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Abstract:  

The purpose of present paper is to introduce and  investigate two new subclasses      
(     ) and    

(     ) of analytic 

and m-fold symmetric bi- univalent functions in the  open unit disk . Among other results belonging to these subclasses upper 

coefficients bounds  |    | and |     | are obtained in this study. Certain special cases are also indicated . 
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1. Introduction 
 

Let   denote the family of functions analytic in the open unit 

disk   *      | |   + 

and normalized by the conditions  ( )    ( )      and 

having the form  

 ( )        
   

                                          (1)                                                                               

  Also let   denote the subclass of functions in    which are 

univalent in   . 

  The Koebe One Quarter Theorem (         , -) ensures 

that the image of   under every 

   univalent function  ( )    contains the disk of radius     

. Thus  every univalent function 

     has an inverse     satisfying  

      ( ( ))                                        (   )  

   and 

    (   ( ))                 .| |    ( )   ( )  
 

 
/  

 where  

   ( )     ( )       
  (   

    ) 
  

(   
          ) 

                                    (2) 

  A function     is said to be bi-univalent in   if both   and 

    are univalent in   .  

  Let   denotes the class of analytic and bi-univalent functions 

in   . Some examples of functions   in class   are 

     ( )  
 

   
    ( )      (   )   ( )  

 

 
   .

   

   
/          

For each function     , the function  ( )  ( (  ))
 

  , 

(       ) is univalent and                                  maps the 

unit disk   into a region with m-fold symmetry . A function is 

said to be m-fold   symmetric (    ,    -) if it has the 

following normalized form : 

   ( )           
      (       )  

      (3)                                                               

 We denote     the class of m-fold symmetric univalent 

functions in   , which are normalized by   the series expansion 

( ). In fact , the functions in the class   are one-fold 

symmetric . Analogous to the concept of m-fold symmetric 

univalent functions , we here introduced the concept of m-fold 

symmetric univalent functions , we here introduced the 

concept of m-fold  symmetric bi-univalent functions . Each 

function      generates an m-fold symmetric bi-univalent 

function for each integer       Furthermore, for the 

normalized form of   is given by (3) , they obtained the series 

expansion for       as follows : 

 ( )         
    ,(   )    

       - 
     

0
 

 
(   )(    )    

  (    )          

     1  
       ,          (4)                                                                        

where        We denote by    the class of m-fold 

symmetric bi-univalent functions in   . It is easily seen that 

for m=1 , the formula (4) coincides with the formula (2) of the 

class    . Some examples of m-fold symmetric bi-univalent 

functions are given as follows : 

(
  

    
)

 
 

  [
 

 
   (

    

    
)]

 
 

     

 ,    (    )-
 
  

with the corresponding inverse functions 

(
  

    
)

 
 

 4
    

  

    
  

5

 
 

     4
   

  

   5

 
 

   

respectively . 

Recently , many authors investigated bounds for various 

subclass of m-fold bi-univalent functions 

(    ,                      -) .The aim of the present paper is 

to introduce the new subclass 

   
(     )        

(     )      and find estimates on 

the coefficients |    |     |     | for functions in each of 

these new subclass .  

In order to prove our main results , we require the following 

lemma . 

Lemma 1.(, -)   If     ,then |  |    for each     , 

where   is the family of all functions   analytic in   for 

which  

  ( ( ))                                                        (   ) 

where  

 ( )           
                              (   ) 

Definition 1. A function  ( )     given by (3) is said to be 

in the class    
(     ) if the following condition are 

satisfied : 

|   4  
 

 
6
(   )     ( )     ( )

(   )   ( )    ( )
  75|  

  

 
    

(   )                                                                 (5) 

and  
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|   4  
 

 
6
(   )     ( )     ( )

(   )   ( )    ( )
  75|  

  

 
  

 (   )                                                            (6) 

(           *  +       )  

 where the function       is given by (4) . 

Definition 2. A function  ( )     given by (3) is said to be 

in the class    
(     ) if the following conditions are 

satisfied : 

  4  
 

 
6
(   )     ( )     ( )

(   )   ( )    ( )
  75            

 (   )                                                                 (7) 

and 

  4  
 

 
6
(   )     ( )     ( )

(   )   ( )    ( )
  75            

 (   )                                                               (8) 

(            * +       )   

 where the function       is given by (4) . 

