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Abstract:

In this paper, we introduce the concept of the bornivorous set and its properties to
construct bornological topological space .Also, we introduce and study the properties
related to this concepts like bornological base, bornological subbase , bornological
closure set, bornological interior set, bornological frontier set and bornological subspace
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1.Introduction

The space of entire functions over the complex field C was introduced
byPatwardhanwho defined a metric on this space by introducing a real-valued map on
it[6]. In(1971), H.Hogbe-Nlend introduced the concepts of bornology on a set [3].Many
workers such as Dierolf and Domanski, Jan Haluska and others had studied various
bornological properties[2]. In this paper at the second section ,bornivorous set has been
introduced with some related concepts. While in the third section a new space
“Bornological topological space” has been defined and created in the base of
bornivorous set . The bornological topological space also has been explored and its
properties .The study also extended to the concepts of the bornological base and
bornological subbase of bornological topological space .In the last section a new
concepts like bornological closure set, bornological drived set, bornological dense set,
bornological interior set, bornological exterior set, bornological frontier set and
bornological topological subspace, have been studied with supplementary properties and
results which related to them.

Definition1.1[3]
Let A and B be two subsets of a vector space E. We say that:
i.  Aiscircled if AA <A whenever A€ K and |4| <1.

ii. A is convex if A A+ p Ac A whenever A and p are positive real numbers such
that A+p=1.
iii.  Alisdisked, oradisk, if A is both convex and circled.

iv. A absorbs B if there exists a€R, 0>0, such that AA =B whenever a < |/1| .
v. Alsan absorbent in E if A absorbs every subset of E consisting of a single point.
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Remark 1.2[3]

(1) If Aand B are convex and A, pe K , then AA+uB is convex.

(i) Every intersection of circled (respectively convex, disked) sets is circled
(respectively convex, disked).

(iii)Let E and F be vector spaces and letu : E —F be a linear map. Then the image, direct
or inverse, under u of a circled (respectively convex , disked) subset is circled
(respectively convex, disked).

Definition 1.3[7]

Let X be a topological space and let xe X . A subset Nc X is said to be a
neighborhood of X iff there exists open set G such that xeG < N. The collection of all
neighborhoods of xe X is called the neighborhood system at x and shall be denoted by N

Remark 1.4[7]
Let X be topological vector space then

(i) Every topological vector space X has a local base of absorbent and circled sets.

@i) If Aiscircledin X , X ecl (A)and 0<| 4| <1, then 4 X ecl (A).
Remark 1.5[7]

A subset A is bounded iff it is absorbed by any neighborhood of the origin.
Definition 1.6[7]

A metrizable space is a topological space X with the property that there exists at least
one metric on the set X whose class of generated open sets is precisely the given
topology.

Definition 1.7[1]
A bornology on aset X isa family B of subsets of X satisfying the following axioms:
(i) B is a covering of X ,i.e. X =( JB;
Beg
(i1) B is hereditary under inclusion i.e. if Ae B and B is a subset of X contained in A,
then B € B3;
(1iD)R is stable under finite union.
A pair ( X, B) consisting of a set X and a bornology 3 on X is called a bornological
space, and the elements of B are called the bounded subsets of X .

Example 1.8[3]

The Von—-Neumann bornology of a topological vector space, Let E be a topological
vector space. The collection & ={AcE: A is a bounded subset of a topological vector
space E}forms a vector bornology on E called the Von—Neumann bornology of E. Let
us verify that 3 is indeed a vector bornology on E, if R, is a base of circled
neighborhoods of zero in E, it is clear that a subset A of E is bounded if and only if for
every B € B, there exists A>0 such that A < A B. Since every neighborhood of zero is

absorbent, 13 is a covering of E. B is obviously hereditary and we shall show that its also
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stable under vector addition. Let A , A, € Rand B, € R ; there exists B(/) such that B
;+ B; c B, proposition (1.2.11). Since A, and A,are bounded in E, there exists

positive scalars A and p such that A, cA B; and A, c B(; . with a= max(A, p), we
have:
A +A,cAB,+uB,c aB,+aB, caB,+B,) c aB,.
Finally, since 3, is stable under the formation of circled hulls (resp. under homothetic
transformations). Then so is 3, and we conclude that 8 is a vector bornology on E. If E is
locally convex, then clearly B is a convex bornology. Moreover, since every topological
vector space has a base of closed neighborhoods of 0, the closure of each bounded subset
of E is again bounded.
Definition 1.9[6]

