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 :خلاصةال
تعريف جديد لنموذج غير خطي لسمسمة زمنية بدالة القاطع الزائدية في الزمن  ندرس 

الذي  غير خطي الثانيالجزء الأول خطي والجزء  جزأين منالنموذج المقترح  يتكون تقطعالم
 تقنية الخطيةاليحتوي عمى دالة القاطع الزائدية. قربنا هذا النموذج ليكون نموذج خطي باستخدام 

التي تحقق المعادلة الفروقية غير  لمنموذج المحمية. وأوجدنا النقطة المنفردة الوحيدة غير الصفرية
لمنموذج  إذا وجدت لوحيدة غير الصفرية ودورة الغايةاستقرارية النقطة المنفردة ا وكذلكالخطية 
 .المقترح

ABSTRACT 
We study a new definition of a non-linear model of time series with 

hyperbolic secant function in a discrete time. The suggested model 

consist of two parts the first part is (linear) and the second part is (non-

linear) which contains the hyperbolic secant function. We approximate 

this model to be linear by using the local linearization technique. We find 

the non-zero unique singular point that satisfies the non-linear variation 

equation, also stability of the non-zero unique singular point and the limit 

cycle if it exists of the suggested model. 
 

Key words. Time series; Local linearization; Singular point; Limit cycle.  

 

1.Introduction 

We study the non-linear models of time series with hyperbolic 

secant function. If the roots of the distinctive equation are located in 

(inside) the unity circle, then the linear (time series) models are stable. 

Furthermore there are numerous distinct ways to learn the stability for 

non-linear models. We used the local linearization technique to obtain the 

approximate linear model near the non-zero unique singular point for 
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non-linear model that is suggested in this paper. We find the non-zero 

unique singular point for the non-linear time series model with hyperbolic 

secant function, stability for the non-zero unique singular point and the 

limit cycle if it occurs. Also we find the necessary and enough conditions 

for the presence, the stability of a non-zero unique singular point and the 

condition for the stability of the limit cycle if it occurs of  the public case 

of the suggested  model. 

Finally, we have given some examples (examples(1),(2),) to 

explain the local linearization technique with a graph of  the orbits to 

show the stable unique singular point and unstable singular point of the 

suggested  model of order one, and example(3) to explain unstable unique 

singular point of the suggested model of order two with it's graph of the 

orbits. 

2. Fundamental conceptions for time series  

Definition 2.1: The public linear (autoregressive) model of p order is 

denoted by AR(p) that satisfies the next variation equation:    

,...2,1,0;...11   tzxaxax tptptt , Where paaa ,...,, 21  are the 

real constants, and }{ tz  is white noise. The stability state of above linear 

model that is if the roots of  the distinctive equation  

0...2

2

1

1  

p

ppp aaa    are lies in(inside) the unity circle i > 1  

; pi ,...,2,1  [1]. 

Definition 2.2: Let we have the variation equation for the non-linear 

model that  pttt xxfx  ,...,1 , then the non-zero unique singular point   is 

defined as a point, such that for each of trajectory of the non-linear model 

 pttt xxfx  ,...,1  beginning to be enough reach it oncoming either if for 

t  or for t . If it (approached) converge it for t  then this 

point   invite as a stable unique singular point and if it 

(approached)converge for t  then this point   invite as unstable 

unique singular point. Then to get the unique singular point   we lay that 

  ,...,f  in the non-linear model  pttt xxfx  ,...,1  [2]. 

Definition 2.3: The variation equation for a non-linear model 

 pttt xxfx  ,...,1 , then a limit cycle of this model is isolated and closed  

path qtt xx  ,...,1  , where q is a positive integer. 

