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polynomial, It is known that mutually orthogonal Latin of order n,where n is the element
1
moduloz". . 5 . . 2
in Zn generate A [ 2] - error correcting code with n~ code words . And we found
no a pair of polynomial defining a pair of orthogonal Latin square modulo Zn
wheren=2" generate a linear code.
Introduction :- any two code words is another codeword . A n X n
. d R L R
A polynomial p(x)= a%+ a1 x + ...+ adx matrix L= L" is a Latin square that generate

with integral coefficient is a permutation polynomial i o )
a linear code modulo n iff L is of the form L " =

lonif lyifaz i 2 4 6
modulon ifand only ifa* isoddand (a2 +a¢ +a*+ (ilB +j @) mod n for some integer & | B satisfying:

; 34 954 g7 ; ;
...)iseven and ( a®+ a%+ a’+ ...) is even . and this 1-0<0‘,ﬂ<n

.. - . — W Z -
condition satisfies where n = 2~ , w 2 and this 2-ged (¢, n) = ged (,3 ny=1

condition This condition characterize every Latin square

depend only on the parity of the coefficient . it that generate a linear code modulo n, and if n is even

is easy to state necessary and sufficient condition for .
or a power of 2 are not very useful in terms of

polynomial to represent a Latin square of ordern=2 " generating linear codes modulo n .

Latin square are dealt with extensively in characterizing permutation polynomial:

Denes and Keed well [ 1974 ] . Two n X n Latin d
Theorem (1) : Let p(x)=a®+al x+...+adx

squares A=a’and B= b" are orthogonal if Latin be a polynomial with integral coefficient and its a

square: . i w
permutation polynomial modulo z" where n = 2

{@1,b1):i,j€10,1,2,...,n-1}}=n" . %
As set of t > 0 Latin squares are pairwise where w > 0, and let m= 2" " = - Then p(x) is

mutually orthogonal if every pair of Latin squares in the permutation polynomial modulo m .

set are orthogonal . A code C is Linear if the addition of proof :Clearly,p(x +m)=p(x)(mod m) for any x.

Assume that p(x) is permutation polynomial modulo

n . if p is not a permutation polynomial modulo m ,such

* Corresponding author at: DEPT. OF INFORMATION /
SYSTEMS -COLLEGE OF COMPUTERS -UNIVESITY OF AL-ANBAR, that p(x) = p( X ) =y ( mod m) for some y.
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This collision means there are four values { x, x + m,

/ /
X , X +m} modulo nthat p maps to a value congruent
to y modulo m . But there can only be two such values

if p is a permutation polynomial , since there are only

two values in Z" congruent to y modulom.

Lemma” :

Letp(x)=a%+a1 x+...+ad x be polynomial with
integral coefficient , and let n= 2m , if p(x) is a

permutation polynomial modulo n, then p( x +m ) =

p(x)+m(modn)forallx € Zn .

proof :

This follows directly from theorem (1) , since the
only two values modulo n that are congruent modulo m
to p(x) are x and p(x) +m .

Example : the following are permutation polynomial

modulo z" where
n=2"w>1:
e X(a+ bx ) where ais odd and b is even .
2 4
exX+X +X .

e lHX+X 4. tx" , Where d=1 ( mod 4)
Theorem (2) : A polynomial
Zaijx‘yj
L]

p( X, y) = represents a latin square

modulo n = 2" where w > 2, iff the four polynomial
p( x,0) , p( x,1) , p(Oy) and ply) , and are all
permutation polynomial modulo n .

Example : second — degree polynomial representing a

Latin square modulo n=2 "
2Xy+x+y=x. 2y+1)+y=y.(2x+ 1) +x.
A method of constructing an — error — correcting code

of distance t+1 with n? code words of length t+2 when

given t mutually orthogonal Latin square :
Given t mutually orthogonal Latin square Lt , L 2,

.., L t, the code is the set of all code words of the
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form (i,j, 11,12, ...1t)wherelt is the | j-th entry of
L1, 1 2 isthe Ij-th entry of L 2 and I¥ is the I,j-entry

of Lk wherel Sk =t.
The following example using two orthogonal Latin

square of order 3 , with our notation the two Latin

square are :
01 2 01 2
1 2 0(,|]2 01
2 01 1 20

The code constructed using these two is
{(0,0,0,0),(0,1,1,1),(0,222),(1,0,1,2)
(11,2,0),(1,201),(2021),(22,1,0)}

A noteworthy feature of this code is that it is also a
linear code when addition and multiplication are
defined modulo n .