2.Coefficient Estimates for the Functions Class 

   
(     ) 

We begin this section by finding the estimates on the 

coefficients |    |    |     | for functions in the class 

   
(     )   

Theorem 2.1 Let  ( )     
(     )  (           

* +      ) be of the form (3) . Then 

|    |  
  | |

√|[  ((        )(   ) (      ) ) (   )  (      )]|

     (9)                                 

and 

|     |  
   | | (   )

  (      ) 
 

 | |

 (        )
           (10)                                                                       

 Proof. It follows from (5) and (6) that 

    
 

 
0
(   )     ( )    ( )

(   )   ( )   ( )
  1  , ( )-       (11)                                                                             

 and                                                                    

    
 

 
0
(   )     ( )    ( )

(   )   ( )   ( )
  1  , ( )-    (12)                                                                         

  where the functions  ( ) and  ( ) are in   and have the 

following series representations: 

  ( )                                (13)                                                                  

  and   

  ( )                            (14)    

   Now ,equating the coefficients in (11) and (12) ,we obtain  

   
 (      )    

 
                                        (15)                                                                                                    

(  (        )       (      )     
 )

 
      

 (   )

 
  
                                                               

(16) 

  and 

  
  (      )    

 
                                       (17)                                                                                        

(  (        )[(   )    
       ]  (      )     

 )

 
 

     
 (   )

 
  
   .                                               (18) 

 From (15)and (17) ,we find  

                                                                (19)                                                                   

 and   

  
  (      )     

 

  
   (  

    
 )                 (20)                                                                             

From (16),(18) and (20), we get  

((        )(   )  (      ) )      
 

 
 

  (       )  
 (   )

 
(  

    
 )        

  (       )  
(   )  (      )

   
    
               (21)                                                                                           

Therefore ,we have  

    
  

    (       )

[  ((        )(   ) (      ) ) (   )  (      )]
        (22)                                                                                                                              

Applying Lemma 1 for the coefficients     and     , we have 

|    |  
  | |

√|[  ((        )(   ) (      ) ) (   )  (      )]|

  . (23)                                     

This gives the desired bound for |    | as asserted in (9). In 

order to find the bound on |     |,  by subtracting (18) from 

(16), we get  

  [(        )      (        )(   )    
 ]

 
  (    

   )  
 (   )

 
(  

    
 )                (24) 

It follows from(19) and (24) that   

      
    (  

    
 )(   )

  (      ) 
 

  (       )

  (        )
      (25)                                                            

83 



 
 
 

 

81 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.11   No.2   Year  2019 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

Waggas .G / Salwa .K 

Applying Lemma 1 once again for the coefficients 

          and     ,we readily obtain  

|     |  
   | | (   )

  (      ) 
 

 | |

 (        )
       (26)                                                           

 

3.Coefficient Bounds for the Functions Class 

   
(     ) 

This section is devoted to find the estimates on the coefficients 

|     |     |    | for functions in the class    
(     ) . 

Theorem 3.1 Let  ( )     
(     )(           

* +      ) be of the form (3). 

Then 

|    |  √
 | |(   )

 ((        )(   ) (      ) )
      (27)                                                                        

and  

|     |  
 | | (   ) (   )

  (      ) 
 

 | |(   )

 (        )
        (28)                                                                       

Proof. It follows from (7) and (8) that there exist ,        

such that 

  
 

 
0
(   )     ( )    ( )

(   )   ( )   ( )
  1    (   ) ( )  (29)                                                         

and 

  
 

 
0
(   )     ( )    ( )

(   )   ( )   ( )
1    (   ) ( )    (30)                                                                   

  where  ( )     ( ) have the forms (13) and (14) , 

respectively . By suitably comparing coefficients in (29) and 

(30), we get  

 (      )    

 
 (   )   ,                           (31)                                                                                                  

(  (        )       (      )     
 )

 
 (   )                                                             

(32) 

  (      )    

 
 (   )                             (33) 

(  (        )[(   )    
       ]  (      )     

 )

 
  

 (   )                                                              (34) 

From (31) and (33) , we find 

                                                                 (35)                                          

and  

   (      )     
 

  
 (   ) (  

    
 )         (36)                                                                               

Adding (32) and (34) ,we have 

.(        )(   ) (      ) /      
 

 
 (   )(    

   )                                          (37)                    

Applying Lemma 1 , we obtain 

|    |  √
 | |(   )

 ((        )(   ) (      ) )
     . 

This is the bound on |    | asserted in (27) . 

