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Abstract:

The notion of Cech fuzzy soft closure spaces was defined and its basic properties are
introduced very newly by Majeed [1]. In the present paper, we define the notion of fuzzy soft
separated sets in Cech fuzzy soft closure spaces and prove some properties concerning to this
notion. By using the notion of fuzzy soft separated sets we introduce and study the concept of
connected in both Cech fuzzy soft closure spaces and their associative fuzzy soft topological
spaces. Then we introduce the concept of feebly connected, and discuss the relationship
between the concepts of connected and feebly connected. Finally, we introduce several
examples to clarify our results.
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1. Introduction

It is known that Zadeh [2] in 1965
introduced the principal idea of fuzzy sets, which is
supply a natural basis for handling mathematically
the fuzzy phenomena which exist in our real world,
and for constructing new branches of fuzzy
mathematics. Later in 1999, Molodtsov [3] initiated
the concept of soft set theory, which is a purely new
way for modeling uncertainty. Molodtsov [3]
established the main results of this new theory and
successfully applied the soft set theory into several
directions, such as theory of probability, Riemann
integration, smoothness of functions, operations
research and game theory. The concept of fuzzy soft
sets was defined by Maji et al. [4] as fuzzy
generalizations of soft sets. Then in 2011, Tanay
and Kandemir [b] were gave the concept of
topological structure based on fuzzy soft
sets. The study of fuzzy soft topological spaces
was pursued in recent years by some others [6, 7, 8,
9,10, 11].

Cech [12] in 1966, introduced the notion of
Cech closure spaces (X,C), where C: P(X) — P(X)
is a mapping satisfying C(@) = 0,4 € C(A) and
C(AUB) =C(A)UC(B), the mapping C called
Cech closure operator on X. After Zadeh introduced
the concept of fuzzy sets, in 1985 Mashhour and
Ghanim [13] put the concept of Cech fuzzy closure
spaces when they exchange sets by fuzzy sets in the
definition of Cech closure space. In 2014, Gowri
and Jegadeesan [14] using the concept of soft sets to
introduced and investigation soft Cech closure
spaces, the soft closure operator in that sense was
defined from the power set P(Xy,) of Xp, to itself
(where F, is a soft set over the universe set X with
the set of parameter K, and A € K). Also, in the
same year, Krishnaveni and Sekar [15] introduced
and study Cech soft closure spaces (where the soft
closure operator here defined from the set of all soft
sets over X to itself). Very recently Majeed [1]
employ the fuzzy set theory to define and study the
notion of Cech fuzzy soft closure spaces which is a
generalization to Cech soft closure spaces that given
by Krishnaveni and Sekar [15]. Also, Majeed and
Maibed [16] introduced some structures of Cech
fuzzy soft closure spaces. They show that every
Cech fuzzy soft closure space gives a parameterized
family of Cech fuzzy closure spaces, and defined
and studied fuzzy soft exterior (respectively,
boundary) in Cech fuzzy soft closure spaces.
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On the other hand, the notion of
connectedness in closure spaces is introduced and
studied. Cech [12] defined the notion of connected
spaces in closure spaces. According to Cech a subset
A of a closure space X is said to be connected in X if
A can not be represent as the union of two nonempty
semi-separated subsets of X, that is A = A; U A4,,
(C(A)NAU (A NC(Ay)) =0 implies A, =0
or A, = @. Plastria [17] studied connectedness and
local connectedness of simple extension. Gowri and
Jegadeesan [18] introduced the concept of
connectedness in soft Cech closure spaces.

In the present paper, we extend the notion
of connectedness in Cech fuzzy soft closure spaces.
In Section 3, we define the concept of fuzzy soft
separated sets in Cech fuzzy soft closure spaces and
give some of its basic properties. Then we introduce
the notion of disconnected in both Cech fuzzy soft
closure spaces and their associative fuzzy
soft topological spaces based on fuzzy
soft separated sets. In Section 4, we
present the  concept of  feebly
disconnected Cech fuzzy soft closure space. We
show that the concept of disconnected and

feebly disconnected are independent (see Examples
4.11 and 4.12).