If C is a linear code we say that these Latin square
generate a linear code modulo n , where n is the order
of Latin squares

The following theorem provides necessary and
sufficient conditions for two Latin square that generate
linear codes modulo n by themselves to be orthogonal .
two such orthogonal Latin square when taken together
generate another linear code modulo n .

Theorem ( 3):

letA=(al,6 @1 ,ﬂ 1) and

B=(b I, & 2, B 2) . then A and B are orthogonal iff
gcd((ﬂlalil-ﬂz azfl),n):]_

Proof: assume that gcd

((18105 1B an ™Y, n) = 1 now assume that two
corresponding entries of A and B are equal : (g,h) = (

ailit | p itit) = (ai2i2 pizi2)

Then, by (letA=(all , & ,ﬂ ) and let g be some
integer in the range 0= g < n . then g occurs in the i-th

row of A at the position a™9 4«7y __(*), we have
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1

it =g Bt ilﬂlal_l = h a2 .

wBoast=ji (1)
j2 :ga171_|2ﬂ10(11:ha271_
i2B2a. = @)

subtracting (1) from (2) yields
ilﬂ 1 al_l-iZﬂlal_l
ilﬂzaz_l-izﬂzaz_l

= ilﬂlalil_izﬁlalil - ilﬁzaz

-1
+

i2ﬁ26¥2_1:0

= il(ﬂlal_l -ﬂ2a2_1)-i2(ﬂ1a1_1 -
13206271):0

:>(i1-i2)(ﬂ1 0!171_ﬂ20£271):0

We have thati1 =i2 ,since

ged ('Hloflfl—ﬁ2 @27y n) = 1, comparing (1)
and ( 2)

We see thatjit =j2.

Now , assume

ged ((B,a, -B,a, ), n)>1, then for
some integer k,0<k<n

We have that k(B , ¢, -, a, ) =0, from

! and

(*), Ooccurs inthe k-throwin Aat-k 5, a ;-
inBat-kB,a, " ,butk(B,a, -f,a, )=
0=kp,a, =kf,a,”

1

1

> yPrat=kPiar

This means that the pair ( 0, 0 ) occurs twice among

corresponding entries from A and B are not orthogonal
.a

Lemma ‘LetA=(all, a1 ,ﬂ 1 )andB=(b ",
a2, B 2) then

Qifa: =B then A and B are orthogonal only if
a2+ B,

(2)if ¢ 1 =B 1 then A and B are orthogonal iff gcd
(@2.P2ny=1.

(3)if 1 =& 2 then A and B are orthogonal iff gcd
(ﬂz-ﬂ 1'n):1_

Journal of University of Anbar for Pure Science (JUAPS)

119

Open Access

(4)if @1 =B 1% P:thenAandBare orthogonal

iffged (B 2-@1,ny=1.

It is of interest to know how many mutually
orthogonal Latin square of some n exist that together
generate a linear cods modulo n .

The following theorem gives an upper bound for this
number .

Theorem ( 4) : suppose that the prime factorization of

nisn=ptp2.. ph,suchthatpt < p2 < . < ph

and pt p2....p"h are prime . then there are at most p? -
1 mutually orthogonal Latin square of order n that
generate a linear cods modulo n .

proof : suppose that there exist a set of more than p? -
1 mutually orthogonal Latin square of order n that
generate a linear code modulo n .

Fix one of the Latin square in S, say

A:(aij’alyﬁl)

consider the set of difference :

p=f{(Pra:? . Pmam™y.

m..
(17, am Amye(s_ {A})} modp:)
Suppose that there exist two Latin square B= (b 7,

Olz,ﬂz)and(;:(cii,as,ﬂ 3)

In S — {A} such that Briai* Pora,™
Prai™ B sas™ modp)

This implies that A2 2. Faas™ =g

mod pt ) . however by theorem (3)
We have B and C are not orthogonal because gcd

(ﬁ 2. Paas? ,n) # 1 A contradiction .
thus , we have that each Latin square in S — {A}
contribute a distinct elementto D .

This means that there are exactly pt - 1 elementsin S
—{A} and that D={1,2, pt - 1}
There for B, a, " mod p, € D . So for some

Latin square K = (I,, @  ,f ) we have that

ij
,Blalfl_ﬂ kK a k ¢ Eﬂlalfl(modpl).