Let X and Y be two bornological spaces and u: X — Y is a map of X into Y. We
say that u is a bounded map if the image under u of every bounded subset of X is
bounded in Y i.e. u(A)e B,, V Ae B, . Obviously the identity map of any bornological

space is bounded.
Definition 1.10[3]
Let E be a bornological vector space. A sequence {x, } in E is said to be converge

bornologically to 0 if there exists a circled bounded subset B of E and a sequence {4,}
of scalars tending to 0, such that x , e Band x . € 4, B, for every integern e N .

2. Bornivorous Set

In this section, we introduce the definition of bornivorous set and study the properties
of it.
Definition 2.1:

A sub set A of a bornonological vector space E is called bornivorous if it absorbs
every bounded subset of E

Proposition 2.2:

Let E be a topological vector space with Von Neumann bornology, then every
neighbourhood of 0 is bornivorous set.
Proof:
Let A be neighbourhood of Osince E is a topological vector space then every bounded
subset of E is absorbed by each neighbourhood of 0, i.e each neighbourghood of 0
absorbed every bound set of E.Then neighbourghood of 0 is bornivorous set.
Proposition 2.3:

Let E be a metrizable topological vector space then a circled set that absorbs every

sequence converging to 0 is a neighbourhood of 0 and every bornivorous subset of E is a
neighbourhood of 0.
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Proof:
Let A be a circled set absorbs every sequence converging topologically to 0.
Since E is a materizable topological vector space then every topologically convergent
sequence is bornologically convergent.Then A is a circled set absorbs every sequence
converging bornologically to 0. Since every neighbourhood of O absorbed every
bounded set of E.BYy definition 1.1 0 thus A is a neighbourhood of 0.
Let B be bornivorous subset of E by definition 2.1 B absorbs every bounded subset of
E.E is a metrizable topological space then every topologically convergent sequence is
bornologically convergent.Since each neighbourhood of 0 absorbed every bounded set
of E. Then B is neighbourhood of 0.Then every bornivorous subset of E is a
neighbourhood of 0.
Proposition 2.4:
Let E be a bornological vector space then:
I.  Every bornivorous set contains 0.
ii.  Every finite intersection of bornivorous set is bornivorous.
iii.  If Bisbornivorous and B < A then A is bornivorous .
Proof:
I.  Itis clear from proposition 2.2.
ii.  Let Bj is bornivorous set for every i=l,...,n the set Bi absorbs every bounded

subset of E Vi = 1, ..., nthen ] B, absorbs every bounded subset of E then("| B,
i=1 i=1

is bornivorous set.
iii.  Let B is bornivorous set then B absorbs every bounded subset of E since B c A
then absorbs every bounded subset of E, thus A is bornivorous set.
Proposition 2.5:
Let E,F be bornological vector space and let u: E — F be a bounded linear mab then

the inverse image of a bornivorous subsets of F is bornivorous in E.
Proof: clear

