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 خلاصةال
بحتفاضمم يتلبحطيةيممتل-حنظممامل ممالبح تمما كالبحت ا  يممتلسممتلترمما حلبح مم يتضمم البحث ممال  ب

بحت  يمممتلح  بسمممتل- مممالنمممتيلامممتحتي بلحباليممم تةل  ت يمممت لتححمممرلثاكات ممما لا ممم لبحة يرمممتلبحت  ي يمممت
ل.لSamolilenkoبح  ت لبح ت يتلح  تا كالبحتفاض يتلبكاتيا يتلبحطيةيتلحمل

 
ABSTRACT 

In this study we investigate the approximation of the solution for 

nonlinear system of integro-differential equations of Volterra type with 

boundary conditions. 

The numerical-analytic method of periodic solutions for ordinary 

differential equations of  Samoilenko has been used of this work. 

 

1. Introduction 
 

The approximate periodic solutions for nonlinear systems of 

integro-differential equations have been used to study in many problems 

 5,4,3,2,1 . 

  Ghada [2], used the method above to investigate the approximate 

periodic solution for nonlinear system of integro-differential equations of 

Volterra type which has the form:-   
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Also these investigations lend us to the improving and extending   

some work of Ghada [2]. 

Consider the following system of nonlinear integro-differential 

equation: 

,)(),,(),()()(
)(

0

 
t

tfdsxstFstKtxtA
dt

tdx
                 … … (1.1) 

with boundary conditions 

dTCxBx  )()0(                                                                       … … (1.2) 

Here 
nRGx  , G  is a closed and bounded domain subset of Euclidean 

spaces nR . 

Let the vectors functions: 

 )(),...,(),()( 21 tftftftf n  

 ),,(),...,,,(),,,(),,( 21 xstFxstFxstFxstF n , 

where the functions  xstF ,,  and )(tf  are continuous, bounded on the 

domain: 

    GTTxst  ,0,0),,( ,                                                              … (1.3) 

where    ijij CCBB  ,  are constants positive matrices  nn . 

 Suppose that the functions ),,( xstF and )(tf  satisfies the following 

inequalities: 

MxstF ),,(       ,         Ntf )(                                          … … (1.4) 

2121 ),,(),,( xxLxstFxstF                                     … … (1.5) 

for all   Tt ,0  ,  Ts ,0   and  Gxxx 21,,  ,  where  M , N  and  L  are 

positive constants. 

 

Let  ),(,)( stKtA   are )( nn  non-negative matrices which 

is defined and continuous  on (1.3), periodic in  t  of period  T, provided 

that:    

HstK ),(   (1.6) … …                                                                              ل

Qe

t

dA



0

)( 

                                                                          … … (1.7) 

where   Tts0   and   Q , H   are a positive constants. 

 

We define the non-empty sets as follows: 
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2

M
T

GG f                                                                    … … (1.8) 

where  NHMTQM 1  , 
 


 Tt ,0
max  and   11
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1   dQCxEACQ
T

t
 . 

 

Furthermore, we suppose that: 
 

1
2
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T
QHLTq                                                                    … … (1.9) 

   By using lemma 3.1[5], we can state and prove the following lemma. 

 
Lemma 1.1 

Let )(tf  and ),,( xstF  be continuous vector functions on the 

interval  T,0  then the following:   
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2. Approximate Solution 

 

The investigation of approximate solution of the problem (1.1) and 

(1.2) will be introduced by the following theorem: 

  

Theorem 1 
If the system (1.1) with boundary conditions (1.2) defined in the 

domain (1.3), continuous in xt,  and satisfy the inequalities (1.4), (1.5) 

and (1.6), then the sequence of functions: 
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                                                                                                    … … (2.1) 

with 

,...2,1,0,),( 0

)(

000 


 mexxtx

t

dA 

 

periodic in t with period T, converges uniformly  when m  on the 

domain: 

  fGTxt  ,0),( 0                                                                        … … (2.2) 

to the limit function ),( 0xtx  which is satisfying the integral equation: 
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its unique solution to (1.1) and satisfies the inequalities: 
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for    Tt ,0   ,  fGx 0  ,  m=0,1,2, … 
Proof: 

Setting m=0 and using lemma1.1 and the sequence of the functions 
(2.1) we get: 
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we get Gxtx ),( 01 ,  for all   Tt ,0  ,  fGx 0  . 

By induction we have:  
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where Gxtxm ),( 0 ,  for all   Tt ,0  , fGx 0 . 

 
We prove now that the sequence (2.1) is uniformly convergent in 

(2.2). From (2.1), when  m=1  we get: 
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By mathematical induction we have: 
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for m=0,1,2,… . 
 
By using  the condition (1.9), we have 
  

0


m

m
Lim                                                                                  … … (2.9) 

So that the rights hand from (2.8) equal zero when m . Suppose 
that o , we get a positive integer n such that mn  , and satisfied the 
next estimation for all m: 

 ),(),( 00 xtxxtx mpm ,      for   NP  . 

Then according to the definition of uniformly convergent, we find 

that the sequence  
00 ),(

mm xtx  is uniformly convergent from the 

function ),( 0xtx and this function be continuous on the same interval.  

 

Putting 
 

),(),( 00 xtxxtxLim m
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                                                              … … (2.10)  

 

Since the sequence of functions ),( 0xtxm  is continuous on the 

domain (2.2) then the limiting function ),( 0xtx  is also continues on the 

same domain. 
Also by using lemma1.1 and the relation (2.10), then the 

inequalities (2.4) and (2.5) are satisfies for all  m. 
 

Finally, we show that ),( 0xtx  is unique solution of the problem  

(1.1) and (1.2). On country we suppose that there is at least one different 

solution ),(ˆ 0xtx  of  the problem (1.1) and (1.2), then: 
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Now we prove that  ),(),(ˆ 00 xtxxtx   for fDx 0 , by proving the 

following inequality: 
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and when  m=2  in  (2.1)  and from  (2.11)  we find: 
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we find that the inequality (2.12) is satisfying when  m=0,1,2. 

 

Suppose that the inequality (2.12) is satisfying when m=p as the 

following inequality:  
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Thus we find that the inequality (2.15) is satisfying when  m=0,1,2,… . 
 

From the conditions (1.9), (2.10) we get: 
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Since this functions are approximately determined from the 

sequence of functions: 
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Theorem 3 

If the function )( 0x  is defined by: 
n
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Substituting (3.9) in (3.7) we get (3.6): 
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Remark 2.1[4]. 
The theorem 3 ensures the stability solution of the system (1.1), 

when there is a slight change in the point 0x  accompanied with a 

noticeable change in the function ),( 0xt .   
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