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Abstract:

In this paper, we study the simultaneous approximation by Szasz-Kantorovich type
operators. We prove that these operators are converged to the function being approximated.
Also, we discuss a Voronovaskaja-type asymptotic formula in simultaneous approximation
for these operators.

Keywords: Simultaneous approximation, Szasz-Kantorovich type operators, VVoronovaskaja-
type asymptotic formula.

1. Introduction
For a function f € C,[0,) :={g € C[0,):|g(t)] <M(1+t)Y for some M >
0,y >0}, andn € N = {1,2, ... }. The classical Szasz operators are known as [1]:

k
Sa(f30) = D 4 £,
k=0

k
where g, (x) = e‘”x%, x € [0, ).

In [2], Sun studied the simultaneous approximation of functions and their derivatives
by the classical Szasz operators.

Gupta and et al. defined a new sequence of Szasz Beta operators as follows [3]:

Ba(fix) = ank(x) f bu(DF (O,

where b, ,(t) = k("(Hki)Itk(l +t)” ("+k+1) In addltlon they studied a Voronovaskaja type

asymptotic formula for these operators in simultaneous approximation.

In [4], Dumanand et al. studied the Szasz-Kantorovich operators preserving linear
functions, which are defined as:
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k+1
$.(fi2) =1 Y aniC) | F0de, an
k=0 k

n
In 2016 [6], Atakut and Biiyiikyazict introduced a generalization of the Kantorovich
Szasz type operators defined by means of the Brenke type polynomials and obtained
convergence properties of these operators by using Korovkin’s theorem.
This paper is a continuation of the reference [4]. In [4], the authors studied ordinary
approximation and they did not state a \Voronovaskaja-formula for the operators (1.1).

In this paper, we study the Szasz-Kantorovich operators in simultaneous
approximation. We did not find any study of these types (Kantorovich operators) in
simultaneous approximation and this is because of the difficulty of derive a recurrence
relation of m-th order moment. We solve this problem by using a general formula of the term
Sp(t™; x).

Lemma 1.1[4]
For the operators S,,(f; x) and m € N°: = {0,1,2, ...}, we have:
@ Sp(L;x) =1,
(b) Sult;x) =x+—
200y = 42 42X L
(€) S$n(t%x) = x* + = N
- 1
d) S, (t"™;x) =x™+ ;n—nxm Y4 T.L.P.(x)+ D)

where T. L. P.(x) means Terms in Lower Powers of x.

Our next lemma shows that the nature terms which are used in the description of the
m-th order moment for the operators S,,(f: x).

The m-th order moment for the operators S, (f: x) is defined by: [4]
k+1

co n
() = Ma((E =)0 =1 Y @ue@) [ F(©)d
k=0 k
n
Theorem 1.1
For the function T, ,,,(x) , we have:
= m . mz 1
Tam(x) = z ( ) (=)™ 4™ + Z—xm_ + TLP(x) +
l n
i=0
wherem =0,1,2,3, ...

1
nm(m + 1)}’

Proof: By direct computation, we have

k+1
Tom () = n X0 Gui () fi* (E =)™ dt
25} | .
=1 Xkeo Gnae () fi* TRo(T)t (=)™ dt
" k41
= 2T (=™ {n Y=o dnic(x) Ji ™ thdt }
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= 3o (M) (—x)™ {xm + ;"—:xm—l +T.L.P.(x) + —— }

nm(m+1)

2. Main Results
Our first result is a Voronovaskaja-type asymptotic formula for the operators
Sp(f(t); x) in ordinary approximation.

Theorem 2.1
Let f € C,[0,) for somey > 0. If f" exists at a point x € (0, =), then

_ 1 1
lim n(Su(F(0 ) = F()) = 5 F/ () + 52" ()

Proof: By Taylor's expansion of f(t), we have
F©) = £ + F00 -0 + L2

2

where (t,x) -0 ast— x. Hence

Su(F(£);2) = FIS (L) + £/ ()S,((¢ — 1) %) + L25,((t — 0% 0)
+S,(e(t, x)(t — x)%; x).

(t —x)% + &(t, x)(t — x)?,

144 1 1
tim n{S, (£ 050 £} = Iim (' @) 2=+ L (T4 )
+ nS, (e(t, x)(t — x)?;x)}
= 2f' () + 5 xf" (%) + limy 0 E,

where E =nS,,(e(t, x)(t — x)?; x).

k+1
El = In* Xioo @ni () " £(t,x)(t —x)* de |
"kt

< 12 X0 qna () fi " 1e(t,)|(E = x)? dt

< 1 B0 Gnic () [y 516 01(E = X)7 dt

k+1

< n2e Xio Qi) fi " (¢ —x)? dt

= en{£+$} =ex = o(1).

n
Now, since € > 0 is arbitrary, it follows that E — 0 asn — oo.

The modulus of continuity of a continuous function w: [a, b] = R for
6 > 0 is defined as [5]:
(8, f) = max;y_y<slf (x) — fFO)I.

Next, we give an error of approximation by the terms of modulus of continuity in
ordinary approximation.