2. Preliminaries

In this section we review some basic
definitions and results related of fuzzy soft theory
and Cech fuzzy soft closure spaces that will be
needed in the sequel, and we foresee the reader be
familiar with the usual notions and most basic ideas
of fuzzy set theory. Throughout our paper, X will
refer to the initial universe, I = [0,1], I, = (0,1],
I* be the set of all fuzzy sets of X, and K the set of
parameters for X.

Definition 2.1 [9, 10, 19, 20] A fuzzy soft set
(fss, for short) A, on X is a mapping from K to I¥,
ie, st K - I%, where A,(h) #0 if he ACK
and Ap(h) =0 if h ¢ A € K, where 0 is the empty
fuzzy set on X. The family of all fuzzy soft sets over
X denoted by F,. (X, K).

In the next definition, the basic operations
between fuzzy soft sets are given.
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Definition 2.2 [9,

F.o (X, K), then

1.2, is said to be a fuzzy soft subset of ug, denoted

by Ap € g, if Ay (h) < pug(h), forallh € K.

2. A4 and pp are said to be equal, denoted by A, =

ug if Ay € ug and ug € A4.

3.The union of A, and pg, denoted by A, U pp is

the fss oyp) defined by oyg)(h) =Aa(h) V

ug(h), forall h € K.

4.The intersection of A, and up, denoted by
Aa N pp is the f8s gy defined by ong (h) =
Aa(h) Aug(h), forall h € K.

10, 20] Let Appp €

Definition 2.3 [9, 11, 20] The null fss, denoted
by O, is a fss defined by 0, (h) = 0, forall h € K.

Definition 2.4 [9, 11, 20] The universal fss,
denoted by 1, is a fss defined by 1,(h) = 1, for all
h € K, where 1 is the universal fuzzy set of X.

Definition 2.5 [20] The complement of a fss

A E Fis(X,K), denoted 1, — Ay, is the fss
defined by (1x — A4)(h) =1 — A,(h), for each
h € K,Its clear that 1, — (1 — A) = A,.

Definition 2.6 [21] Two fss's A, ug € Fes (X, K)
are said to be disjoint, denoted by A, N up = O, if
A(h) Nnpg(h) =0forallh € K.

Definition 2.7 [5, 20] A fuzzy soft topological
space (fsts, for short) (X,7,K) where X is a
nonempty set with a fixed set of parameters and 7 is
a family of fuzzy soft sets over X satisfying the
following properties:

1.0, 14 €1,

2If Ay, ug € T, then A, N g € 7,

3.If (A44); € 7, then Ujj;e(A4); € T.

T is called a topology of fuzzy soft sets on X. Every
member of 7 is called open fuzzy soft set (open-fss,
for short). The complement of open-fss is called a
closed fuzzy soft set (closed-fss, for short).

Definition 2.8 [1] An operator : F;(X,K) -
F, (X, K) is called Cech fuzzy soft closure operator
(C-fsco, for short) on X, if the following axioms are
satisfied.
(CI) 6(0g) = O,
(C2) Ay S 6(Ay), forall 4, € Fs (X, K),
(C3) 0(A4 U ug) = 0(A4) U O(p,), for all Ay, pup €
Fes X K). -
The triple (X,0,K) is called a Cech fuzzy soft
closure space (CF-fscs, for short).

A fss A, is said to be closed-fss in (X,0,K) if
Ap = 0(4,). And a fss A4 is said to be an open-fss if
1x — A, is a closed-fss.
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Proposition 2.9 [1] Let (X,6,K) be aCF-scs,
and A, ug € Fos (X, K) such that Ay € pg,
then 8(4,) € 9(ug).

Definition 2.10 [1] Let (X,60,K) be a CF-scs,
and let A, € F,(X,K). The interior of A,, denoted
by Int(A,) is defined as Int(A,) =1y —
(O(1g = Aa)).

