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Abstract:

In this paper, we study some differential subordination and superordination results for certain univalent functions in
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1. Introduction

Denote by ' = H (U) the class of analytic functions in
the open unit disk U={z:2€ C and|z| <1}.Forn a
positive integer and a € C, let H[a, n] be the subclass of
the function f € # of the from:

f(z2) =a+a,z" + a2+ (a€C,ne
N={123..}). (L1

Also ,Let T be the subclass of
functions of the form:

Hconsisting of

f(@2) =z+ X3 anz" (1.2)
If f €T isgivenby (1.2) and g € T given by
9(2) =z + X, bpz™.

The Hadamard product (or the convolution) of f and
g is defined by

(f *9)(@) = z+ X o axbez” = (g )(2).

If f and g are analytic functions in U, We say that f
is subordination to g.

letl,h € H,and ¢(r,s,t;2):C3x U - C.

If | and ¢(2),zl'(2),2z%1"(2);z) are univalent
functions in U and if [ satisfies the second- order
superordination:

h(z) < ¢p(U(2),2zl'(2),z*l" (2); ), (z € U)

then [ is called a solution of the differential
superordination(1.2), (if f subordinate to g, then g is
superordinate to f ).

An analytic function q is called subordinate of the
differential superordination if g < k for all [ satisfying
(1.3). A univalent subordinate § that satisfies g < §
for all subordinats g of (1.3) is said to be the best
subordinat. Recently, Miller and Mocanu [9] obtained
sufficient conditions on the functions(h, k) and ¢ for
which the following implication holds:

h(z) < p(l(2),2l'(2),2%1" (2); 2) = q(2) < 1(2),
(ze). (1.4)

Using the results, Bulboaca [5] considered certain
classes of first order differential superordinations as
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well as superordination preserving integral operator
[6]. Ali et al. [1], have used the results of Bulboaca [5]
to obtain sufficient conditions for normalized analytic
functions to satisfy:

zf'(2)
f(@

q:(2) < < q2(2),

where q; and g, are given univalent functions in
U with ¢;(0) = q,(0) = 1. Also, Tuneski [13]
obtained a sufficient conditions for starlikeness of f in
terms of the quantity

'@ (@)
F'@)? "

Recently, Shanmugam et al. [11,12] and Goyal et al.
[7], Atshan and Hiress [2], Atshan and Kazim [4],
Atshan and Jawad [3], Wanas and Majeed [14],

also obtained sandwich

results for certain classes of analytic functions.

Komatu [8] introduced and investigated a family of
integral operator

ST —>T

that is obtain as follows:

~A _ o) 13 n
Iy f@=z+37; (m) anz",

(zeUu>1,1>0). (1.5)
The Hurwitiz - Lerch zeta function
k
o Z -
‘D(Z,S,a)—Zk:om , 7y € C\Zy,s €C when
0< |zl < 1.

In terms of (Hadamard) product (or convolution)
where G; 47 is given by

Gsa) = 1+ a)’[P(z,5,0) —a™*],(z € U).

Definition (2.1.1): Let f€T,z€ U*,a € C\Z;,s €
Cand A>1,we define a new
feauf(2): T — T, where

operator

fg,a,uf(z) = Gs,a(z) * Sﬁf(z)

=243, () (A=) @ e

k+a u+n—1
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We note from (1.6) that

2(Lf @) = uitauf @ — (n = DIRELF )
(1.7)

The specific aim of this document is to find sufficient-
conditions for certain normalized analytic functions
f to satisfy:

A+1

1
PRGN f (@) +EfL a0 uf (@)\O
q1(2) < (AL < 0,2,

and

ool

i$hns ()
4:1(2) < (”fz) < q2(2),
where g, (z) and q,(z) are given univalent functions
in U with ¢;(0) = g,(0) = 1.

2 . Preliminaries

In order to establish our subordination and
superordination results, that require the following

lemmas and definitions.

