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Abstract:

In this paper, we use the positive linear operators and the notion of statistical
summability (C,1)p,« to obtain new version of Korovkin approximation theorem by
using the test functions 1, e e in Lpo-space.

Introduction:

In 1970 [1] Boyanov and Veslinov have proved the Korovkin theorem on
C[0,0) by using the test functions 1, e*, e=?X,

Recently, Mdrciz in 2002 [3] has defined the concept of statistical summability
(C,1) as follows:

n
For a sequence x = (xk), let us write: th= —— Z Xy - Asequence x =(Xk) is
n+1 k=0
statistically

summable (C,1) of st- lim t, =L in this case, write: L = Cy(st) — Lim x
n—oo

In 2011, Mohiuddine [2] has obtained application of all almost convergence for
single sequence Korovkin-type approximation theorem and proved some related
results.

Also, Abdu Mohiuddin in 2012 [4] proved the Korovkin-type approximation
theorem by using the notion of summability and the test functions 1, e, e,

In this paper, we use the results above to obtain a new version of Korovkin
theorem and statistical summability for Ly «-space, 1 <p <o, oo > 0.

The Main Result:
In our paper, we use the norm [4]:

b 1/p
(Ifllp.c. = Lﬂf(x)e"‘X P dx] L (1<p<w),a>0
a

and suppose that:
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Lpo = {f : T is unbounded and [f(X)] < Mwa(X), such that wa(x) = e** and

b 1/p
Weo = €79, ( [IF W _, () P dx) <o }

Let Ln : Cpa(l) — Cpu(l), where 1 = [0,0) and Cp «(l) be a Banach space with norm
Il llo.cc

We say that L is a positive operator if La(f,x) >0, V f(x) > 0.

From above, we find the relationship between the moduls we(f,5) and w(f,5)
and prove some theorems, where:

Wo(,8) = Sup [If(x + h)e=* — f(x)e|
Ih|<5

w (f,5) = SUp|f(x + h) — f(x)|
Ih|<&

Theorem (1):

If Tk : Cpa(l) — Cpa(l), where Tk be a sequence of positive linear operators,
then V f e Cpa(l), we have:

St- le ”Tk(f,X) —f(X)”p,a =0 .. (1)
k—o0
if and only if:
i- st- Lim||Tk(1;x) — Dlpa=0 ...(2)
k—o0
ii- st- LIm||Tk(e;x) — €™)||pe = 0 ...(3)
k—o0
iii- st- LIm||Tk(e%;x) — e ||pu =0 ...(4)
k—w
Proof:

Suppose that (2, 3 and 4) are satisfied, then we have to prove 1,
Each 1, e*, e belong to Cpu(l) in fact:

ITk(15%) = (D)oo = [[FD)lp.oc = [Tillp.c

ITk(15%) = F(D)llpoc + [ Tillp,c = [IF(D)llp.c

Since [[f(1)||pe < oo, let f € Cpu(l), then there exist M > 0, such that [f(x)] < Me**,
V x € | and therefore:

[f(s) —f(X)| < |f(s)| + [f(X)|[< Me** + Me** < 2Me*, —0 <S5 X<
...(5)
Now, 3 ¢ >0 and 5 > 0, such that:
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[f(s) — f(X)| < &, whenever e —e | <3, VX € | ...(6)
We putting (y1) = w1(s;X) = (e=° — &), using (5) and (6)

ox

2Me
[f(s) - ()| <& + 52 (y1), ViIs—x/<38

2Me** 2Me®™*
—€ — 52 (yq) <f(s) —f(x) <e+ 8—2(\111)

Tk(l;X)(—s 2 M;Z (yy) <F(5)—F(x) <&+2 M;Z (wl)j

Where Tk(f;x) is monotone and linear. Now, we obtain:

Tk(l;x)[—s—ZM; (wl)J < T@WWEE - fx) <

aX
Tk(1;x) (8 + 2M6e—2(\|11)j

f(x) is constant and x a fixed point, therefore:

