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Abstract: 

,In the present work, we introduce and study a certain class of holomorphic functions defined by 

differential operator in the open unit disk  . Also, we derive some important geometric properties for this 

class such as integral representation, inclusion relationship and argument estimate. 
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1. Introduction. 

" Let   stands for the family of all 

functions   of the form: 

 ( )    ∑     

 

   

                        (   ) 

which are holomorphic in the open unit disk 

  *     | |   +. 

Given two functions   and   which are 

holomorphic in  , we say that   is subordinate 

to  , written     or  ( )   ( )(   ), if 

there exists a Schwarz function   which is 

holomorphic in   with  ( )    and | ( )|  

  such that  ( )   ( ( )) (   ). In 

particular, if the function   is univalent in  , 

then     if and only if  ( )   ( ) and  

 ( )   ( ). 

For        * +               

and    , we consider the differential operator 

      
 (   )      , introduced by Amourah 

and Darus [2], where 

      
 (   ) ( )    

 ∑ *  
(   ),(   )    -

   
+

 

    

 

   

        (   ) 

It is readily verified from (1.2) that 

 .      
 (   ) ( )/

 

 
   

(   )    
      

   (   ) ( )

 (  
   

(   )    
*      

 (   ) ( )    (   ) 

Here,  we would point out some of the 

special cases of the operator defined by (1.2) can 

be found in [1,3,7,9]. 

Let   stands for the family of mapping   of 

the form: 

 ( )    ∑    
 

 

   

  

which are holomorphic and convex univalent in 

  and satisfy the condition: 

  * ( )+       (   )  

Now, we need the following lemmas that will be 

used to prove our main results. 

Lemma 1.1 [5]. Let       and suppose that   

is convex and univalent in   with  ( )    and 

  *  ( )   +    (   ). If   is 

holomorphic in   with  ( )   , then the 

subordination 

 ( )  
   ( )

  ( )   
  ( )  

which implies to  ( )   ( ). 

Lemma 1.2 [6]. Let   be convex univalent in   

and    be holomorphic in   with   * ( )+   , 
(   ). If   is holomorphic in   and  ( )  
 ( ), then the subordination 

 ( )   ( )   ( )   ( )  
which implies to  ( )   ( ). 

Lemma 1.3 [4]. Let   be holomorphic in   with 

 ( )    and  ( )    for all    . If there 

exists two points         such that  

 
 

 
      ( (  ))     ( ( ))

    ( (  ))  
 

 
     

for some    and    (         ) and for all 

 (| |  |  |  |  |), then 

   
 (  )

 (  )
   (

     

 
*  

and 

   
 (  )

 (  )
  (

     

 
*    

where 

  
  | |

  | |
                  

 

 
(
     

     

*  

Such type of study was carried out for 

another classes in [10]. 
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2. Main Results 

     We begin this section with the function class 

 (               ) as follows: 

Definition 2.1. A function     is said to be in 

the class  (               ), if it satisfies the 

following differential subordination condition: 

 

   
 (

 .      
 (   ) ( )/

 

 
     
 (   ) ( )

  )   ( )  

(   ) 

where        * +,              , 

    and     . 

In the following theorem, we find integral 

representation of the class 

 (               ). 

Theorem 2.1. Let    (               ). 

Then 

      
 (   ) ( ) 

      [(   )∫
 ( ( ))   

 

 

 

  ]  

where   is holomorphic in   with   ( )    

and | ( )|   , (   ). 

Proof. Assume that    (               ). 

It is easy to see that subordination condition 

(2.1) can be written as follows 

 .      
 (   ) ( )/

 

      
 (   ) ( )

 (   ) ( ( ))      

(   ) 

where   is holomorphic in   with   ( )    

and | ( )|   , (   ). 

From (2.2), we  find that 

.      
 (   ) ( )/

 

      
 (   ) ( )

 
 

 
 (   )

 ( ( ))   

 
  

(   ) 

After integrating both sides of (2.3), we have 

   (
      

 (   ) ( )

 
) 

 (   )∫
 ( ( ))   

 

 

 

                            (   ) 

Therefore, from (2.4), we obtain the required 

result. 

Next, we establish the inclusion relationship 

for the class  (               ). 

Theorem 2.2. Let   {(   ) ( )      
   

(   )    
}   . Then 

 (                 )   (               )  

Proof. Let    (                 ) and 

put 

 ( )  
 

   
 (

 .      
 (   ) ( )/

 

      
 (   ) ( )

  )  

(   ) 

Then   is holomorphic in   with  ( )   .  

Making use of the identity (1.3), we find from 

(2.5) that 

   

(   )    
 
      

   (   ) ( )

      
 (   ) ( )

 

 (   ) ( )      
   

(   )    
 (   ) 

Differentiating both sides of (2.6) with respect to 

  and multiplying by  , we have 

 ( )  
   ( )

(   ) ( )      
   

(   )    

 
 

   
 (

 .      
   (   ) ( )/

 

 
     
   (   ) ( )

  )   ( )  

(   ) 

Since   {(   ) ( )      
   

(   )    
}   , 

then applying Lemma 1.1 to the subordination 
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(2.7), yields  ( )   ( ), which implies to 

   (               ). 

Theorem 2.3 

 Let    ,           and      . If 

 
 

 
      (

 (      
   (   ) ( )*

 

      
   (   ) ( )

  )  
 

 
    

for some    .                
    