Definition (2.1)[6]: Denote by Q the class of all

functions q that are analytic and injective on
U\E(q), where U=UU{z€aU}, andE(q) =
{( € dU:lim,; f(2) = 00} and are such that

q'({) # 0 for { € QU\E(q). Further,let the subclass
of Q for which q(0) =a be denoted by Q(a),

Q(0) = Qoand Q(1) = Q; ={q € Q:q(0) = 1}.

Lemma (2.1)[1]: Let q(z) be convex univalent
functionin U, let « € C, § € C\{0} and suppose that

Re {1 + Z:,’;S)} > max {0, —Re (%)} .

If I(2) is analytic in U and
al(z) + pzl'(z) < aq(2) + fzq'(2),
then [(z) < q(z) and q is the best dominant.

Lemma (2.2)[3]: Let g be univalent in U and let @
and @ be analytic in the domain D containing q(U)
with @(w) # 0, when w € q(U). Set

Q@) =2q'(2)8(q(2)) and h(z) = 6(q(2)) + Q(2),
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suppose that

1) Q is starlike univalent in U,

zh! (2)
Q@

2)Re (2 2) >0,z €.

If Lis analytic in U with [(0) = q(0), {(U) € D and

(1) + z'(00(1(2) <
0(q(2) + zq'(2)90(q(2)),

thenl(z) < q(2),and q is the best dominant.

Lemma (2.3)[6]: Let q(z) be convex univalent in the
unit disk U and let 8 and ¢ be analytic in a domain D
containing q(U). Suppose that

9’((1(2))}
1) Re{¢(q(z)) > Oforz € U,

2)Q(z)=zq’(z)¢(q(z)) is starlike univalent in
z € U.

If L € H[q(0),1] N Q, with I(U) € D, and 8(l(2)) +
Zl’(z)qb(l(z))is univalentin U, and

0(q(2)) +2q'2)p(a(2)) < 6(I(2)) + zU' (D) p(1(2)) ,
then q(z) < [(2), and q is the best subordinant.

Lemma (2.4)[6]: Let g(z) be convex univalent in U and
q(0)=1. Let BeC, that Reff}>0. If I(z)€
H[q(0),1] N Q and I(z) + Bzl'(2) is univalent in U, then

q(2) + Bzq'(2) < U(2) + Bzl'(2),

which implies that q(z) < l(z) and q(z) is the best
subordinant .

3. Subordination Results

Theorem (3.1): Let q(z) be convex univalent in U with
q(0) = 1,0 < 6§ < 1,n,€ C\{0}. Suppose that

zq"'(2) 1
Re {1 + ) } > max {0, —Re (E)} (3.1)
If f € T is satisfies the subordination

(z) < q(2) + 61 zq'(2), (3.2)

where
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l(z) =

1
pfézhf(z)+fféa,uf(z))3
( (p+8)z 1+

(p[ﬂfél,a,uf(z)—(u—l)f?,}i,luf(Z)]+f[Mf?,&,luf(Z)—(u—l)fﬁ,a,mf(z)])
1 PiLELf(2)+Eik g uf (2) ’

(3.3)

then

1
241 1 3
(Pfs,a,ﬂf(z)"'ffs,a,uf(l)) < q(Z), (34)

(p+d)z
and q(z) is the best dominant.

Proof : consider a function [(z) by

1
_ pfé,aif(z)+sf§,a,uf(z>)5
i@ _( (p+6)z |1+

. (P[#fél.a,uf(Z)-(u-l)félﬁhf(z)]ﬂ[ufgl_ahf(z)—(ﬂ—l)fél,a,mf(z)]) 35)
PILELF(2)+ELq uf (2) » (9.

then the function q(z) is analytic in U and q(0)=1,
therefore, differentiating (3.5) logarithmically with
respect to z and using the identity (1.7)in the

resulting equation,

1
_ pfé,z,luf(z)+sf§,a,uf(z))5
i@ _( (p+)z |1+

(P[ﬂfél,a,uf(Z)-(#-l)fél,ﬁ,luf(z)hf[uTél,E,luf(Z)—(u—l)fél,a,mf(Z)])
K PittL F(D)+EfL g uf (2) '

Thus the subordination (3.2) is equivalent to
I(z) +6nzl'(2) < q(2) + 61 zq' (2)

An application of Lemma (2.1) with § = dnanda =
1, we obtain (3.4).