Definition 2.11 [1] Let V be a non-empty subset
of X, then V, denotes the fuzzy soft set Vi over X
for which V(h) = 1, for all h € K, (where 1,: X —
I such that 1,(x) =1 if x €V and 1,(x) =0 if
x&V).

Theorem 2.12 [1] Let (X,0,K) be a CF-scs,
V € X and let 0,: F,(V,K) = F(V, K) defined as
0y (L) = VxNO(A,). Then 6, is a CF-sco. The
triple (V, 8y, K) is said to be Cech fuzzy soft closure
subspace (CF-sc subspace, for short) of (X, 6, K).

Theorem 2.13 [1] Let (X,0,K) be a CF-scs and
let 79 € Fi (X, K), defined as follows

Tog = {1k — A1 0( 2y) = M}
Then 1,4 is a fuzzy soft topology on X and (X, 74, K)
is called an associative fsts of (X, 8, K).

Definition 2.14 [22] Let (X,75,K)be an
associative fsts of (X,60,K) and let 1, € F;(X,K).
The fuzzy soft topological closurer of A,with
respect to O, denoted by tT4-cl(1,), is the
intersection of all closed fuzzy soft super sets of 4.
ie.,

To-cl(A4) =N {p¢ : A?ZQI)PC and 0(pc) = pc }.

And, The fuzzy soft topological interior of 1,with
respect to 0, denoted by t4- int( 4,) is the union of
all open fuzzy soft subset of 1. i.e.,
Tg- int(44) = U{pcipc € A4 and 0(1x — pc) =
1k — pct (2.2)

The next theorem give the relation between the
C-fsco @ (respectively, interior operator Int) and the
fuzzy soft topological closure 74-cl (respectively,
interior Ty-int).

Theorem 2.15 [22] Let (X,6,K) be CF-scs and
(X, 79, K) be an associative fsts of (X,6,K). Then
forany 4, € F, (X, K)
Tg-int(Ay) € Int(A4) € A, S O(A,) S 1p-
cl(Ay). (2.3)
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3.Connected Cech Fuzzy Soft Closure
Spaces

In this section we introduce and study fuzzy
soft separated sets in CF-scs, then we use it to
introduce the notion of connectedness in CF-Scs's.

Definition 3.1 Let (X, 6, K) be a CF-scs. If there
exist non-empty proper fss's A, pg € Fis(X, K),
such that 2,NO(ug) =04 and 8(A,)Nug = O, then
the fss's A4 and pp are called fuzzy soft separated
sets.

In other words, two non-empty fuzzy soft set
A4, g of CF-scs (X, 6,K) are said to be fuzzy soft
separated sets if and only if (A,N60(up))
U@ Nup) = 0.

Remark 3.2 It is clear that if A, and ug are fuzzy
soft separated sets in (X, 6,K), then 1, and up are
disjoint fuzzy soft sets. The following example
shows that the converse is not true.

Example 3.3 Let X={a, b, c}, K={h;, h,} and let
pc = {(hy,bys), (hy, by5)}. Define 0: Fs (X, K) -
Fis (X, K) as follows:

0(24) _
OK lf AA = OK ’
={{(hy,a95V bys), (hos, @05 V bos)} if A4 S pc,
1 otherwise.

Then 0 is C-fsco on X. Here we have 1, =
{(hy, bo5)} and pp = {(hy, ags), (hy, co5) } are non-
empty disjoint fuzzy soft sets but 4, and ug are not
fuzzy soft separated sets.

Theorem 3.4 Let (X,6,K) be a CF-scs. Then
every fuzzy soft subset of fuzzy soft separated sets
are also fuzzy soft separated sets.