However , this implies that P ar™= 0 ( mod

pt ), which is a contradiction because by (if n X n
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Latin square L = | ' generate a linear code modulo n

then 100=10)
K is not a Latin square . m
Theorem (5) : suppose that the prime factorization of

nisn=ptp2... ph,suchthat pt < p2 < . < ph
and p1 p2....p" are prime . then there exists such that

pt - 1 mutually orthogonal Latin square of order n
that generate a linear code modulo n .

proof : let & be an integer in the range

0< & <nthatis relatively prime ton .

then the pt - 1 Latin square of the of the form rm L

k

Lk= (11 ., @ | 'B) as k ranges from 1 to pt - 1
mutually orthogonal by

( Lemma  above part3).

so by (theorem 4 ) this is a maximal set of mutually
orthogonal Latin square of order n that generate a linear
code modulon . m

Example : we give an example of a linear code
generate from 4 mutually orthogonal Latin square of
order 5 . we use the method described in the proof of
theorem (5) with

a =4:

0 4 3 2 1] [0 4 3 2 1]
10 4 3 2 2 10 4 3
2 10 4 3| ,/43210],
3210 4 10 4 3 2
4 3 2 1 0f 3210 4
[0 4 3 2 1] [0 4 3 2 1]
4 3210 3210 4
3210 4 10 4 3 2
2 10 4 3 4 3210
10 4 3 2 2 10 4 3

The code C generate by these Latin square is C = (
0,0,0,0,00),(0,1,4,4,4,4),

(0,2,3,3,3,3),(0,3,2,2,2,2),(0,4,1,1,1,1),

(1,0,1,2,3,4),(1,1,0,1,2,3),(1,2,4,0,1,2),

(1,3,3,4,0,1),(1,4,2,3,4,0),(2,0,2,4,1,3), (2,1,1,3,0,2), (2,2,0,2,4,1)
,(2,3,4,1,3,0),

(2,4,3,0,2,4),(3,0,31,4,2),(3,1,2,0,3,1),
(3.2,1,4,2,0),(3,3,0,3,1,4),(3,4,4,2,0,3),
(4,0,43,2,1),(4,1,3,2,1,0),(4,2,2,1,0,4), (4,3,1,0,4,3), (4,4,0,4,3,2) .

This code is linear and one example of this is as

follows :
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(1,2,4,0,1,2)+(3,4,4,2,0,3)+(2,1,1,3,0,2)+

(3,3,0,31,4)=(4,04321) € C.

We can easily develop for computing pairs of
orthogonal Latin square that generate a linear code

modulo n , for any odd n using ( Iemma**) above

L1 =1 defined by 1 = (2°i+j) mod n

And L2= 11 defined by Il =( 2" +j ) mod n This
works whenever 2 < n because

Li=(,1,2" yand L2=(17,1,2"%)

However by( lemma

orthogonal because ,
ged (2k S
odd .
Whenn=2" , the following theorem show that there
are no pair of mutually orthogonal Latin square of even
order .
Theorem (6) : there are no two polynomial P, (x )y) ,

part (3) ) these are

,n)=gcd(2k_1,n)=1,sincenis

P, (x ,y) modulo 2" for w > 1 that form a pair of

orthogonal Latin squares .

proof: (Lemma’) implies that P(x +m, y +m) = P(x)
+ m (mod m) for any permutation polynomial modulo n
=2m.

thus P, (x +m,y +m)=P,(x+m,y ) +m (mod n) =
Pi(x,y)+2m(modn)

=P,(x,y)(modn)

Therefore (P, (X, y), P, (X, y))

=P, (x+m,y+m),P,(x+m,y+m))and the
Pair (P, ,P,) fails at being a pair of orthogonal Latin

squares .

Theorem (7) : If n is an even positive integer , then
there is no pair of n X n mutually orthogonal Latin
squares that generate a linear code modulo n .

Proof : Let A=a ! and B=b " be two n X n
mutually orthogonal Latin squares that generate a linear
code with n= 2k, for some positive integer Kk .

Then by (if n X n Latin square L = | U generate a
linear code modulo nthen 199=0), 2( 0, k, a% , b0k )
=(0,2k,2a0%,2ho )

=(0,0,2a%,2b% )=(0,0,0,0).
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This means that 2 a% =0 and 2 b% = 0. we have

that a% #0 and b% # 0 because 0 already occurs in
the first rows of A and B . thus , we clearly have that

aOk:bOk:k,
However , we also have 2( k,0, ak?, bk )=(0,0, 2
ako 2bk0 yhence akd=pko =k

Therefore (a% , b0 )= (ak0, bko )=(k, k)
And we have that A and B are not orthogonal , a
contradiction .
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