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Abstract: Inthiswork , We introduce the concept of an Ex -Module as a generalization of the concept Q-
Module. Many characterizations and properties of Ex-Modules are obtained .Some classes of modules which
are Ex-Modules are given . We investigate conditions for Ex-Modules to be Q-Modules . Modules which are
related to Ex-Modules are studied . Furthermore , characterizations of Ex-Modules in some classes of modules

are obtain
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I ntroduction

Throughout this paper, R will denoted an
associative ring with identity , and all R-modules are
unitary (left) R-modules . An R-module M is said to
be a Q-Module if every submodule of M is a quasi-
injective[2.]. An R-module, M is called an extending
if every submodule of M is an essential in a direct
summand of M [4] . An R-module M is called
uniform, if every non submodule of M is an
essential in M, where a non-zero submodule N of M

M =+
is essential in M if NNK = (0) for each non
zero submodule K of M, which is equivalent to say

¥ Y .
that every non-zero element m & M there exists a

non-zero element r ER such that
[T n

0= mr € N[6] A submodule N of an R-

modules M is caled a fully invariant, if

FINJEN oS € End  (M)[15].

81: Basic properties of Ex-Module
In this section, we introduce the definition of Ex-
Modules and give examples, some basic properties
and characterizations of this concept.
Definition 1.1
An R-module M is called an Ex-Module, if every
submodule of M isextending.
Example and Remarks 1.2
1.Every uniform R-module is an  Ex-
Module.and an R-module M is uniform if
every non-zero submodule of M is an
essential in M [6] .or every uniform
module is an Ex-Module , but the
converse is not true . Since Zg as Z-
module , but not uniform .
2.. Every smple R-module isan Ex-Module.

3.Z7 asaZ-module isan Ex-Module

4.7, as a Z-Module for n =1 is an Ex-

Module.

5.. Any submodule (direct summand) of an
Ex-Moduleis an Ex-Module.

6.Z asZ-module is an Ex-module

7.The direct sum of two distinct Ex-Modules
need not to be an Ex-Module for example

Z-module Z, and Z ; are an Ex-Module,
but Z, & Z, is not an Ex-Module, since
Z, @ Z, itself is not extending Z-
module.
8. If M isan Ex-Module, then & & M is not
necessary an Ex-Module, For example, if we
take M=2Z, as a Z-module, M is Ex-module,
but M @ M = Z,(® Z,isnot Ex-Module,
since there exists a submodule {0, 2} & Z,
of Z,@Z, which is isomorphic to
Z, @ Z,isnot an extending Z-module.
Before we the give main result of this section
,we introduce the following lemma .
Lemma 1.3
Any fully invariant submodule of an extending
module is an extending.
Proof.
let N be afully invariant submodule of M , and
A is any submodule of N, then A is a submodule of
M. since M is an extending module , then, there
exists a direct summand K of M such that A is
essentia in K. That is M = K & L, whereL isany
submodule of M. Since N is a fully invariant
submodule of M, then
N = (K n .'"'nr) [ (L n .""-r) Thatis K n Nisa
direct summand of N since A is essentia in K and N
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is essential in N jthen A4 = A NNV is essential in
K i N. HenceN isan extending submodule of M.

Recall that an R-module M is duo module, if every
submodule of M isafully invariant [15].
Proposition 1.4
Every duo extending module is an Ex-Module.
Pr oof
It follows directly by lemma 1.3
Proposition 1.5
If M isanextending module in which all its
submodules are annihilator, then M is an Ex-Module.
Pr oof
Let K be a submodule of M. then K is an
annihilator submodule of M. That is
K = anny (I) for some idea | of R. We clam
that K is a fully invariant submodule of M. Let
f € Endy (M), thus(0) = f(IK)=1 f(K)
and, hencef (K) = anng(l) = K. Thatis Kisa
fully invariant submodule of M. By lemma 1.3 , K
is an extending submodule of M. Hence M is an Ex-
Modul
Theorem 1.6
Let M be an R-module. Then the following
statements are equivalent.
1) M isan Ex-Module.
2) M is an extending and every essential
submodule of M is afully invariant in
M.
3) Every essential submodule of M is an
extending.
Proof (1) = (2)
Let N be any essential submodule of M