—T (LX) - 2M66—2lek (5 X) <Tw(Fx)—F(X) Tr(L;x)<eT(1;x)+
MeOLX
2 52 Ty (w15 %)
(7
Now, Tk(F;x) — f(x) = Tk(f;x) — fF(X) Tw(1;x) + F(X)T(1;x) — f(X)
Ti(f;x) — f(X) = Tw(F;x) — F)T(L;x) + FX)[T(1;x) — 1] ...(8)

From (7), we get:

oX

Tw(F;x) — FO)T(1;X) < eTk(1;x) + 2 M;2 T, (wyX)

ax

Ti(Fx) — FOOT(Lix) + FEO[T(L;X) — 1] < eTk(L;x) + 2 M; T (wp;X) +

fFOO[TK(1:x) - 1]
Then:

X

T(f;x) —f(x) < eTw(1;x) + 2 Msez T (W X) +F)[T(L;¥) -1 ...9)

Now, Ti(y1;X) = Tk((e™* — e7%)2,x)
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Tr(y1,X) = Tk((e™* — 267%™ + e72);x)
= T(e%;X) — 2e7Ti(e%X) + e 2Ti(1;X)

= T(e25x) —2e 2 —2e7*Tk(e~%X) + 2672 + 26~ 2T(1;X)

= Ti(e%X) — 72X — 2eXTk(e%;X) + 2672 + e Ty(1;x) —2eX

= [Ti(e™%%X) — 2] — 26 X[Tw(e%X) —7¥] + e 2[Tk(1;X) — 1]
By using (9), we have:

Ti(f;x) = (x) < eTu(1;x) + Zl\gg {[Tk (€72 x) - e_zx] B

2e % [Tk e x) - e‘x} +e [T (LX) —1]} +
fO)[T(Lx) - 1]

aXx

<eT(l;X) —e+e+ ZI\Q—S {[Tk (e7%%:x) — e—2x] -

2e7% [Tk (e7;X) - e‘x] +e [T (@ X) —1]} +
fO)[Tk(L;x) - 1]
<e+[e+ f)ITu(1ix) - 1] -

o)

e [Tk (e%;x) - e_x] + e [T LX) —1]} +

fO)[T(L;x) - 1]
Since |f(x)| < Me*

ax

[Tk(F;x) — f(X)] < ¢ + (¢ + Me™)[Tk(1;x) — 1| +

62

AMe** 2Me™

2 le™| [Ti(e™5x) — e + 52 e [Tk(1;x) - 1

Since:

1/p
[ [[TeE:x)-F )] e dx}
X

1/p
(ISup[Tk (F;x) - F(x)]" e ® dx}
X

= [T - )],
= Sup[T(f;x) — f(x)]e
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and e <1, V x € l and e**—— 0. Suppose that:

2Me** 2Me™* 4Me™*
8§ 1 8% T &7

K= max{s + Me®™* +

Hence, we get:

ITk(f;%) = fX)lpe < & + K(IT(L;X) = Lo + [[Ti(€%X) — €™{lpoc +[Ti(e%5%) ~
eilelp,a (10)

1 m
Now, replacing Tk(.;x) by —— Z T (.,X) and then by Bm(.,x) in (10) on both
m+1 k=0

sides.