3.Bornological Topological Space

In this section we define bornological open set depended on bornivorous set and
construct bornological topological space and investigate the properties concerning with
them.
Definition 3.1:
Let E be a bornonological vector space , subset A of E is called bornological open ( for
brief b-open) set, if the set A — {a} is bornivorous for every a €A, .The complement of
bornological open set is called bornological closed (for brief b-closed) set.
Proposition 3.2:
i.  The finite intersection of b-open sets is b-open set.
ii. ~ The union of b-open sets is b-open set.
Proof:
(i)Let A1,Aq,...,An be b-open sets then by definition 3.1 the set A; — {a;;}Va; € 4;,i =
1,...,n (such that j is counter of elements of A ) is bornivorous set and then N (4; —
{a;h =41 —{aj1} N4, —{a;} N .. A, —{ajn}.Since A; —{a;;} is bornivorous set
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then the finite intersection of bornivorous set is bornivorous set and then N (4; — {a;;} is
bornivorous .Thus N A; is b-open set.
(ii).Let Ax be b-open set such that A € Athen A; —{ay;} is bornivorous Vay; €
Ay SinceA/‘l - {a/‘u'} c U(A)L — {ali}) ,VAE A,and Ai € A, thenU(AA — {a,u}) is
bornivorous set. Thus U, 4, is bornivorous set.
Remark 3.3:
As a consequence of the proposition 3.2 the family of all bornological open(b-open)
sets define a topology on E called the bornological topology denoted by b-
topology and the pair (E,T) called bornological topological space( for brief b-
topological space).
Proposition 3.4:
(i) The finite union of b-closed sets of b-topological space E is b-closed set.
(if) The intersection of b-closed sets of b-topological space E is b-closed set.
Proof:
i. Let F,F,,.. Eb-closed sets then Ff F;5, ..,Ef are b-open set, then
FfNF5N ...NEfis b-open set ( proposition 3.2 (i))
= (F;UF,U ... UE,)¢is b-open set
= (Ui, F;)¢is b-open set
= UL, F; isb-closed set.
ii. Clear

Definition 3.5:
Let (E,T) be a bornological topological space a collection U of subsets of E is said to
form a bornological base denoted by(b- base) for b-topology T if ,
1. BcT.
2. For each point x € E and each b-open set A of x there exist some B € U such
that x € B c A.
Proposition 3.6:
Let (E,T) be a b-topological space a sub collection U of T is b-base for b-topology T if
every b-open set can be expressed as the union of members of U.
Proof:clear
Proposition 3.7:
Let( E,T) be a b- topological space and U be a b-base for T , then U has the following
properties :
1. Forevery x € E, there existsa B € U such that x € BthatisE = U{B:B € U }.
2. For every B, € U,B, € U and every point x € B; N B,there exists a B € U such
that € B © B, N B, , that is the intersection of any two members of B is a union
of members of U.
Proof: Clear
Definition3.8 :
Let (E,T) be a bornological topological space a collection U, of subsets of E is called
bornological sub base denoted by (b-subbase) for the b-topology T if U, € T and finite
intersection of member of U, form a b-base of b-topology T .
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Proposition 3.9:

Let (E,T) be a b- topological space and U, be a collection of subsets of T then U, is a b-
subbase of T if the finite intersection of members of U, form a b- base for b-topology T .
Proof: Clear

4.Certain Types of Bornological Sets

In this section we define several notions of bornological topological space such as
bornological closure set, bornological dense set, bornological interior set, bornological
exterior set , bornological frontier set and finally bornological topological subspace. We
study several properties of them.

Definition4.1:

Let E be a bornological topological space and A c E the intersection of all b-closed
subsets of E containing A is called bornological closure set (b-closure set) denoted by
b—A.

Definition4.2:

Let E be a bornological topological space and A < E. A point x € E is called
bornological limit point of A, if every b-open set contains x contain point of A other than
x. The set of all bornological limit points of A is called bornological drived set and
denoted by b-D(A)

Proposition 4.3:

Let A be a subset of a b- topological space E , then

i. b — Aisthe smallest b-closed set containing A .

ii. Aisb-closedsetifandonlyif b—A =4 .

Proof:

I.  This following from definition 4.1.

ii. If Alis b-closed , then A itself is the smallest b-closed set containing A and hence
b — A = A Converselyif b — A = Aby (i) b — A is b-closed and then A is also b-
closed.

Proposition 4.4:

Let E be a b- topological space and A, B be any subsets of E then

i.Acbhb—A.

i.f AcB=>b—-A cb-B.

iii. hb— (AUB)= b—AUb —B.

iv. b—(AnB)c b—ANb—B.