Proof. Let 1, and up are fuzzy soft separated sets
in (X,0,K), and let p. € 4, and 1, S pg. Since
pc € A4 and np € ug, then by Proposition 2.9, we
have 6(p;) € 6(A,) and O(np) S O0(ug). This
implies 8(pc)Nnp €S O8(A) Nug and O(np) N
pc €0(ug) NAy. But 4, and up are fuzzy soft
separated sets, it follows 6(p;) Nnp € O(4,) N
g =0x and  6(p) Npc S O(ug) N A, = Ok.
Hence 0(pc)Nnp =0 and  6(mp) Npe = Ok.
Thus p; and 7, are fuzzy soft separated sets.
|
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Theorem 3.5 Let (V,6,,K) be a CF-sc subspace
of (X,0,K) and let A4, up € F;;,(V,K), then 1, and
ug are fuzzy soft separated sets in (X,60,K) if and
only if A, and pp are fuzzy soft separated sets in
,8y,K).

Proof. Let (X,6,K) bea CF-scs and (V, 6,,K) bea
CF-sc subspace of (X, 0,K). Assume that that A,
and ug are fuzzy soft separated sets in (X, 8, K), this
implies that A,NO(ug) =0, and 6(A,)Npg= 0.
Which means (1, N8 (up))U(B (A1) Npg) = 0.
Now,

(2aN6y (up))U(By (M) Npp) = (AaN(VieNO (1p)))
U((VkNO(Aa))Npip)
= ((LaNVi)NO (p)) U((Vk Npp)NE (A4))

= (4aN0(up))
U(usNO(24)) _

= 0.

Therefore, 14 and ug are fuzzy soft separated sets in
(X,0,K) if and only if A, and pp are fuzzy soft
separated sets in (V, 8, K). ]

Definition 3.6 A CF-scs (X,6,K) is said to be
disconnected Cech fuzzy soft closure space
(disconnected-CF-scs, for short) if there exist fuzzy
soft separated sets A, and pup such that
0(2)NO(up) = 0k and 6(A,)UO(up) = 1.

Definition 3.7 A CF-scs (X,6,K) is said to be
connected Cech fuzzy soft closure space (connected-
CF-scs, for short) if it is not disconnected-CF-scs.

Now we give two examples one is
disconnected-CF-scs and the other is connected-CF-
Scs.

Example 3.8 Let X={a, b}, K={h;, h,}. Define
0: F.. (X, K) - F (X, K) as follows:
0(A4) B B
0k if 4= 0g,
{(hy,a, V by)} if 44 € {(hy,a1)},
{(hz, a1 Vv by)} if 4 € {(h2,a1)},
1k other wise.

Then (X,0,K) is disconnected-CF-scs. To explain
that taking A, = {(hy, ao5)} and pp = {(hy, ag2)}-
It is clear that A, and pp are fuzzy soft separated
sets such that 0(4,)NO(ug) =0, and

0(A)U0 (up) =1g.
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Example 3.9 Let X={a, b}, K={h;, h,}. Define
0: Fs (X, K) = Fis (X, K) as follows:

6(h) )
Ok if A= 0,

= {{(hy,ay V by)} if A4 € {(hy,a;V by},
1 otherwise.

Then (X, 6, K) is connected-CF-scs.

Remark 3.10 Connectedness in CF-scs is not
hereditary property. The following example explain
that.

Example 3.11 Let X={a, b, c}, K ={hy, h,} and let
(A1, (A1), € Foe (X, K) such that
(A4)1 = {(hy,a; V by Vcgg)}and (1), =
{(hz,a; V by Vo))
Define 9: F; (X, K) — F.s (X, K) as follows:
0(1) )
0k if 4= 0k,
{(hy, a1 V by Vcoa)} if A4S (a1,
= {{(hz,a; Vb Vcys)} if A4S (Aa)2,
0((A4)1) U O((Aa)2)
1 otherwise.

Then (X,0,K) is connected-CF-scs. Let V = {a, b},
then 0y: F.s (V,K) » F, (V, K) defined as
0y (Aa) )
0x if 4= 0,
{(hy,ay V by)} if A4 € {(hy,ayVby)},
{(hz,a, V by)} if A4 € {(hy,a,V by},
Vx otherwise.