Closed means if the elementary values  
pxx ,.....,1 belong to limit 

cycle then    
pqkpqk xxxx ,...,,..., 11   for any integer k. Isolated mean 

every path beginning enough near the limit cycle converges either for 

t or for t . When the limit cycle converges it for t we call it 

a stable limit cycle and if the limit cycle converges it for t  we call it 

unstable limit cycle [3]. 
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Definition 2.4: The exponential model of p order with appositive 

parameter   , expAR(P) is defined by the next variation equation     

    tpt

x

ppt

x

t zxebaxebax tt  





 
2

1
2

1 ...111

  

while }{ tz  is white noise and pp bbaa ,...,;,..., 11 are a parameters of model 

and   is a positive parameter [4]. 

The necessary conditions for the presence of the limit cycle of the above 

model are 

1- If all roots for the equation     0... 1

1

1  



pp

pp aaa  are 

located  inside the unity circle i > 1 . 

2- Some of the roots of the equation 

      0... 11

1

11  



pppp

pp bababa   lie outside the unity 

circle 
i > 1  . 

3- The sufficient condition for the limit cycle is 
1<

)b(

)a-(1

<0

1

i

p

1i

i









p

i

 [5]. 

Definition 2.5: The next non-linear variation (difference) equation 

    tpt

x

ppt

x

t zxebaxebax tt  





 
2

1
2

1 ...111 , while tz  is  white noise 

and pp bbaa ,...,;,..., 11  are the real constants(parameter), then this model 

is invite as  exponential autoregressive model of  p order which is 

denoted by expAR(p) [5]. 

 

Theorem 1: [2] 

If p=1 in (definition 2.5), then we get that   tt

x

t zxebax t  

 

111

2
1   

The limit cycle of cyclic q qtttt xxxx  ,...,,, 21  of above model is orbital 

stable if 1


t

qt




.  

 

Theorem 2: [2]  

For the variation (difference)equation of (definition 2.5) which is 

not linear that satisfies:      tpt

x

ppt

x

t zxebaxebax tt  





 
2

1
2

1 ...111  

Then qtttt xxxx  ,...,,, 21  is called as the limit cycle of cyclic q  of  this 

model which is an orbital stable if all the eigenvalues i of the 

matrix 1221 ........ AAAAAA qqq   

have absolute values lesser than one, such as  
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A  

The suggested  non–linear model: 

We will give the definition of a non-linear time series model with  

hyperbolic secant function of order p such as: 

tit

p

i

tiit zxxhbax  




1

1)](sec[                        (1) 

Where }{ tz  is a white noise(normal distribution) and pp bbaa ,...,;,..., 11 are 

the parameters (real constants) of the suggested  model. 

Note that:  

              In the non-linear suggested  model of an equation (1) we have 

the next cases:  

1) if  1tx  then 0)(sec 1 txh , and the model is linear of order  p,  

that means the model tit

p

i

it zxax  




1

][   is linear. 

2) Also, if 01 tx , then 1)(sec 1 txh , and the model is linear of order  

p, such as: tit

p

i

iit zxbax  




1

][  is linear. 

3. The stability for the suggested  model  
In this paragraph, we used  the local linearization technique in 

order to find the stability for non-linear suggested  time series models 

with hyperbolic secant function of order p=1,2, and we generalized  this  

technique to the  public model. 

The local linearization technique includes three basic steps to find 

the stability for suggested  model namely: 

1- The non-zero unique singular point for non-linear model of  

time series. 

2- The stability condition for unique singular point. 

3- The stability condition for the limit cycle of the suggest model 

if it exists. 

3.1 Let the non-linear suggested model defined by the next difference 

equation 
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tit

p

i

tiit zxxhbax  




1

1)](sec[                                                              (1) 

3.1.1 The unique singular point: 

Let  p=1 in variation equation(1), then we have that: 

tttt zxxhbax   1111 )](sec[                                                                (2) 

Since, the non-zero unique singular point satisfies that   f  and 

supposes that the white noise is neglected ( 0tz ).  

Then,   )](sec[ 11 hba  , if )0(  , )0( 1 b  and )1( 1 a . 