then N is an extending . Now , let
fEEnd. (M) and 0% n €N, tha is
n =1 neNn,

flm)=f(1-n)=1-f(n) € N Jbecause N is
an essential in M . That is () € N. Hence

f (N) S N. Therefore N isafully invariant
submodule inM .
(2) = (3)

Let N be an essential submodule of M , then by
hypothesis N is a fully invariant in M . Hence by
lemma 1.3 N is an extending submodule of M .

(3) = (1)

Let N be a submodule of M, then N = C isan
essential in M where C is arelative complement of N
in M[6]. Hence by hypothesis N & C is an
extending submodule of M . which implies that N is
an extending [4]. Hence M is an extending

Recall that a submodule N of an R-module M is
closed in M, if N has no proper essential extension
[6].

The following theorem is another characterization
of an Ex-Module.

Theorem 1.7

Let M bean R-module , and N is any submodule
of M, then the following statements are equivalent.
1) M isan Ex-Module.
2) Every closed submodule of N is a direct
summand of N.

3) If A isasummand of the injective hull E{ N} of
N, then 4 M N isasummand of N.
Proof
(1) = (2)
SinceN = M, N id extending .Hence the result

follows by [16 ,prop 2.4] ishold .
(2) = (3) Let A isasummand of E( N ), then

E(N)=A @ B where B is a submodule of
E(N). To prove that AN is closed in N.
Suppose that A M N is essential in K where K is a
submodule of N, To prove that A 1 N is closed in
N. Suppose that A NN essential K =N, so we
must prove K=N(A M Nhas no proper essentia
extension in N ),and let k¥ £ K . Thus k = a+b,
where a EA,bEB.Now if a& K, thenb=0.
But N is  essentid in  E(N) and
0= beBF S E(N). Therefore, there exists
7€ Rsuchthat @ = rh € N. Now, vk = va = v
and, hencera=rb—rkeNnASK. Thus
rb=vK —rac 8n K. Butd NN isessentia
in K, so (0)= (AN N)nNE is essentia in
KB and hence KB = (0). Then b =10
which isa contradictiona € K . Thus 4 N is

closed in N, and hence by hypothesis A M N is a
summand of N.
(3) = (1) Let N beasubmoduleof M, and let A

be a submodule of N, then 4 & F is essential in N

[6], where B is a relative complement of A in N.
Since N is essential in E(N), then A@ B s
essential in E(N). ThusE (A @ B ) =E(A) @
E(B). Since E{A4) is a summand of £({N), then
E(A) N Nisasummand of N. Now, A = AN N
isessential in E(A)n N [6]and E(4A) NN isa
summand of N .Hence N is an extending. Therefore
M isan Ex-Module.
8§ 2:Modules imply Ex-M odules

In this section we establish modules which imply
Ex-Modules.
Recall that an R-module M satisfies Bares' criterion,
if every submodule of M satisfies Baers criterion

,where we say that a submodule N of M satisfies
Baers criterion, if for each R-homomorphism
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f:N — M, thee exists rin R such that
fn)=rn,¥n EN[.
Proposition 2.1

If M is an extending module which satisfies
Bear's criterion, then M isan Ex-Module.
Pr oof

Let K be a submodule of M, then K satisfies
Bears criterion, hence K is a fully invariant

submodule of M (since for each f € Endg (M) and
for each k EK, f(k) =rk €K, for some 1 € R.
That is f(k)E K. Which implies that
f(K) £ K). By lemma 1.3 K is an extending.
Hence M isan Ex-Module.
Recall that a submodule N of an R-module M is
annihilator, if N = arnn, (I} for someided | of R
[15].
Proposition 2.2

If M is extending module such that every cyclic
submodule of M isafully invariant in M. Then M is
an Ex-Module.
Proof.