Then (V,8,,K) is disconnected-CF-sc subspace of
(X,0,K). Since there exist 44 = {(h;,a, V b;)} and
ug = {(hy,a, V by)} are fuzzy soft separated sets
such that 0y (A)NBy (ug) =0y and
Oy (A)U0y (up) =Vi.

Now, we introduce the concept of fuzzy
soft separated sets in the associative fsts's of CF-
scs's.

Definition 3.12 Two non-empty fss's 1, and pp
are said to be fuzzy soft separated sets in the
associative fsts (X, 7g,K), if A,Nte-chug) = 0k
and tg-chA,)Nup =0y.

Theorem 3.13 If 1, and pp are fuzzy soft
separated sets in the associative fsts (X, 7g, K), then

A4 and up are also fuzzy soft separated sets in
(X,6,K).

if A4S (Aa)1V (Aa)2,
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Proof. Let 1, and py are fuzzy soft separated sets
in (X,7g,K). Then A4N79-chug) =0y and t4y-
clA)Npy =0g. By Theorem 2.15, we get,
A4N6(up)=0y and 8(A,)Nuz=04. This implies A,
and pp are fuzzy soft separated sets in (X,6,K).
[

Definition 3.14 An associative fsts (X, 74, K) of
CF-scs (X,0,K) is said to be disconnected fsts, if
there exist two fuzzy soft separated sets 4, and pp in
(X,79,K) such that Ty9-cAA,)N1y-chpz) = 0 and
Tg-chAs)Utg-cAup) = T .

Definition 3.15 An associative fsts (X, g, K) of
CF-scs(X,0,K) is said to be connected fsts, if it is
not disconnected fsts.

Theorem 3.16 If (X,74,K) is a disconnected
fsts, then (X, 8, K) is disconnected-CF-scs.

Proof. Let (X,75, K) be disconnected fsts, then
there exist two fuzzy soft separated sets 1, and g in
(X, 79, K) such that tg9-cAAy)Ntg-cAug) = 0k and
T9-clA4)UTg-clug) = 1g. Since T9-chA,) and 7p-
clug) are closed-fss's, then 6(ty — cl(Ay) ) = Tp-
cl2,) and 8(zg-clup)) = To-chup). Let pc = Tg-
clA4) and n, = t9-cApg). Then we have p. and 1
are fuzzy soft separated sets in (X,0,K) such that

0(pc) N 8(np) = pcNp =0r and  O(pc) U
6(mp) = pcUnp =1k. Hence, (X,0,K) is
disconnected-CF-scs. n

Corollary 3.17 If (X, 6,K) is connected-CF-scs,
then (X, 74, K) is a connected fsts.

Proof. The proof follows by suppose (X,7g,K) is
disconnected fsts. From Theorem 3.16, we get
(X,0,K) is disconnected-CF-scs which is a
contradiction with hypothesis. Hence, the result. m

Remark 3.18 The converse of Theorem 3.16 and
its corollary is not true in general. That is, if
(X,0,K) is disconnected-CF-scs, then (X,74,K)
need not to disconnected fsts. The following
example shows that.

Example 3.19 In Example 3.8, (X,6,K) is
disconnected-CF-scs. But its associative fsts
(X, tg,K) is connected fsts, because 19 = {0y, 1x}.
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4. Feebly Connected Cech Fuzzy Soft
Closure Spaces

Definition 4.1 A CF-scs (X, 6,K) is said to be
feebly disconnected-CF-scs, if there two non-empty
disjoint fuzzy soft sets A4 and pp such that
24U8(up) = 1x and 0(4,)Upp = 1.

Definition 4.2 A CF-scs (X,0,K) is said to be
feebly connected-CF-scs if it is not feebly
disconnected-CF-scs.

Remark 4.3 Feebly disconnectedness in CF-scs
is not hereditary property. The following example
explains that.

Example 4.4 Let X={a, b, c}, K={h;, h,} and let
(A)1> (A1), € Fis (X, K) such that
(24)1 = {(hy, a1 V ¢;)} and
()2 = {(hy, by), (hz, a4 V by V ¢1)}
Define 6: F,s (X, K) = Fis (X, K) as follows:

6(A)

0k if M= 61( ,

{(hy,a; Vel

{(hy, b1), (hy,ay V by V cy)}
1 otherwise.