    
/  (   

     ), then 

 
 

 
      

(

 
 (      

 (   ) ( )*
 

      
 (   ) ( )

  

)

  
 

 
    

where    and    (         ) are the 

solutions of  the equations: 

  

 

{
 
 

 
 

   
 

 
     (

(  | |)(     )    
 
  

 (  | |) (
(   )(   )

        
   

(   )    
*  (  | |)(     )    

 
  

)          

                                                                                                                                                                                                   

 

(2.8) 

and 

  

 

{
 
 

 
 

   
 

 
     (

(  | |)(     )    
 
  

 (  | |) (
(   )(   )

        
   

(   )    
*  (  | |)(     )    

 
  

)         

                                                                                                                                                                                                 

 

(2.9) 

with 

      
 

 
(
     

     

* 

and 

  
 

 
   

      (
(   )(   )

(    
   

(   )    
* (    )  (   )(    )

)  (    ) 

Proof. Define the function   by 

 ( )  
 

   
 (

 (      
 (   ) ( )*

 

      
 (   ) ( )

  )     (    ) 

where    .                
    

    
/  

(        ) and      . 

Then   is holomorphic in   with  ( )   . 

Thus in view of (1.3) and (2.11), we observe that 

((   ) ( )   )       
 (   ) ( )

 
   

(   )    
       

   (   ) ( )

 (  
   

(   )    
*       

 (   ) ( )        (    ) 

So, it is required to differential with respect to   

the relation (2.12), and then multiplying by  , we 

obtain 

((   ) ( )   ) (      
 (   ) ( )*

 

 

 (   )   ( )      
 (   ) ( ) 

 
   

(   )    
  (      

   (   ) ( )*
 

 (  
   

(   )    
*  (      

 (   ) ( )*
 

 (    ) 

Suppose that 

 ( )  
 

   
 (

 .      
 (   ) ( )/

 

      
 (   ) ( )

  )  

Using (1.3) again, we have 

   

(   )    

      
   (   ) ( )

 
     
 (   ) ( )

 

 (   ) ( )      
   

(   )    
        (    ) 

From (2.13) and (2.14), we easily get 

 ( )  
   ( )

(   ) ( )      
   

(   )    

 
 

   
 (

 .      
   (   ) ( )/

 

      
   (   ) ( )

  )   (    ) 
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Notice that from Theorem 2.2,    

 .                
    

    
/ implies   

 .                
    

    
/. Thus, 

 ( )  
    

    
   (        )  

By applying the result of Silverman and Silvia 

[8], we have 

| ( )  
    

    |  
   

       (           ) (    ) 

and 

  * ( )+  
   

 
   (           )    (    ) 

It follows from (2.16) and (2.17) that 

|(   ) ( )      
   

(   )    

 
(    

   
(   )    

* (    )  (   )(    )

    
|

 
(   )(   )

    
     (           ) 

and 

  {(   ) ( )      
   

(   )    
} 

 
(   )(   )

 
     

   

(   )    
   

   (           )  

Putting 

(   ) ( )      
   

(   )    
    

 
 
   

where 

 
(   )(   )

.    
   

(   )    
/(    ) (   )(    )

   

(   )(   )

.    
   

(   )    
/(    ) (   )(    )

 (    ) 

and        (    ), 

then 

(   )(   )

   
     

   

(   )    
   

 
(   )(   )

   
     

   

(   )    
  

  (    ) 

and 

(   )(   )

   
     

   

(   )    
      

(    )  

An application of Lemma 1.2 with  ( )  
 

(   ) ( )     
   

(   )    

 , yields  ( )   ( ). 

If there exist two points         such that 

 
 

 
      ( (  ))     ( ( ))

    ( (  ))  
 

 
     

then by Lemma 1.3, we get 

   
 (  )

 (  )
  

  

 
(     ) 

and 

   
 (  )

 (  )
 

  

 
(     )   

where 

  
  | |

  | |
                  

 

 
(
     

     

*  

Now, for the case     , we obtain 

   (
 

   
 (

  .      
   (   ) (  )/

 

      
   (   ) (  )

  )) 

    ( (  )

 
   

 (  )

(   ) (  )      
   

(   )    

) 

50 



 
 
 
 

46 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.11   No.2   Year  2019 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

Abbas .K/SR.S 

    ( (  )) 

    ( 

 
   

 (  )

[(   ) (  )      
   

(   )    
]  (  )

) 

  
 

 
      (  

  

  
(     ) 

  
 
 
 * 

  
 

 
      (  

 

  
(     )    

 

 
(   )

 
  

  
(     )    

 

 
(   )* 

  
 

 
  

      (
 (     )    

 
 

(   )

    (     )    
 
 

(   )
) 

  
 

 
   

      (
(  | |)(     )    

 
 

 

 (  | |) (
(   )(   )

   
     

   
(   )    

*  (  | |)(     )    
 
 

 
) 

  
 

 
    

where    and   are given by (2.8) and (2.10), 

respectively. 

Also, 

   (
 

   
 (

  .      
   (   ) (  )/

 

      
   (   ) (  )

  )) 

 
 

 
   

      (
(  | |)(     )    

 
 

 

 (  | |) (
(   )(   )

   
     

   
(   )    

*  (  | |)(     )    
 
 

 
) 

 
 

 
    

where    and   are given by (2.9) and (2.10), 

respectively. 

Similarly, for the case     , we have 

   (
 

   
 (

  .      
   (   ) (  )/

 

 
     
   (   ) (  )

  )) 

  
 

 
   

and 

   (
 

   
 (

  .      
   (   ) (  )/

 

      
   (   ) (  )

  )) 

 
 

 
    

The above two cases disagree the assumptions. 

Therefore, the proof is complete. 
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 :الوستخلص

  انتفاضهي في قزص انىحدة انمفتىح ؤثزبىاسطة انمعزفة انمانتحهيهية  من اندوالصنف مؤكد درس نوقدو في انعمم انحاني ، ن

 .انسعة خمينوت الاحتىاهعلاقة ، تكامم مثم تمثيم انصنف ان اهمة نهذمبعض انخصائص انهندسية انذنك نقدو ك.  
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