Then, the non-zero unique singular point 

 
)

1
(sec

1

11

b

a
h


    , where 1)

1
(0

1

1 



b

a
                                                  (3)  

The needful and enough condition for presence of the singular point of 

the suggested  model of one order is that:  1)
1

(0
1

1 



b

a
 . 

3.1.2 The condition of the stable unique singular point: 

We shall find the stability condition for the non-zero unique 

singular point as next: 

Put ssx   for s=t,t-1 , in the variation equation (2), and let the white 

noise is zero 0tz , then we have: 

))]((sec[ 1111   ttt hba   

Or,  1)()(11 )]
2

([
11








tt

tt ee
ba 


                                            (4) 

Then,
1

111 )]
)(

)()(2)(
[( 






 tt

ee

eeeeabeea









                     (5)  

 

Therefore 

11  tt h where )]
)(

)()(2)(
[( 111

1 

 









ee

eeeeabeea
h            (6)   

The equation (6) is a first order linear model which is stable if the root of 

the above distinctive equation lies in(inside) the unit circle . 

That means if 11 h  ˂ 1. 

3.1.3 The condition for the stable limit cycle if it exists: 

Let the limit cycle of period q of the suggested model in the 

variation equation (2) has the form tqtttt xxxxx  ,...,,, 21   .The 

points sx near the limit cycle is represented by 
sss xx  , then replace tx  

and 1tx  by ttx   and 11   ttx   , and suppose that the white noise is zero 

0tz . Respectively, then we get: 

 11)()(11 )]
2

([
1111








ttxxtt x

ee
bax

tttt




                                           (7)  
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Therefore   

1

1111 )]
)(

)()(2)(
[(

11

111111
















 txx

t

xxxx

t

xx

t
tt

tttttt

ee

xeeeexabeea
               (8)   

Equation (8) is a first order variation equation with a periodic coefficient, 

which is not easy to solve analytically. Now, we need to learn that  

whether t  of  equation (8) converges  to zero or not, and this can be test  

by using (Theorem 1), which means 
t

qt



 

is less than one or not [2].  

Let,  t=t+q  in equation (8) we get the following: 

1

1111
)]

)(

)()(2)(
[(

11

111111



















 qtxx

qt

xxxx

qt

xx

qt
qtqt

qtqtqtqtqtqt

ee

xeeeexabeea
     (9)  

Hence  
























q

i

txx

iqt

xxxx

iqt

xx

qt
iqtiqt

iqtiqtiqtiqtiqtiqt

ee

xeeeexabeea

1

)1(111
]

)(

)()(2)(
[    (10)  

Then, by (Theorem1) equation (10) is orbitally stable if 1


t

qt




. 

Therefore 

1]
)(

)()(2)(
[

1

)1(111





 


















q

i
xx

iqt

xxxx

iqt

xx

iqtiqt

iqtiqtiqtiqtiqtiqt

t

qt

ee

xeeeexabeea


  (11) 

Hence, equation (11) can be written equivalently as: 

1]
)(

)()(2)(
[

1

1111

11

111111





 


















q

i
xx

it

xxxx

it

xx

itit

itititititit

t

qt

ee

xeeeexabeea



 (12) 

 

3.2 Substitute p=2 in equation(1), we get: 

tttttt zxxhbaxxhbax   21221111 )](sec[)](sec[                          (13)  

3.2.1 The unique singular point: 

By using the definition of the singular point   f  and the white 

noise be neglected that means 0tz .  