V. b—A=b—A.

Proof:

i. By proposition 3.2 (i) b — A is the smallest b-closed set containing A and so, A

b — A.

ii. By()Bcb—B.SincceAcB,wehave Acb—B.Buth—Bis a b-closed
set. Thus b — B is a b-closed set containing A, since b — A is the smallest b-
closed set containing A,we have b — A c b — B.

iii. Since AcAUBand Bc AUB , then b—Acb—-(AUB) and b—Bc b —
(AUB) by (ii).Hence b—AUb —B c b — (AUB) ...(1).Since b— A and b — B
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are b-closed sets ,b —AUb — B is also b-closed set . Also Acb—Aand B
b—B then AUBcb—AUb—B thus b—AUb—B is a b-closed set
containing A U B since b — (AUB) is the smallest b-closed set containing A U B,
we have b —(AUB)c b—AUb —B...(2).From (1) and (2) we have b —
(AUB) = b—AUDb - B.
iv. ANB cA=>b—-(ANnB)c b—AandANnB cB=b—(ANB) cb—-B
Henceb— (ANB)c b—ANb—B.
v.  Since b — A is b-closed set we have by proposition4.3(ii)b — 4 = b — A.
vi.
Definition4.5 :
Let E be a bornological topological space and A c E , then :
A is said to be bornological dense (b-dense) inEifb—A=E .

Definition4.6 :

Let E be a bornological topological space and A c E . A point x € E is said to be
bornological interior point of A if there exists b-open set A; such that x € A; € A. The
set of all bornological interior points of A is called bornological interior of A and
denoted by b-Int(A).

Proposition 4.7:
Let E be b-topologicalspace and AcE  then b —Int(A) =V {A;:Ajisb —
openset, A, c A} .

Proof:

x € b — Int(A) & there exists a b-open set A; suchthatx € A, c A

©U {A;: Ajisb — openset, A, € A} hence b — Int(A) =V {A;: A;isb — openset, A, C
A} .

Proposition 4.8:

Let E be a b- topological space and let A c E , then;

i.  b-Int(A) is a b-open set.

ii.  b-Int(A) is largest b-open set contained in A .

iii. Aisb-openifandonlyif b — Int(4) = A.
iv.
Proof:

i.  Let x be any point of b-Int(A) , then x is bornological interior point of A hence
by definition 4.6 then there exists a b-open set A; such that x € A; < A. Since 4,
b-open , then every point of A is a bornological interior point of A so that A c
b — Int(A) and consequently then b-Int(A) is b-open set.

ii. Let A; be any b-open subset of A and let x € A; so that x € A; € A. Since A; is
b-open then x € b — Int(A) thus we have x € A; then x € b — Int(A) and so
A; € b—Int(A) c A hence b-Int(A) contains every b-open subset of A and it is
therefore the largest b-open subset of A.
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iii. Let A=b-Int(A) by (i) b-Int(A) is b-open set and therefore A also b-open
set,conversely let A is b-open then A surely identical with the largest b-open
subset A but by (ii) b-Int(A) is the largest b-open subset of A hence A=b-
Int(A).

Proposition 4.9:
Let E be a b- topological space and A, B are any subset of E , then
i. b—Int(A) c A.
ii. If Ac B =b—Int(A) cb—Int(B).
iii. b—Int(ANB) =b—Int(A) Nb — Int(B).
iv. ~b—Int(A)Ub —Int(B) cb—Int(AUB).
V. b—Int(b—Int(A)) =b — Int(A).

i. Letx € b—Int(A) = x is a b-interior point of A = x € Athen b — Int(A) c A.

ii. Letx €b—Int(A) = x s a b-interior point of A so A is b-open subset containing
x since A c B ,then B is b-open set containing x then x €b—Int(B) =
Int(A) € b — Int(B).

iii. since ANBc A and AnB c B we have by (ii) b — Int(A N B) € b — Int(A)
and b—Int(AnB)cb—Int(B) then b—Int(ANB)cb—Int(A)nb—
Int(B)...(1)

Let x € (b —Int(A) N b — Int(B)) = x € b — Int(A) and x € b — Int(B) hence
X is a b-interior point of each of the sets A and B then exists an b-open set
containing X that there intersection A N B is also b-open set containing x, hence
x €b—Int(ANB) then b—Int(A) Nb — Int(B) € b — Int(A N B)...(2).From
(1) and (2) we get b — Int(A N B) = b — Int(A) N b — Int(B).
iv. By(iilAcAUB=Db-—Int(A) cb—Int(AUB).
Bc AUB=b—Int(B) cb—Int(AUB)
Henceb — Int(A) Ub — Int(B) € b — Int(A U B).

v. By (i) of proposition 4.8 b — Int(A) is a b-open set .Hence by (iii) proposition

4.8 b —Int(b —Int(A)) = b — Int(A).