Let K be a submodule of M., then for each
§ € Endg (M) and for each xE K, we have

F(x))E (x)E K. Thus, f(x) EK. Hence
S(K) S K. That isK is afully invariant in M. By

lemma 1.3 K is an extending submodule of M.
Therefore, M isan Ex-Module.
Proposition 2.3

If M is an extending module such that every
submodule of M is closed, then M isan Ex-Module.
Pr oof

Let K be a submodule of M, then K is closed
submodule and K is a direct summand of M, hence K
isan extending [4]. Therefore M isan Ex-Module.
The following proposition shows that under a
certain condition Ex-Modules and uniform modules
are equivalent.
Proposition 2.4

Let M be an indecomposable R-module. Then M
isuniform if and only if M is an Ex-Module.
Pr oof

(=) By examples and remarks 1.2

(== directly from [16,pro 2. , p20 ] ,Since every
Ex-Moduleis extending .Hence M isauniform .
Recall that an R-module M is torsion free, if
T(M)y={meg M:vm = 0for
somer £ R} = (0] [6] .

Proposition 2.5

Let M be atorsion free R-module over principle
ideal domain R, such that every submodule of M isa
finitely generated, then M is an Ex-Module.
Pr oof

Let N be a submodule of M ,and let A be a
submodule of N, and C be a submodule of N

_ . .
containing A such that S is atorsion free submodule

of j . Since N is a finitely generated, then é isa
finitely generated. Hence by the third isomorphism

theorem % & {_- CBut —L: is a finitely generated and

n

c
following short exact

torsion free R-submodule. Then - isafree[7]. Now,
consider the
sequenceO—>C;N i %—> 0 where i is the
inclusion mapping and f is the natural epimorphism.
Since%: is afree R-module, the sequence is split [7].
Thus, C is a direct summand of N .Now let
0=yeCadyEA then y+A =4, but -

is torsion submodule of j, so0 there exists

0% rEHR, suchthat rv+4 =4 But Nisa
torsion free, then ' = rv € A. Thus, A is essential

in C and Cisadirect summand of A in N. Hence N
isan extending. Therefore M isan Ex-Module.
Recall that An R-module M is m-injective , if

flM)ys M for every idempotent
f € End(E(M)) [4]equivdent , M is 7 —inj
M isextending +Cs
Proposition 2.6

Lee M be an R-module such that every
submodule of M is a -injective, then M is an a Ex-
Module.
Pr oof

Since T —inj <=M isextending +Cz
Let every submodule is mw-injective .we get
immediately every submodule is extending . Hence

M an Ex-Module Module.
Recall that An R-module M is a projective , if for

each epimorphism g + 4 — E (where 4, 5 be R-
modules) and for each R-homomorphism
f:M — E, there exists an R-homomorphism
h: M — Asuchthat goh = f  [7].
Proposition 2.7

Let M be an R-module and N is any submodule
of M such that for every summand A of E (N},

A + N isaprojective, then M is an Ex-Module.
Pr oof

Let N be a submodule of M, and A be a
summand of E(N). To prove that AN N is a

summand of N. Consider the following short exact
sequences.

0o annd N3 X 0.1
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A+

0o »a%a 1 N5 P 0-(2
Where i, are the inclusion homomorphism and

f1.f> are the natural epimorphism. By the second
isqmorphﬁsm theorem

— =2 |tisclea A isa summand of

A NN A

A+ N. Thus the second seguence splits. Since

AL N is a projective, then — = “isa
AnN 2

projective. Hence the first sequence splits. Thus

AN N is asummand of N. Hence by theorem 1.5

M isan Ex-Module.
Recall that An R-module M is a P-Module, if every
submodule of M isapseudo-injective. [11] .
The following results show that the P-Modules
implies to Ex-Modules.
Proposition 2.8