Theorem 2.2
Let f € C,[0,00) for some y > 0 and 0 < g < 2. If f(@) exists and is continuous on
(a—n,b+n) c(0,0),n > 0,then for sufficiently large n, we have:
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152(F (©: ) = FOOllegapy < Cin lef(‘)ll TG (7 (=, b )

+0(n‘2)
where C;, C, are constants independent on f and n.
Proof: By our hypothesis

q .
@ (x) _ @) — FD(x)
f© = 2 -0+ 0 o + e (- x),
e !
where ¢ lies lbetween t, X, and y(t) is the characteristic function of the interval (a —n,b +

n).
Fort € (a—n,b+n)andx € [a, b], we get

G @(£) — F@
fo =y P a0+ S .

Fort € [0,0)/(a—n,b+n)andx € [a,b], We define

®
h(t, %) = f(£) - Zf @ ¢ -
Now,
a .
fo (x) :
Sn(f();x) — fx) = Sp((t = x)5x) = fF(x)
(q) (@
+S (f (5) p U )( — ) x(t); %)
+85,(h(t,x)(1 = x(£)); x)
=X+ 2+ X,

By using Lemma 1.1, we get

zl—zfm()i() X)) (e ) - F()

@ m? 1
Zf (X) ( )( X)J m{x +2_Xm 1_|_TLP (x)+m}

Based on the above we get
Z1llciap) < €0 Eiollf Pl g ) + O 2), uniformly on [a,b], where

”f”c[a,b] = Supasxsblf(x)l

To estimate X, we proceed as follows:

(@) _ fl@
i< [s, 2 q!f D e —2yix@iv)

W) (5: (a—n,b+n)) |t — x|

- Sa({1 + =t = x|%0)
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k+1

- Y@ (6;(@a=n,b+m)

[ee) n
, (1) langGl [ (e =17 + 87 = 219+
T k=0 k

n

Now, s=0, 1, 2, ..., we have

k+1
oo n
n Y ) | 16 xlode
k=0 k
n
k1 k1

<1 au([ ey ([ -0 dey:
=0 k k

n n
k+1

< (a0 @Y que@) [ -0 doy2
k=0 k=0 k

1 1
< (D2 (T2 () )2
< 0(n=) uniformly on [a,b].

Choosing 6§ = nz , then
-1
W@ <n7 ; (@—n,b+ 77))

q!

—q 1 —(g+1)
1221lcra,p) < [0 (n ) ) +nz 0 (n 2 )]

SNz <n7; (a—mnb+ n))-

Since t € [0,0)/(a—n,b + 1), we can choose § > 0 in such a way that |t — x| = § for all
x € [a,b].

k+1

oo n
%5 llctast < 1) aniC0) [ ThCe01de
k=0 k

n
For|t — x| = &, we can find C > 0 such that |h(t,x)| < Ce®t.
k+1

I n
BISCnY qu [ e
k=0 k

n
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k+1
<anan<x)<f de y2 ([ et dtyz

=
Slw\:|+
(=Y

k+1

<C () queCNY?(n ) qui(x) | €2 de)?

n

<CcMY?20mn™)

< 0(n™®) forany s > 0, uniformly on [a,b].
Combining the estimates of Z,, X, 25, the required is immediate.

Our next theorem is a Voronovaskaja-type asymptotic formula for the operators
S, (f;x) in simultaneous approximation. This is a generalization of Theorem 2.1, by put
r=0.

Theorem 2.3
Let f € C,[0, ) for some y > 0. If £+ (x) exists and it's continuous, where
reN={0,1,2,..} then

limpe.n 07 (f (0 2) = fO(@)) =

r+1

f(r+1) (X') +2z f(r+2) (X)

Proof: By Taylor's expansion, we have
r+2

0w
@) = (=20 +e(tx) (=)™,
2
where e(t,x) > 0ast — x.
Then,
r+2 )
SO0 =y 250060 + 5Pt e -0 0
= =F 4+ E1

= Zf@()s(”((t )—Xfm(x) 2()( XIS ()

(r ) 1)
:f (x) S(r)(tr, )+ (+1§9'V) {( + 1)( x)S(T')(tr x) +S(7')(tr+1 x)}

(r+2)
4@ {“*2)(””( 0?5720 + (r + 2)(—0STV (W 2) + 57t 0

(r+2)!
® -+ () 4D () (r+2)(r+1)
= S0 0) {7 + T O D) + g (207
(T) r+1, f(T+1)(x) f(r+2)(x)
#5000 {2+ L2 r + ()
() cpr+2. ) (TP
S0 (T

Since,
2

r
S,(t";x) =x"+—x""1+T.L.P. —_—
2T x) =x" + o + (x) +nr(r+ )

S (¢ x) = 1! + zero
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2
SO+t x) = x(r + D! + G -Zi_nl) 7!
2

2 (r -; 2)! N (r ;21-;12)
(SO - fOW) = LB -1

nfrt @) — )7l I T+n?
ey {(r + D)+ T+ Dx+ — r.}

nfr+2D(x) ((r + 2)(r + 1) (=x)?
* (r+2)! {

S (742, %) = (r+1)!x

4 (r +2)! (—x2) + (r+2)(—x)(r + 1)?7!
2 2n
2
2Tt 42 - 1)!x}.
2 2n

From the above, we get the required result.
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