =F (A), then F(A)B'C C F(A). But
F(A) € F(A)P'C, then F (A) = F(A)® C. There fore
F(A) is a B'c - closed set in Y. Hence F is a B'c -
closed.
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