Then  )](sec[)](sec[ 2211 hbahba   

The singular point for the variation equation (13) : 

)(sec 2

1

2

1

)(

)1(
1













i

i

i

i

b

a

h ,where 1)(0 2

1

2

1

)(

)1(













i

i

i

i

b

a

                          (14) 

The necessary and sufficient condition for the presence of a non-zero 

unique singular point for the suggested  model of two order is that: 

 1)

1

(0
2

1

2

1 













i

i

i

i

b

a
 . 
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3.2.2 The condition of the stable unique singular point: 

We shall find the stability condition for the singular points of the 

variation equation (13) as follows: 

Put ssx   for all s=t,t-1,t-2 , and let 0tz , then we have: 

   2)()(221)()(11 )]
2

([)]
2

([
1111











ttt

tttt ee
ba

ee
ba 


  (15)  

Then 

2

22

1

2111 ]
)(

2)(
[]

)(

)()()(2)(
[ 















 ttt

ee

beea

ee

eeaeeeeabeea













Or  

  2211   ttt hh                                                                               (16) 

Where 

)(

2)(

],
)(

)()()(2)(

22
2

2111
1







 



















ee

beea
h

ee

eeaeeeeabeea
h

 

Then equation (16) is a linear model of order two which has distinctive 

equation of the form 

021

2  hvhv    

Then 212211 ),(   hh    

Where 21,  are the roots of the distinctive equation of the model. 

The stability condition is that i ˂1; for all i=1,2 . 

   

3.2.3 The condition for the stable limit cycle if it exists: 

Let the limit cycle of period q of the suggested  model in the 

variation equation (13) have the form tqtttt xxxxx  ,...,,, 21 .The 

points sx near the limit cycle are represented by 2,1,;  tttsxx sss  , 

and let 0tz , then we have 

 

   22)()(2211)()(11 )]
2

([)]
2

([
11111111











ttxxttxxtt x

ee
bax

ee
bax

tttttttt




    (17) 

 

Then 

2

22

1

221111

]
)(

2)(
[

]
)(

)()()(2)(
[

11

11

11

11111111



































txx

xx

txx

xx

tt

xxxx

t

xx

t

tt

tt

tt

tttttttt

ee

beea

ee

eexaxeeeexabeea





  (18) 

Then equation (18) is a 2nd –order variation equation with a periodic 

coefficient, which is not easy(difficult) to find it's analytical solution. 
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Then we need to know that whether t  of an equation(18) converges to 

zero or not, and this can be test by using (Theorem 1), that means 
t

qt



   is 

less than one or not [2].  

Suppose that t=t+q  in the variation equation (18). 

 (19)]
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2)(
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q

i
xx

xx

iqtiqt

xxxx

iqt

xx

qt

iqtqt

iqtiqt

iqtiqt

iqtiqtiqtiqtiqtiqtiqtiqt

ee

beea

ee

eexaxeeeexabeea

















































 Equation (20) is orbitally stable if this condition hold 1
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3.3 The stability condition of the public case of the suggested  model: 

For the public case for the suggested model. 

Let   tit

p

i

tiit zxxhbax  




1

1)](sec[ . 

We can find singular point by using the processes which are similar to the 

equation (3), then we get that: 

)(sec

1

1

)(

)1(
1













p

i

i

p

i

i

b

a

h  , where the necessary and sufficient condition for the 

presence for the singular point for the suggested  model of (p) order  is:  

1)

1

(0

1

1 













p

i

i

p

i

i

b

a
                                                                                                 

 The stability for the singular point is 
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The stability condition for the singular point of the suggested  model of 

(p) order is satisfied  if all the absolute value of the  roots
i  of the 

distinctive equation 0...3

3

2

2

1

1  

p

pppp hvhvhvhv  must be lie 

in(inside) the unity circle. 

 

Theorem 3: The model for the variation equation (1), then the limit cycle 

of period  q , Xt+1 ,Xt+2,..., Xt+q  is an orbitally stable when all the 

eigenvalues of the matrix   A = Aq . Aq-1 ….. A1 have absolute value less 

than one, where 
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4. Examples 

             In this paragraph  three examples are given to explain how to find 

the unique singular point for the (non-linear) model of time series, the 

conditions for stability of  unique singular point and graph of  the orbits 

of a non-linear models with hyperbolic secant function of one order and 

two order. 