For given € > 0, choose &’ > 0, such that €’ <r, and define the following sets:
A={m<n:|[Bm(f;x) — f(X)|lpe > r}

!

r—e
Ar={m<n:||Bm(1;X) — 1|jpe > 3K }
Ao ={m<n:|Bm(t;x) — o> r—¢ }
3k
As={m<n:|Bm(t%X) — € ||po> i }
3k

and A c A1 U A2 U Az, 50 3(A) < 8(A1) + 8(A2) + 5(As). Then we get:
Ca(st) = lIm|Tn(Fx)|lpe =0. ™
n

We study the rate of weighted convergence of sequence of positive linear
operator defined from Cp (1) into Cpu(l) by using the modulus we(f;5) and find the
relationship between w(f;5) and wq(f;3); where:

Wa(f;8) = |Sh|Up [[f(x +h) = f(X)llp.c
)

Now:

w(f;8) = Sup [f(x + h) — f(x)|
Ih|<&

< SupIf(x + h) — f(x)|le™*
Ih|<5

w(f;8) < Sup[f(x + h)e= — f(x)e=*|
Ih|<8

< Sup |[f(x + h) — f(X)|p.«
|h|<d
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= Wa(f;0)
Now, we use the definition from [4].
Definition (4):

Let (an) be a positive nonincreasing sequence, we say that the sequence x = (Xk)
is statistically summability (C,1) to the number L with the rate O(an) if for every ¢ >
0,

Iimi\{mSn:|tm—L|>s}\:O
na

n

In this case, we write Xk — L = C1(st) — O(an).

Now, we have to prove theorem.
Theorem (2):

For any sequence of positive linear operators Tk from Cpu(l) to Cpa(l)
satisfying:

i- ”Tk(l,X) —1||p,a = C1(St) - O(an).
ii- wa(f;Ak) = C1(st) — O(bn), where:

o= T (Wi:X)  and  yk(x + h) = (e * M _ gax)2
We have:

[[Tw(F;x) = FO)||p.c. = Ca(st) — O(cn), V f € Cpa(l) and  cn=max {an, bn}
Proof:

Let C(p) be a constant, such that:
[f(x + h) = ()| < C(P)IIf(x + h) = £(X)lp.c
Now, Tk be a bounded linear operator:
ITk(6:%) = FX)llp.o. < [[T(f(x + h) = FX)lp.. + [[F)(Tk(1:%) = Dllp.
< IT(CPIIECX + h) = Tl )llp. + [[FE)N(T(L;X) = Dllp.a
From [4]:

Yy x
If(y) = T3] < w(f;3) [% + 1J

We get:

—o(x+h) e—ocx
If(x + h) — f(x)je < Wa(f;S)( 5 + 1}

Then, we have:
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ITk(Fx) = FX)lp.o <

|e—0L(X+h) _ e—(xX |
C(p)|(Tk 5 +1{w, (F;9)]  +IfeQ(T
p,a
(L3)=1)lp.x
—o(x+h)  ,—oax
< C(p)wa(f;8) Tk£| © 5 e | +1] +
p,a
[FOA(T(L:X) — Lllp.a
< C(p)wa(F;d) | T, (LX) + S%Tk (Vy: X) +
p,o
1/p
( JIFOOT@x) ~ne | dx}
X
1
< C(p)wa(f;3) || Ty (L, X) + 8_2Tk (W X)) —wa(f;8) +
p,o

Wo(F;8) + [fllp.l Tk(1:X) = Llp.e
< C(P)Wa(f;0)|[Tk(L:X) = Llp. +Wa(f;3) + [[fllo.ol Tk(1:X) —

1
Llp.o + 52 Wa(F;8) Tk(wxiX)

Now, put & = k= / T (Wi; X)

1
< C(PIWalf Ml Tk(1;X) = Llp.e + [[fllp.al[ Tk(1;X) — Lfp.c + 6_2
Wa(F; k)82 + Wo(f;Ak)
< |[fllp.el Tk(2;%) = Llp.a + C(P)2Wal(F; M) [Tk(L15X) — Llp.cx

Let K = max {fllo.c, 2}-

n
Now, replacing Ti(.,x) by 1 > T (%) = La(.%)
n +1k=0

ILa(F;x) = FO)|lp. < K{J|Ln(1;X) — 1[p,oc + Wa(F;Ak) + Wo(F; k)| Tk(1;X) — 1||p,c}
Hence, by using the above definition and (i), (ii), we get what is required. H
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