Any P-Module over a principle ideal domain is
an Ex-Module.
Pr oof

Let N be a submodule of M, then N is a pseudo-
injective, then N is a quasi-injective [14]. Hence N
isan extending [8]. Therefore M isan Ex-Module.
Proposition 2.9

Any P-Module over a Dedekind domain is an Ex-
Module
Pr oof

Let N be a submodule of M, then N is a pseudo-
injective. Thus N isa quasi-injective [13], thenN is
an extending [8] . Hence M is an Ex-Module.
83:Ex-M odules and Q-M odules

In this section the relation between Ex-Modules
and Q-Modules are studied. Since every a quasi-
injective R-module is an extending but the converse
is not true [8 ], then every Q-Module is an Ex-
Module, but the converse is not true ,since Z as Z-
module is an Ex-Module but it is not a Q-Module
.Thus we put a conditions for an Ex-Module to be
Q-Module.
proposition 3.1

Let M be a non-singular P-Module, then M is a
Q-Moduleif and only if M isan Ex-Module.

Pr oof
(=) Trivia.

(=) Let N be a submodule of M, then N is a
Pseudo-injective, since M is anon-singular, then N is
a non-singular [8]. To prove that N is a quasi-
injective, let A be a submodule of N and
f:4 — N be an R-homomorphism. Since M is an
Ex-Module, then A is an extending submodule of M,
then A = B @ € where B, are a direct summand

of A such that Kerf isan essential submodulein C.

A

Since

isembeded in N and N is a non-singular,

T F
ker|

A

then

. is a non-singular, so, kerf is a closed

kerf
submodule of A. That is A = 8 @ kerf. It is

clear that f is restricted to B which is a
monomorphism. Since N is an extending, then

N = B, @ D where B isan essentia in 5. Since
B, is a pseudo-injective, then f restricted to &
extended to a homomorphism g: 5, — 5. For
any x £ N, we have x = b+ d, where b € 5,
and d £ D. Define a mapping #: N — N by
setting h(x) = g(b). Then it is clear that h is an
R-homomorphism of N — N that extends f.

Thus, N is a quasi-injective. Hence M is a Q-
Module.
corollary 3.2

Let M be anon-singular Ex-Module, then M is
aQ-Moduleif and only if M isaP-Module.
Pr oof

(=) See[l1]
(<) Follows from proposition 3.1

The following result is another sufficient condition
for an Ex-Module to become Q-Module.
proposition 3.3
If M isa P-Module over Noetherian ring, then M
isaQ-Moduleif and only if M isan Ex-Module.
Pr oof
(=) Trivid.
(=) Let N be a submodule of M, then N is an

extending submodule of M . Thus N is a direct sum
of a uniform submodule of M [10]. Since M isa P-
Module, then N is a pseudo-injective. But a direct
summand of a pseudo-injective is a pseudo-injective,
therefore N is a direct sum of a uniform pseudo-
injective submodule. Hence N is a quasi-injective
[13]. ThusM isaQ-Module.
Corollary 34

If M is an Ex-Module over a Noetherian ring,
then M is a Q-Module if and only if M is a P-
Module.
Pr oof

(=) See[1]]
(=) By proposition 3.3 .
84:Ex-M odulesand multiplication modules

An R-module M is called multiplication module,
if every submodule of M is of the fromIM for
some ideal | of R [3]. In this section we study the
relation of multiplication modules with Ex-Modules
We preface our section by the following theorem
which gives the relation between Ex-Modules over R
and Ex-Modules over S=Endg(M) .
Theorem 4.1

If M is a multiplication R-module, then M is an
Ex-Module over R if and only if M is an Ex-module
over Swhere § = Endg (M).
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Proof (=)

Let N be S-submodule of M. It is clear that N is
an R-submodule of M , so that N is extending. Hence
M isan Ex-Module over S.