Example(1):  

Assume that we have the model tttt zxxhx   11)](sec53[  , then 31 a  

, 51 b  , Which satisfies the condition that: 1)
5

4
()

1
(0

1

1 



b

a  . 
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Therefore, 0.6931)8.0(sec)
5

31
(sec 11 


  hh is a (non-zero) 

unique singular point for the model of example(1). 

By means of variation equation (6) to get that 1-0.6636  tt   . 

Then, the unique singular point of the example is stable because of the 

root -0.6636  of  the a above variation equation  is located inside the 

unit circle, and the next figures offer the stability of the model of the 

example(1) for various initial values. 

0 5 10 15 20 25 30
0.5

0.55

0.6

0.65

0.7

0.75
Orbit of x0=0.5 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))

t

x
[t

]

 
Figure(1) 
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0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
Orbit of x0=0.0001 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))

t

x
[t

]

 
Figure(2) 

 

0 5 10 15 20 25 30
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8
Orbit of x0=-1.1 for x(t)=((-3)+5*sech(x(t-1)))*(x(t-1))

t

x
[t

]

 
Figure (3) 
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Example(2):  

If 11 a  , 201 b then the model in variation equation (2) is  

tttt zxxhx   11)](sec201[ ,  which satisfies the condition that:  

1)
20

2
()

1
(0

1

1 



b

a
 . 

Therefore, 2.9932)1.0(sec)
20

11
(sec 11 


  hh  is the (non-zero) unique 

singular point. By applying the variation equation (6), we obtain an 

equation 1-4.9564  tt   .Then, the singular point of  an example(2) is 

not stable because the root of the distinctive equation is located outside 

the unit circle, and the next figures offer that the model of example(2) is 

unstable for various initial values. 

0 5 10 15 20 25 30
-15

-10

-5

0

5

10

15
Orbit of x0=11 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

t

x[
t]

 
Figure(4) 

 

0 5 10 15 20 25 30
-15

-10

-5

0

5

10

15
Orbit of x0=0.0001 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

t

x[
t]

 
Figure(5) 
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0 5 10 15 20 25 30
-15

-10

-5

0

5

10

15
Orbit of x0=-1.1 for x(t)=((-1)+20*sech(x(t-1)))*(x(t-1))

t

x[
t]

 
Figure (6) 

Example(3): 

If  21 a , 32 a , 41 b , 32 b in variation equation(14), then we 

have the (non-linear) model such that: 

tttttt zxxhxxhx   2111 )](sec33[)](sec42[  , which satisfies the 

condition that:  

1)
7

6
()

1

(0
2

1

2

1 













i

i

i

i

b

a

 

Therefore,
 

0.5696)
7

6
(sec)

7

51
(sec 11 


  hh  is the (non-zero) unique 

singular point .     

Then, applying variation equation (17), we get that  

21 4286.04286.1   ttt   . 

The distinctive equation of the linear model is 04286.04286.12  vv . 

Then, 4286.0,1 21    are the two roots for the distinctive equation 

of the linear model.  

Since the stability conditional of singular point is not satisfied, then the 

singular point for example (3) is not stable, and the next figures offer that 

the model of example (3) is not stable(unstable) for various initial values. 
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0 5 10 15 20 25 30
-3

-2

-1

0

1

2

3

4
x 10

7Orbit of x0=3,x1=4,for x(t)=-2+4*sech(x(t-1))*x(t-1)+(-3)+3*sech(x(t-1))*x(t-2)

t

x
[t

]

 
Figure(7) 

 

0 5 10 15 20 25 30
-4

-3

-2

-1

0

1

2

3
x 10

7Orbit of x0=-3,x1=-4,for x(t)=-2+4*sech(x(t-1))*x(t-1)+(-3)+3*sech(x(t-1))*x(t-2)

t

x
[t

]

 
Figure(8) 
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0 5 10 15 20 25 30
-1.5

-1

-0.5

0

0.5

1
x 10
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