Definition 4.10:

Let A be a subset of bornological topological space E. A point x € X is said to be a
bornological exterior point of A if it is bornological interior point of the complement of
A, that is if there exists an b-open set such that x € B ¢ A. Or x € Band B N A = ¢.
The set of all bornological exterior point of A is called the bornological exterior of A
and is denoted by b-ext(A).

Definition 4.11:

A point x of bornological topological space E is said to be a bornological frontier
point of a subset A of E if it is neither a bornological interior nor a bornological exterior
point of A .The set of all bornological frontier point of A is called the bornological
frontier of A and denoted by b-Fr(A).
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Proposition 4.12:
Let A be any sub set of b-topological space E then b — Fr(A) = (b — Int(A)Ub —

ext(A))¢ and b-Fr(A) is a b-closed set .
Proof:
By definition 4.10 b-ext(A) =b — Int(A®) , also b —Int(A) € 4 and b — Int(A¢) c
AtSince ANA®=¢ . It follows b-—Int(A)nb—ext(A) = b—Int(A)Nnb—
Int(A%) = ¢. Again by definition 4.11, we have:
x €Eb—Fr(A) © x € b — Int(A)andx & b — ext(A)

o x & (b—Int(A) Ub — ext(A))

& x € (b—Int(A) Ub — ext(A)¢
b-Fr(A)=(b — Int(A) U b — ext(A))¢...(1), since b-Int(A) and b-ext(A) are b-open sets
from (1) we have b-Fr(A) is b-closed set.

Proposition 4.13:
Let E be b- topological space and let A c E then:

i.  b—Int(A) = (b - (F))C.
ii. b—(AC) = (b—Int(A))°.
iii. b—A = (Int(A%))C.
Proof :Clear
Proposition 4.14:
Let E be b-topological space and let 4, B be subsets of E ,then :
i b Fr(A) = b Anb—(AC) = (b—A) — (b — Int(A)) .
ii. —Int(A) = A — (b — Fr(4)).
iii. (b - Fr(A))C =b — Int(A) U b — Int(A®).
iv. b —Fr(b—Int(A)) c b—Fr(A).
V. b—Fr(b—A) cb-Fr(a).
vi b—Fr(AuB) cb-—Fr(A)ub— Fr(B).
vih b—Fr(AnB) cb—-Fr(A) Ub —Fr(B)
Proof:
i.  Wehave b—Fr(A) = (b—Int(A) U b — ext(4))"
= (b — Int(A)¢ n (b — ext(4))°
= ((b = (A n (b - DO
=b—ACnb—(4)
Now b — (A) N b — (AS) = b — (A) — (b — (A°))¢
= A — (b — Int(A) )by proposition 4.13
Hence b — Fr(A) =b—Anb — (A€) = b — A — (b — Int(A))
ii. A—(b—Fr(A))=A—(b—A4—(b—Int(A))) =b —Int(A) by (1)
iii. Wehave (b—Fr(A)¢ = (b—-A4Anb-—(A%)) by (1)
(b =AU (- (@A)
By proposition 4.13(b — (A€))¢ = b — Int(A) and so
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b — nt(4%) = (b— ((A°)F)) = (b - @)
thenb — Fr(A) = b — Int(A) ub — Int(A) =b — Int(A) U b — Int(A®)
iv. b—Fr(b—1Int(A)) =b— (b—Int(A)) nb— ((b —Int(A))°) by (1)
=b— (b —Int(A)) N b — ((b — (A9))%°)
=b—(b—Int(A) nb — (A°) € b — (A) n b — (AS) = b — Fr(A)by (1)
Hence b — Fr(b — Int(A)) < b — Fr(A)
V. b—Fr(b—A)=b—(b—A)Nnb— ((b—A))by (1)
=b-A)nb—(b—-A)
NowA c (b—A)= (b—A) cA°=b— (b—A)) c (b— A°)
Henceb—Fr(b—A) cb—ANnb—AC = b — Fr(4)
vi b—Fr(AuB)=b—-(AUB)Nnb—((AUB)°)
=(b-Aub-B)n(-(A°NB)cb-AUub—Bn(b—A°nb-BC)
=(b-An(b-A°nb-B))u(b—Bn(b—Bnb—AC))
=(b=-Anb—-4YNb—-BSU ((b—Bnb—B)nb— A°)
= (b—Fr(A)nb—B%) U (b—Fr(B) nb— AS)by (1)
cb—Fr(A) ub — Fr(B)
Vii. b—Fr(AnB)=b—(ANnB)nb—((AnBS) )by (i)
c(-Anb-B)n(b—-A°ub— B°)
=((M-Anb-B)nb—A)U((b—ANnb—-B)nb-B°)
=(b-Anb-A5YNb-B)u(-An(b—Bnb-B°))
=(0b-Fr(Anb—B)Uu(b—Anb—Fr(B))by(l). Then b-Fr(AnB)cb-—
Fr(A) Ub — Fr(B)