1+Az
1+Bz
Theorem (3.1), we obtain the following corollary.

Taking q(2) = (-1<B<A<1),in

Corollary (3.2): Let0<d <1, n€C\{0} and (
—1 < B < A < 1).Suppose that

Re ( %) > max {0, —Re (é)}

If feTis
condition:

satisfy the following subordination
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1+Az (A-B)z
1+Bz +on (1+Bz)2’

l(z) <

where [(z) given by (3.3), then

1
PRAALED)+ERa nf@\3  1+Az
(p+®)z 1+Bz’

1+Az . .
and — is best dominant.
1+Bz

Taking A =1and B = —1 in corollary (3.2), we get
following result.

Corollary (3.3): Let
suppose that

0<d<1,neC\{0} and

Re ( g) > max{0, —Re(én)}.

If f € T is satisfy the following subordination

1+z 2z
l(Z)< E+6T] (1_—2)2,

where [(z) given by (3.3), then

1
(pfﬁ,z?uf<z)+fféa,uf(z))§ _ 1z
(p+8)z

1-z
1+z . .
and s best dominant.

Theorem (3.4): Let q(z) be convex univalent in unit
disk U with q0)=1let0<6<1,n€E
C\{0},u,v,e,a € C,f € T and suppose that f and
q satisfy the following conditions

Re{2q(2) +Z[q@I +1+ 2 [P + 252 -
z‘:((zz))} >0, (3.6)
and
A A 3

(Pfs.ﬁizfi):;‘)fzs,a,uf (Z)>6 £0. (3.7)
If
r(z) <u+vq(2) +elq(2)]* + alq(2)]® +
=
where
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1 14
A+1 2 5 2 3 29 (2)
r@) = u +V(Pfs,a.uf(z)+ffs,a,uf(Z))5 + vq(2) + ela(D)]* + alg(D)]* +n= =
(p+8)z
1 1 .
(pfé.z.luf(széa,uf(z))% (pfél.i'zhf(Z)%f?.a,uf(Z))ﬁ N and by using lemma (22), we deduce that
(p+8)z (p+8)z subordination (3.8) implies that
(R4 @) +£(Rauf @)
1 |P\s,ap sa,u . .
77_5[ A D@ 1] (3.9) I(z) < q(z) and the function q(z)is the best
dominant.
then 1+Az
Taking the function q(z) = o (-1<B<A<
1
A+1 2 5 1),in Theorem (3.4) for ever € C\{0} the
(Pfs,a,uf(z)*'ffs,a,p.f(z)) <q@), andq(z) is best ) - (3.4) y 1 € C\{0}
(p+§)z condition (3.6) becomes
dominant.
2 3
Re (21+AZ+E 1+Az +2_a 1+Az 14
Proof : consider a function [(z) by ni+Bz = 7 (1+Bz) n (1—32)
(A-B)z 2Bz
1 (1+B2)(1+42) 1+BZ> 0, (3.12)

I(z) = ("fmf @)+t auf (Z))g. (3.10)

(p+8)z hence, we have the following corollary.