(=) Since M isamultiplication R-module, then
5 = End; (M) is commutative ring and each R-

submodule of M is an S-submodule [5]. Let N be R-
submodule of M, so N isan S-submodule of M.
Since M is an Ex-Module over S, then N is an
extending, so M isan Ex-module over R.
The following proposition shows that the two
concepts Ex-Modules and extending modules are
equivalent in the class of multiplication modules.
Proposition 4.2

If M is a multiplication R-module, then M is an
Ex-Module if and only if M is an extending.
Pr oof

(=) Let N beasubmodule of M. Then N = IM
for some ideal | of R. Let f € Endg (M), then

.....

fully invariant submodule of M. Since M is an
extending, then by lemma 1.3 N is an extending.
Hence M isan Ex-Module.
Theorem 4.3

Lee M be a multiplication module with
antg (M) isaprimeidea of R. Then M is an Ex-
Module if and only if every a quasi- invertible
submodule of M is an extending.
Pr oof
{=) Let N beasubmodule of M, then N & K is

essential submodule of M, where K is the relative
complement of N in M. Then N & K is a quasi-
invertible submodule of M. Since N @ M is
essential in M,N @ M isquasi in[9,Th3.11,P.18]
which implies that N @ K is a quasi-invertible
submodule of M. Hence by [4 ,p.55]. N is an
extending submodule of M.. Therefore M is an Ex-
Module.
85:characterizations of Ex-Modules in some
types of modules.

In this section, we give characterizations of an
Ex-Module in some types of modules.
The following theorem gives many characterization
of an Ex-Module in class of non-singular modules .
Theorem 5.1

Let M be a non-singular R-module. Then the
following statements are equivalent.

1.M isan Ex-Module.

2.Every aquasi-invertible submodule of M isan

extending.

3.Every dense submodule of M is an

extending.
Pr oof
(1) = (2) Trivid
(=03

Let N be a dense submodule of M ,then N is an
essential submodule of M [8]. We claim that N is a
quasi-invertible submodule of M.

Let f € Homg [::\__::_:H ,_-'uf:] . f = . Thus there
exists x € M, such that f(x+ N)=m =0,
where m € M. Let » € R and r & anngl M.

Hence, #x & N. Since N is an essential submodule

W

of M, then there exists a non-zero element 5 £ R
such that sx is a non-zero element of N. Thus
0= fisrx+ N} =sr flx + N) = srm, this implies
that o  ann (m). Therefore anmng(m) is an
essential ideal of R. Since M is a non-singular, then
m =1 and, hence f = O.Therefore

Homg (5, M) = 0, which implies that N is a
gausi-invertible submodule of M. Hence N is an

extending.
(3) = (1) Let N be a submodule of M, then

N @ K isan essential submodule of M, where K is
the a relative complement of N in M. Since M is a
non-singular, then N & K is a dense submodule of

M [8]. Hence N @ K is an extending submodule

of M. Hence N is an extending submodule of M
[4].Therefore M isan Ex-Module.
Recall that the Jacobson radical of an R-module M
denoted by J(M), is defined to be intersection of all
maximal submodule of M .[ 6]
Theorem 5.2

Lee M be an R-module such that
J(End (M)} = (0), then M is an Ex-Module if
and only if M is an extending and every a quasi-
invertible submodule of M is an extending.
Pr oof
(=) Let N be asubmodule of M, then N = K is
an essential submodule of M (where k is a relative
complement of N in M). We claim that ¥ & K isa
quasi-invertible  submodule  of M. Let

f € Homg (z=— M) ad f % 0. Define

K
g=fem where w™M_ _u is natural

homomorphism. Hence , ¢ zy vy aNd g = 0 and
N@KC kerg. Snce NE K is an essential
submodule of M and hence g € J(End; (M)
then g = 0, this implies that [ = 0, this is a
contradiction. Therefore gom._( - M) = (0}

and hence N (2 K is a quasi-invertible submodule
of M. Thus y g x is an extending. Hence N is an
extending [4]. Therefore M isan Ex-Modul
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