Proposition 4.15:
Let E be b-topological space and A c E then:
i. If Alisb-open,thenb—Fr(A) = (b—A) — A.
ii. b—Fr(A) = ¢ ifandonly if A is b-open as well as b-closed.
iii.  Aisb-open ifandonlyif ANb — Fr(A) = ¢ thatis, if b — Fr(A) c A°.
iv. Aisb-closedifandonlyif b —Fr(A) c A .

Proof:
i. By Proposition 4.14 (i) , we have :
b — Fr(A) = (b — A) — Int(A), since A is b-open, —Int(A) = A , hence b — Fr(A) =
(b—A) —A.
ii. Letb—Fr(A) = ¢ ,wehave
b —Fr(A) = ¢ = b —A— (b —Int(A)) = ¢ by proposition 4.14 (i)
=b—Acb-Int(A)
>b—-AcA
= b —D(A) c A = Ais b-closed.
Nowb — Fr(A) = ¢ = b—A— (b—Int(A)) = ¢
= b —Acb-—Int(A)
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=>AUDb—D(A) c b—Int(A)
= A cb—Int(A)
But —Int(A) c A . Hence —Int(A) = A, then A is a b-open set, then A is b-open
as well as b-closed. Conversely, let A be b-open and b-closed
b — Fr(A) = A — (b — Int(A))
since A is b-closed, we have A =b — A
since A is b-open then A = b — Int(A)
Hence b — Fr(A) = A— A = ¢.
iii. By (i) proposition 4.14
b—Fr(A)=b—Anb—AC...(1)
let A be b-open, then A€ is b-closed , hence b — A€ = A€ ...(2)
NowAUb—Fr(A)=An(b—Anb—A°%) by (1)
=An(b—AnASby (2)
=(ANnb—A)NA [sinceAcb—A]
=ANA°=¢
Conversely, let Anb —Fr(A) = ¢
Thenby 1) Anb—Fr(A)=¢d=>An(b—ANnb—AC) =¢
>(ANb-—A)Nb-—AC=¢
>ANb—-AC=¢
= Ac (b—A°)C
=> A cb-—Int(A)
But b — Int(A) c Athen b — Int(A) = A then A is b-open.
iv.  LetAisb-closedthenb—A=A
Henceb — Fr(A) =b —ANnb — A°
=ANnb—-AC cA
Conversely, letb — Fr(A) c A, thenAub —Fr(A) = A
ButAub—Fr(A) =b — A(sinceA =AUb — Fr(b — A))
It follows that A = b — A then A is b-closed.

Proposition4.16:
Let (E,T) be a b-topological space and let Y c E be bornivorous set then the collection
Ty ={ANY:Aisb —openinE}is ab-topology onY .

