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Abstract
A four-term CG-method based on pure conjugacy condition are proposed, Research
activities on extending three-term CG-method to the four-term conjugate gradient method.
The new method shown that the suggested CG-methods owns the sufficient descent
property. The global convergence of the proposed scheme with the general Wolfe conditions
under a suitable assumption was verified. Finally, the computational experiment show that

the new method is efficient and robust.
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1. Introduction

A problem, which arises in many practical situations, is to minimize a given objective
function, where is a real n-dimensional vector, which may be subject to a number of
constraints. The unconstrained case represents a significant class of practical problems,
firstly because many constrained problems can be easily converted to and solved by methods
of unconstrained optimization and secondly because many optimization problems require
the solution of unconstrained sub problems. The generic unconstrained optimization

problem is defined by,

Minimize f(x),xeR™
where f(X) is assumed to be at least twice continuously differentiable and where the
function and first derivatives can be evaluated at any point X [1].

Let f(X):R" — R be a function with continuous derivatives consider the

unconstrained optimization problem given in equation (1). In general, it may be too
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ambitious to find a global Min of f [2]. The gradient of f(x) is defined as the vector

containing the first order partial derivatives of f (X) given by [3].

g(x) = VF (x) = {% % ................ %} 1)

Hence, we will just look for stationary points of f i.e.apoint X eR" that satisfies
g(x) =0 to begin. Let X, € R" be an initial estimate with g(x,) # 0. In order to achieve
progress we need to proceed in some search direction d, € R". For instance, we can
update the iterates according to

X ,= X+, d, k >1 )

We know that ¢, is a positive scalar and called the step length which is determined by
some line search, controls how far we proceed in the directiond, . and we can calculate

search direction as in next equation:

d, =-g, k =1

3
dk+1:_gk+1+ﬂk dk k >1 ( )

where the parameter /3, with dk+1 is computed as in one of the following manners (4 - 9):

dlz_gli Y =0k~ 9k and

y-li—gk+l
d a="Ogat d ![4]
k+1 k+1 yldk K (4)
Oy
dk+l=_gk+l+ k;l k+ldk![5] (5)
k Yk
Yi9
dk+1:_gk+1+ kT k+ldk’[6] (6)
k Yk
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dk 1=—0, 1_Md [3]
ST g, Y
dk 1= 70k 1_Md  [7] (8)
+. +. d;’ gk k
dy. =—0 1+Md [8] 9
ST dly

In the convergence analysis and implementation of conjugate gradient method, one often

requires the exact and inexact line search such as the Wolfe conditions or the strong Wolfe

conditions. The Wolfe line search is to find «, such that

f(x, +a,d)< f(x)+dx,0,d, (10)
d,g(x, +ad,)>cd; g, (12)
with 0 < 8 < o. The strong Wolf line search is to find ¢, such that

f(x, +ed,)<f (X)+6a,9,d, (12)
df g (x, +ed,)|<-od] g, (13)

where 0 < 6 < o <1 are constants, by Li and Weijun, [9].

There are other types of conjugate gradient method is called three-term conjugate gradient

methods
Vi it Ye Yic Sk Gk St Oyt
d., =— + — (1 + 225£)X=%)s + , [10 14
k+1 gk+1 ( S:’yk ( Slyk) Slyk ) k S;’yk yk [ ] ( )
T T
dk+1 ==Y+ yl; Y dk + y[(r_lyk dk—l’ [11] (15)
kdk k-1%k

L
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T T
+ + S
dk+1 :_gk+l + gk 1yk Sk - @yk
Sk Yk Sk Yk , [12]
T T
HS 9.5 9.
dk+1=_gk+1+ﬂ dk_t klkdk_ lekyk
kyk dk yk

lv. I

k k

} where & is a nonnegative constant. [13].

t, _max{g 1-

2. A New Four-Term CG-Method:

(16)

17

The search direction (17) can be viewed as a Four-term extension of the DL method. If
t=0 then the method reduces to the three-term CG method ZZL which satisfies the

sufficient descent condition

d
d gk+1+ﬂHsd —t gk+1 k d _gk+1 k yk

dy,

Then from pure conjugacy condition

dI+1yk :0

HS | T gk+1k T gkJrlsk T

k+1yk =Y, gk+1+18 S Yy _t kyk_T—ykyk =0

k 7k

k 7k

t =_y-ll(—yk
k T
Sk yk
Algorithm

Stepl. Given X, €R" , ¢>0,d, =—g,; k =1
Step2. If ||g, .|| < &, stop else goto Step 3
Step3. Find ¢, satisfying Wolfe condition (12) and (13).

Step4.Compute new iterative X, ., by X, =X, +d, .

(18)

(19)

(20)

(21)

Step5. Compute ﬁHS ,and d, , from (18) and t, from (21) and set k=k+1 go to step 2.
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3. Descent Property and Global Convergence Analysis

Next we will show that our three-term CG (20)-method satisfies the descent property and
global converges.