In order to find the bound on |     |   by subtracting (34) 

form (32) ,we get 

  [(        )      (        )(   )    
 ]

 
 (   )(    

   )                                           (38)    

Or ,equivalently , 

       

  (        )(   )    
 

  (        )
 

 (   )(       )

  (        )
            (39)                                                           

It follows from (35) and (36) that 

       

  (   ) (   )(  
    

 )

   (      ) 
 

 (   )(       )

  (        )
  .          (40)                                                          

Applying lemma 1 once again for the coefficients 

                    we easily obtain 

|     |  
 | | (   ) (   )

  (      ) 
 

 | |(   )

 (        )
  .     (41)                                                                       

4.Corollaries and Consequencess 

For one-fold symmetric bi-univalent functions and   
    Theorem 2.1 and Theorem 3.1 reduce to Corollary 1 and 

Corollary 2 , respectively , which were proven very recently 

by Frasin , - (         ,  -)  

Corollary  4 . Let  ( )    (   )(           ) 

be of the form (1) . 

Then 

|  |  
  

√ (   )  (     )
                                    (42)  

and    

|  |  
   

(   ) 
  

 

(    )
                                        (43) 

Corollary 5 . Let  ( )    (   )(           ) 

be of the form (1) . 

Then 
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|  |  √
 (   )

(       )
  

 
                                          (44) 

and  

|  |  
 (   ) 

(   ) 
  

 (   )

(    )
                                    (45) 

The classes   (   )       (   )are defined in the 

following way : 

Definition 3 . A function  ( )    given by (1) is said to 

be in the class     if the following conditions are satisfied : 

|   .
(   )     ( )    ( )

(   )   ( )   ( )
/|  

  

 
      (   )      (46) 

And 

|   .
(   )     ( )    ( )

(   )   ( )   ( )
/|   

  

 
      (   )      (47) 

(              )   

  where the function       is given by (2) . 

Definition 4 . A function  ( )    given by (1) is said to 

be in the class   (   )  if the following conditions are 

satisfied : 

  .
(   )     ( )    ( )

(   )   ( )   ( )
/        (   )             (48)                                       

And  

  .
(   )     ( )    ( )

(   )   ( )   ( )
/        (   )        (49)                                                                         

(              )    

 where the function       is given by (2) .  

If we set     and     in Theorem2. 1 and Theorem 3.1 , 

then the classes    
(     ) and    

(     )  reduce to the 

classes     

  and     

 
  investigated recently by Srivastava et 

al.  [11]and thus, we obtain the following corollaries: 

Corollary 6 .  Let  ( )     

 (     ) be of the form (3) 

.Then 

|    |  
  

√, (    )(   )  (   )    (   ) (   )-
            (50)                                                              

and  

|     |  
 

 (    )
 

  (   )

  (   ) 
                          (51)                                                                       

Corollary 7 . Let  ( )     

 (     ) be of the form (4) 

. Then 

|    |  √
 (   )

, (    )(   )  (   ) -
                   (52)                                 

and  

|     |  
(   )

 (    )
  

 (   ) (   )

  (   ) 
                    (53)                                                                      

The classes    

         

 
 are respectively defined as follows 

: 

Definition 5 . A function  ( )     given by (3) is said to 

be in the class    

  if the following conditions are satisfied : 

|   2
     ( )

   ( )
  3|  

  

 
     (   )                   (54)                                                                   

and  

|   2
     ( )

   ( )
  3|  

  

 
         (   )            (55)                                                                      

and where the function g is given by (4) . 

Definition 6 . A function  ( )     given by (3) is said to be 

in the class    

 
 if the following  

conditions are satisfied : 

  2
     ( )

   ( )
  3       (   )                       (56)                                                                     

and  

  2
     ( )

   ( )
  3     (   )                     (57)                                                                      

(     ) 

And where the function g is given by (4) . 
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 انتناظرية m–يخًنات انًعايم نثعض الاطناف انجزئية نهذوال ثنائية انتكافؤ انًرتثطة تانطوية 

 

وقاص غانة عطشاٌ  
1

 سهوى كهف كاظى                                                     
2  

كهية عهوو انحاسوب وتكنونوجيا انًعهويات/  قسى انرياضيات             وتكنونوجيا انًعهويات عهوو انحاسوب ةكهي/  قسى انرياضيات  

انعراق-انذيوانية -انعراق                                                   جايعة انقادسية-انذيوانية -جايعة انقادسية    

 

 

  

  :انًستخهض

   الغسض هي البحث الحالي هى اى ًقدم وًتحسي عي صٌفيي جزئييي جديديي 
   و  (     )

 m–هي الدوال ثٌائيت التكافؤ الوتٌاظسة ذاث الطىيت  (     )

تن الحصىل عليها في هرٍ الدزاست (|    | |     | )  اف الجزئيت حدود الوعاهلاث العليا ت في قسص الىحدة الوفتىح وهي بيي الٌتائج الاخسي لهرٍ الاصٌيوالتحليل

.  
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