Then the functionp is analytic inU and [(0) =1, Corollary (3. 5): let(-1<B<A<1),0<8<1,q€

differentiating (3.10) logarithmically with respect to C\{0},u,v,&,a € C.

z, we get Assume that (3.12) holds.
' 2iLr@) +(Rapf @)
2@ _ 1 P( s.a}.:tjr1 Z) f(ls.a.u Z) ~1]. 3.11) If f€T and
1(z) 8 Pfs,a,uf(z)"'ffs,a,uf(l)
1+Az 1+4z)2 1+4z\3
rz)<u+v + & + a +
By setting 8(w) = u + vw + ew? + aw? and ( )( ) 1+Bz (1+Bz) (1+Bz)
A-B)z

_n . ; . P

¢(w) =, it can be easily observed that 8(w) is (+B2)(1taD) '

analytic in C,¢p(w)is analytic in C\{0}and that

b(w) £ 0,w € C\{0}. Also, we get where 7(z) is defined in (3.9), then

1
’ "(z) A+1 5
Q(2) =zq (Z)¢(Q(Z)) = Tl—zq 2 auf (@ < 1+AZ, and 1z is best dominant.
q(2) z 1+Bz 1+Bz
and Taking the function q(2) = ( 222)’
aking the function q(2) = { —

h(z) =6
@) (q(z)) @) (0 < p <1),in Theorem(3.4), the condition

_ 2 3 zq’ (z)

= u+vq(@) + elq@P + alg@P +n 22, (2.12) becomes

It is observe that Q(z) is starlike univalent in U, we {Z 142\P | 2e(1+2\2P | a (142)\3P 222}

have Re n ( 1—2) n ( 1—2) n (1—2) 1-z2
0 (n € C\{o}), (3.13)

R zh' (2) —R v 2¢ 2, 3a 3

e( Q@) ) € (n q9() + n [g@)]* + n [g@)1" + hence, we have the following corollary.
1 zq"'(2) zq’(Z))
@ a@ Corollary (3.6):  Let 0<p<10<é<lne

C\{0},u,,v,&,@ € C. Assume that (3.13) holds.f f €

By Making use of (2.2),we obtain
T and

vi(z) + e [l(2)]* + all(@)]? <
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r(z) <u+v( 1+Z)p + s(ﬂ)zp + a(ﬂ)Bp +

1-z 1-z 1-z

N2 r(z) =

1-z2 "’

where r(z) is defined in (3.9), then

1

A+1 3 p p
(M> < (E) ,and (ﬂ) is best dominant.
z 1-z 1-z

4. Superordination Results

Theorem (4.1): Let q(z) be convex univalent in U with
q(z) =1, 0<6<1, n€C with Re(n) >0, if fET,
such that

1
(pfé;}uf(z)+sfé,a,uf(z))6 £ 0
(p+8)z

and suppose that f satisfies the condition:

(pfélflhf(Z)ﬂ‘f?,a,ﬂf(Z)

(p+0)z )E € #H[q(0),1] nQ. (4.1)

If the function [(z) given by (3.3) is univalent and the
following superordination condition:

q(2) + 61 2q'(2) < 1(2), (4.2)
holds, then

A+1 2 1
q(z) < (Pfs,a,ufi)::)fzs,a,uf(z) )5 s

and q(z) is the best subordinant.

Proof : Consider the analytic function [(z) by

S

I(z) = (pf%;,luf(z>+5fé,a,uf(z)) (4.4)

(p+8)z

Differentiate Euquation (4.4) with the
logarithmically, we get

respect to z

2'(z) l(pZ(fél,?ELf(Z))’+62(f§1,a,#f(2))') (4.5)

W(z) 8 PIEEL F(2)+Ei2 g 4 (2)

A simple computation and using (1.6), from (4.5), we
get
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1
I(z) = <pfzi+1f(z)+sfzif(z)>6
(p+8)z
1+ puflH (@D -(u-DF N f D] +€ [ s @) -w-Di  F ()]
! PR F (D +ET S (2)

= 1(z) + 6n zl'(2),

now, by using Lemma (2.4), we get the desired result.

1+Az
1+Bz
(4.1), we get the following corollary.

Taking q(z) = (-1<B<A<1),in Theorem

Corollary (4.2): Let and

—1 < B <A <1,suchthat

Re{n} >0,0<8<1

(pféﬁhf(ZHffél,a,uf(Z)

(p+6)z )5 € #[q(0),1]1 n Q.