Assumption (1)

Assume f is bound below in the level set SZ{XERnZ f(x)< f(xo)}; In some
neighborhood N of S, f is continuously differentiable and its gradient is Lipchitz
continuous, there exist L >0 such that:

g0 —gy)|<Lx-y| vxyeN. (22)
or equivalently

yrs, > uls |’ and ufs [ <yrs, <L|s. | (23)
From (20) we get

Vi Vi < LYy, (24)

On the other hand, under Assumption (1) , It is clear that there exist positive constant B
such

x[<B ,vx € (25)
r<lgx)|<y vx e (26)
Suppose that Assumption (1) holds and if the line search satisfies the Wolfe condition.

It follows from [6] that

T

Sk Y :SI (gk+1_gk)2(o-_1)s-krgk (27)

Lemma (1)

Suppose that Assumption (1) and equation (25) hold .consider any conjugate gradient
method in from (2) and (3), where d, is a descent direction and «, is obtained by the strong
Wolfe (SW) .If

1

2 E = (28)

2
k>1 dk+lH

Then we have

L
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im(inf g, ) =0 @

More details can be found in [14], [15]

Theorem (1)

Let {x, }and {d, }be generated by the equation (2), (3) and @, satisfies Wolfe line
search conditions (SWLSC) (12) and (13), then dkTgk <Ohold forall kK >1.

Proof. The conclusion can be proved by induction. When K=1, we have

d;g, >, [ <0

Suppose that dkTgk < 0 hold for all k. From (20) we have

T
S
dk+1 :_gk+1+ﬂHSSk -t gm k d gkﬂ k Yi

T
sty sy,

¢ o YV

k — T

Skyk
T

T AT y 9 y Yi gk+1k T 9aSc T

gk+1dk+1__gk+1gk+1 gk+1Sk+ gk+lk_ T gk+1yk
Yys, SV, StV SV,

T T
ykyk gk+1Sk T

gk+1dk+1 gk+lgk+1

gk 1Sk
T ¥
sy
YiYi SLyis,

T 2
T d _ T L(gk+lsk)
gk+1 k+1__gk+1gk+1+ T

Skyk

SIYK :SI (gk+1_gk )Z(O-_l)slgk

L max{g, s, ,0}
g.li+ldk+l :_gl+lgk+l+ e
(o-1)

O<o<l , Ok

L max{g, s, ,0}
g-kr+1dk+l S_gl—‘Flgk‘Fl—l— .
(0-1)
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Theorem (2)

Suppose that assumption (1) holds, and consider the new algorithm (New), where ¢, is

computed by the Wolfe line search conditions (12) and (13) then:

Proof:-
2
|dk+1 — gk+1+ﬂHSS —t gk+lkd _gk+lkyk
sev | sy
Lalls alls alls
|dk+f<||gkﬁ+||gk;[ bl g oo 2Bl g el ||]
Ivis | yisd ™ yisd
Lalls as alls
P T o O O ||j
N L R
a a a
0., <lo..f 1+—||sk||2+t—||sk||2+—||yk||2]
! u !

Let B=s, [, C=[y, [

0., <lo. I (1+L—“B+&B+zcj
wooop

u

Let M:(1+L—aB 2B +ﬁcj

uooouH
Id, [ s|gk+1 "M <y M
é dm M kz )
lim (inf g, [[) =0

4. Numerical Results and Comparisons

In this section, we compare the performance of new formal developed a New method
of conjugate gradient method to Three term conjugate gradient method (SBK). we have
selected (75) large scale unconstrained optimization problem, for each test problems taken

from [16]. For each test function we have considered numerical experiments with the

Web Site: uokirkuk.edu.ig/kujss, E-mail: kujss@uokirkuk.edu.iq

108




/73 Kirkuk University Journal /Scientific Studies (K'VISS)

%e Y |# Volume 13, Issue 2, June 2018, pp. (101 - 113)
R’ ISSN 1992 — 0849 (Print), 2616 — 6801 (Online)

number of variables n=100,...,1000. These new version is compared with well-known
conjugate gradient algorithm (SBK). All these algorithms are implemented with standard

Wolfe line search conditions (12) and (13) with. In all these cases, the stopping criteria is the

|9, | =10"°. All codes are written in double precision FORTRAN Language with F77 default

compiler settings. The test functions usually start point standard initially summary numerical
results recorded in the Figs. 1, 2, 3. The performance profile by [17] is used to display the
performance of the developed a New method of conjugate gradient algorithm with TTCG
(SBK) algorithms. Define p=750 as the whole set of n, test problems and S=2 the set of the
interested solvers. Let I, s be the number of objective function evaluations required by solver

S for problem p . Define the performance ratio as

Vos =7 (30)

p

Where I; =min{l_ :s eS}. Itisobviousthat r  >1 forallp,s. If asolver fails to
solve a problem, the ratio I is assigned to be a large number M . The performance profile

for each solver S is defined as the following cumulative distribution function for

performance ratio I,

size{peP:r

n,

ps <73 (31)

p.(7)=

Obviously, p, (1) represents the percentage of problems for which solver S is the best.

See [17] for more details about the performance profile. The performance profile can also be
used to analyze the number of iterations, the number of gradient evaluations and the CPU
time. Besides, to get a clear observation, we give the horizontal coordinate a log-scale in the
Figures (1-3).
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Performance based on number of iteration
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Fig. 1: Performance based on iteration
Performance based on number of function and gradient evaluation
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Fig. 2: Performance based on Function
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Performance based on time
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Fig. 3: Performance based on Time
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