Proof:

We have proof the family of all b-open sub set of Y define a bornological topology on Y
since (E,T) be a bornological space then (Y, Ty ) sub space of ( E, T). We shall prove
every A; € Ty be b-open set in Y. let A; € Tythen A;, =ANY . leta € A; then A; —
{a}=UnY)—{a}=AnYn{a} =An ¥ n{a})=An{a}‘nyY) =
An{a})nY =(A—{a}) nYsince A — {alisbornivorous set (A is b-open setin E) .
Since Y bornivorous set then the intersection of two bornivorous sets is bornivorous set
proposition 2.4(ii), then if A; € Ty then A1 is b-open set in Y. Since T is the family of all
b-open set in E and Ty is the intersection of every b-open set with Y then Ty is a family
of all b-open setin'Y .Then Ty is bornological topology on'Y.
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Definition4.17 :
Let (E,T) be a bornological topological space and Y c E such that Y is bornivorous
set. The pair (Y, Ty) is called bornological subspace of (E,T).

Proposition 4.18:

Let ( Y , Ty) be bornological sub space of b-topological space (E , T) and let
(Z , Tz) be a bornological subspace of (Y , Ty) such that Y,Z are bornivorous set then
(Z,Tz) is abornological subspace of (E ,T).

Proof:

Since Z cY c Ethen Z c E . Let A, € T, .Since (Z, Tz) is bornological sub space of
(Y ,Tv), then there exist A; € Ty such that A, = A; N Z since (Y , Ty) be bornological
sub space of bornological space (E , T), then there exist A € T such that A; =ANY
thus A, =(ANY) NnZ=An(YNnZ)=AnZ. Hence by definition 4.16 Then
(Z, Tz) is abornological subspace of (E, T).

Proposition 4.19:
Let (Y, Tvy) be a bornological subspace of b-topological space (E, T), then :
I.  Asubset A, of Y is b-closed in Y if and only if there exist a set b-closed set A in
EsuchthatA, =ANY.
ii. ForeveryAcYthen(b—A)y=((b-A)NnY.
iii. ForeveryAcY,b—Intg(A) € b— Inty(A).
iv. EveryAcY,b—Fry(A) cb— Frg(A).

i. Since Azis b-closedsetinY &Y — A, isb-opensetinY &Y -4, =4, nY
for some b-open sub set A; of E (proposition 4.16) & A, =Y - (4, nY) =
Y-ADUY -Y)eo A, =Y —-A; © A4, =Y nAS where A¢ = 4 is b-closed
setin E(A, isb-opensetinE) & A, =Y N A.

i. (b—A)y=n{A;:A;isb-closedsetinY and A c A4}
=N{BNY:Bisb—closed setinE and A c BNnY}by (1)

=N{BNY:Bisb—closed setinE and A c B}
=[N{B:Bisb —closed setinEand A c B}]nY

=(b—-A)nY.

iii. Letx € b — Intgz(A) then x is bornology interior point of A of b-closure T then A
is a b-open set in E containing x then A N'Y is b-open in b-closure Ty containing
x by proposition 4.16 .Since A c Y then ANY = A thus x € b — Inty(A), hence
b — Intg(A) € b — Inty(A).

iv.  Clear

Proposition 4.20:

Let Y be bornological subspace of b-topological space E if A c Y is b-open (b-closed)
in E then A is also b-open ( b-closed) in Y .
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Proof:

Since Ac Y, wehave A = ANY so that A is the intersection of Y with a set b-open (b-
closed) A in E . Hence by proposition 4.16 and proposition 4.19 (i) A is b-open (b-
closed) inY .

Proposition 2.21:

Let Y be bornological subspace of b-topological space E , every sub set B of Y which is
b-open (b-closed) in Y is b-open (b-closed) in E if and only if Y is b-open (b-closed) in
E.

Proof:

Let B any sub set of E which is b-open ( b-closed) in Y be also b-open ( b-closed) in E.
since Y is b-open ( b-closed) in Y then Y is b-open ( b-closed) in E.Now let B any sub
set of Y which is b-open ( b-closed) in Y and let Y is b-open ( b-closed) in E since B is b-
open ( b-closed) in Y there exist a sub set A b-open ( b-closed) in Esuchthat B=ANY .
Since Y is b-open ( b-closed) in E and B b-open ( b-closed) in E , being the intersection
of two b-open ( b-closed) sub set of E is b-open ( b-closed) set in E, then every sub set of
Y which is b-open ( b-closed) in Y is b-open ( b-closed) in E.
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