Then (X, 8, K) is feebly disconnected-CF-scs. Since
there exist A, ={(hy,a;Vc;)} and pz=
{(hy,by), (hy,a, V by V cy)} are disjoint fuzzy soft
sets such that 8 (uz)UA, =1 and pz U0 (4,) =1.
Let V = {b}, then 0,: F; (V,K) = Fi(V, K) defined
as:

8y (24) i

_ { 0k if 4= O,

e otherwise.

Then (V, 8y, K) is feebly connected-CF-sc subspace
of (X,6,K).

Definition 4.5 An associative fsts (X, 14, K) of

CF-scs (X,0,K) is said to be feebly disconnected
fsts, if there exist two non-empty disjoint fuzzy soft
sets A4 and pp such that A,Uty-cAug)=1g and 7,-

chA)Upp = 1g.

Theorem 4.6 If (X, 6, K) is feebly disconnected -
CF-scs, then (X, 74, K) is feebly disconnected fsts.

Proof. The proof follows from the definition 4.1
and Theorem 2.19. m

Corollary 4.7 If (X,74,K) is feebly connected
fsts, then (X, 6, K) is feebly connected-CF-scs.

if 44 € (A1,
if 24 € (1a)2,
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Proof. The proof follows by suppose (X,8,K) is
feebly disconnected-CF-scs. From Theorem 4.6, we
get (X, 1y, K) is feebly disconnected fsts which is a
contradiction with hypothesis. Hence, the result. m

Next we discuss the relationship between
disconnectedness and feebly disconnectedness in
CF-scs's.

Remark 4.10 The concept of disconnected-CF-
scs  and feebly  disconnected-CF-scs are
independent. The next two examples explain our
clime.

The following example shows that if (X,0,K) is
disconnected-CF-scs, then (X,0,K) need not to be
feebly disconnected-CF-scs.

Example 4.11 Let X={a, b}, K={h}. Define
0: F. (X, K) - F (X, K) as follows:

6(2a)
0k if 4= 0g,
{(h, a,)} if 2a={(ha); 0<t<1}
{(h,b,)} if 2a={(hbs); 0<s<1}
1k other wise.

Then (X, 6,K) is disconnected-CF-scs, since there
exist 44 = {(h,aps)} and ug = {(h, by3)} are fuzzy
soft separated sets such that 8(1,)N6(up) = 0 and
0(1)UO(ug) =1x. However, (X,8,K) is not
feebly disconnected-CF-scs since for any non-empty
disjoint fss's A, and pg, we have 1,U8 (up) # 1.

The next example shows that if (X, 6,K) is feebly
disconnected-CF-scs, then (X,0,K) need not to be
disconnected-CF-scs.

Example 4.12 Let X={a, b}, K={h, h,}. Define
0: Fs X, K) = Fos (X, K) as follows:
6(A) i
0k if A= 0k,
{(hy, a1 V by), (hy, b))} if Ag S {(hy,b1)},
{(hy, a1), (hy, @ V b))} if A4 <€ {(hy,a1)},
1x other wise.

Then (X, 8, K) is feebly disconnected-CF-scs. Since
there are non-empty disjoint fuzzy soft sets 1, =
{(hy, b))} and  pg ={(hy,a;)} such that
6(A)Unp=1k and 4,U6 (up)=1.

And (X, 0,K) is connected-CF-scs. Since for any
fuzzy soft separated sets A, and up, we have
8(2)U0(up) =1k but 8(A4,)NO(up) # Og.
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Remark 4.13 It is worth noting that the
definitions of disconnected-CF-scs and feebly
disconnected-CF-scs (see Definitions 3.6 and 4.1,
respectively) turn to be every disconnected-CF-scs
is feebly disconnected-CF-scs, if the fuzzy soft
separated sets which are satisfying the conditions of
disconnected-CF-scs are closed-fss's.
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