If the function [(z) given by (3.3) is univalent in U and
f € T satisfies the following superordination condition:

1+Az
1+Bz

(A-B)z
(1+B2z)?

< 1l(z), then

1
144z _ (pfﬁhf(ZHSfél,a,uf(Z))E
1+Bz (p+8)z ’

and the function % is the bestsubordinant.

Theorem (4.3): Let g(z) be convex univalent in unit
disk U, letn € C\{0},0 < 6 < 1,u,v,e € C,q(z) # 0,
and f € T. Suppose that

Re{ (v+2eq(2) + 3aq(z))%} >0,
Let f(z) €T and suppose that satisfies the next
condition:

1

pféahf(z)+ff§,a,ﬂf(z>)5

(EEL O Barf DN € g0, 11 0 0, (a6)
and

PIEL F (D) +Eikauf (2) -

(p+8)z 0.

If the function r(z2) is given by (3.9) is univalent in U,
and
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u+vg(@) + elg@P + alg@P + L2 < @),
(4.7)
implies

1
pfézluf<z)+sf§auf(z))5
< (Pisa a,
q(z) ( (p+8)z

and q(2) is the best subordinant.

Proof : Let the function A(z) defined on U by (3.14).
Then a computation show that

! !
2@ _ 1|p( @) +6(Bans @)
)~ 8| pilElr@+Eid, @

— 1] (4.8)

By  setting 6(w) = u+vw + ew? + aw? and
d(w) =%,it can be easily observed that 8(w) is
analytic in C,¢(w)is analytic in C\{0}and that
¢(w) =0 (w e C\{0}). Also, we get Q(z2) =

20 D$(a@) = L2 i that Q(2) is

starlike univalent in U.

observed

Since q(z) is convey, it follows that

Re {:((5((;)))} = Re{% (2eq(2) + 3alq(2)]* +

V) }q’(z) > 0.

By making use of (4.8) the hypothesis (4.7) can be
equivalently written as

0(q(2) +2q'(2)p(q(2)))
= 0((2) + 2I'(2)$p(A(2))),

thus, by applying Lemma (2.3), the proof is
completed.

5. Sandwich Results

Combining Theorem (3.1) with Theorem (4.1), we
obtain the following sandwich Theorem :

Theorem (5.1): Let g, and g, be convex univalent in
U with q,(0) = q,(0) =1 andq, satisfies (3.1).
Suppose thatRe{n } > 0,0 < § < 1, n € C\{0}.

If f € T, such that
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(pfﬁ,z}uf(z>+sf§,a,#f(z)

5
e L TR

and the function [(z) defined by (3.3) is univalent
and satisfies

q1(2) +nzq1(2) <U(2) <q,(2) +6nzqy(2),
(5.1)

implies that

A+1

1
PIEL F(D)+ELq 1 f ()0
11(2) < (ELEEE) < g,(0)

where q; and g, are, respectively , the best
subordinant and the best dominant of (5.1).

Combining Theorem (3.4) with Theorem (4.3), we
obtain the following sandwich Theorem.

Theorem (5.2): Let gq; be two convex univalent
functions in U,such that ¢;(0)=1, ¢;(0) =+
0(i =1,2). Suppose thatg;andgq, satisfies

(4.8) and (3.8), respectively.

If f € Tand suppose that
conditions:

f satisfies the next

S

(pf%,z,bf(zwféa,uf(z)) £0
(p+$)z

and

1
At1 1 3
(Pfs,a,uf(z)+ffs,a.uf(2)) € g‘[[q(l), 1] n Q;

(p+&)z
and r(2) is univalent in U, then

Uy () + 2 [ D + alg P + 7252

r@ <utv @) +ae@F +1222 (52)

implies

1
PRELF (@) +Efk g uf (2)\3
0,() < (RO OV < g,

and q; and g, are the best subordinant and the best
dominant respectively and r(z) is given by (3.9).
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