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Abstract  

In this study, a theoretical analysis is presented to estimate the in-plane large 

displacement elastic stability behavior of structures having non-prismatic members of 

linearly and nonlinearly varying sections resting on elastic foundation (Winkler type) and 

subjected to static loads applied at joints only. The analysis adopts the beam-column 

approach and models the structural members as beam-column elements resting on 

distributed springs. The formulation of beam-column element is based on Euler approach 

allowing for the influence of the axial force on bending stiffness. Changes in member 

chord length due to axial deformation and flexural bowing are taken into account. The 

stability and bowing functions are estimated using methods of finite differences and 

finite segments. Also, approximate results have been obtained by using approximate 

stability and bowing functions of linearly and nonlinearly tapered members resting on 

elastic foundation. A computer program has been coded in QB language to carry out the 

proposed analysis of structures with prismatic or non-prismatic members of linearly and 

nonlinearly varying sections resting on elastic foundation. As a result of this study; the 

only difference between the analysis of non-prismatic members resting on elastic 

foundation and those which are not, when adopting the beam-column approach, is 
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represented in the stability and bowing functions, and this is reflected directly on the 

tangent stiffness matrix. 

 

 :الخلاصــة

تتناال هذهاالدذاسة الاالذاستلنظااهذاسنواا  ذسنلاان لظلذاس  ناالذسنةظللااهذذاس لاات ظلذ اااذااحاالذ نواا ذا  ت اال ذا  الاال ذ

تلت  ذ نا ذع االلاذ ذ  را  ظلذح ظالذ  ذح ظالذاستوظما ذ ذ لات  ةذ نا ذعلال ذ ا  ذ ا ذذاسل ظ ةذاسللصنلذفظاةلذ استاي

ذاذاسعت االذ ا ذWinklerنا  ذذ  (ذ  ع االذلسا ذعل الهذلاللنلذ لان لذ نا ذاس بلصاهذت ن ذهاالدذاسة الالذ  ظ الذاسع ا ة

احالذ نوا ذا  ت ال ذتا  ظ ذ(ذذEuler Approachارت لقذ نص ذاسع  ةذاذاسعت لذقاةذتا بذ ل  ت الةذ نا ذ  ظ الذذاظناا ذ ذ

اس  ةذاس ل  ظلذ ن ذصلا لذاسع  ذ للسكذتا  ظ ذاستوظظا ا ذفايذ ا هذاسا ت ذنتظنالذا نبعالهذاس لا   ذ ت ا  ذا نلناللاذت ذ

(ذ   ظ االذاس  اااذFinite Differencesاراات لقذة اهذا لاات  ا ظلذ ا نلنااللاذ للااتع لهذ  ظ تاايذاسب  قاال ذاس لااةةةذ ذ

ل االذع لاا ذاسلصاا هذ ناا ذة اهذللاات  ا ظلذ انلنااللاذت  ظ ظاالذسي اااللاذاسلا  راا  ظلذذ (Finite Segments)اس لااةةةذذ

اسح ظااالذ اسلاح ظااالذاستوظمااا ذذت ااا ذفااايذهااالدذاسة الااالذلتل ااالذ  نااال تذ نوااالذ ظلاااكذاسلااا ظعلذسوااا  ذالاااتحةا  ذفااايذتلنظاااهذ

ق  نا ذنتال تذاستلنظاهذذاس نرآ ذاسلل ظلذ ن ذع اللاذ ذ  را  ظلذ ح ظالذ  ذح ظالذاستوظما (ذ لات  ةذ نا ذعلال ذ ا  ذ

اس لتح نلذ  ذاس  قذع لادذفظ لذ ظنةلذللذتا ذاسلصا هذ نا ذت ال دذنظاةذ اظ ذاسنتال تذاس لتلصانلذ ا ذتناكذاس  قذ قاةذ

ذاسب قذاس لظةذ ظ ذتلنظهذاا االلاذيظ اس  را  ظلذاس لاتنةةذ نا ذعلال ذذ ت ذاست صهذلس ذ ةةذالتنتلنل ذذ ة لذ نةلذع م

اسعت اال ذظاا تيذف اا ذ اا ذة اهذا لاات  ا ظلذ ذذ-ةذا ت االةذاسلااهذ للااتحةا ذ  ظ االذاسع اا ةذ اا  ذ تنااكذاستاايذ ذتلااتنةذ ذ ناا

 .ا نلنللاذ هلاذظنعل ذ  لر ةذ ن ذ صب فلذاسصلا لذاس  للظل

1. Introduction  

1.1 Elastic Foundation  

      Many problems related to the structural engineering can be modeled by means of a 

beam or a beam-column on elastic foundation. Examples of these are railway tracks, 

footings and adjacent structural elements such as various types of stiffeners. The simple 
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L 

common model to describe the elastic foundation is the Winkler model, which consists of 

infinitely number of linear springs defined by the foundation modulus (k). 

 

1.2 Geometric Nonlinearity  

    It’s meant that the structures can be analyzed for large displacements and elastic 

material properties. The effect of geometric nonlinearity may be divided into three 

categories: - 

1. Change of member lateral stiffness (i.e. stability problem); 

2. Change in member length due to bowing; 

3. Large displacement problem. 

1.2.1 Stability and Bowing Problems 

     For the beam-column supported on elastic foundation (Winkler model) of constant 

soil stiffness, the modified stability functions for a prismatic beam-column were derived 

by Al-Sarraf as [1]: 

             EI 

 M1 =          (S θ1 + SC θ2 + Q y1 /L - qQ y2 /L)                             …(1-1)             

              L 

            EI 

M2  =          (SC θ1 + S θ2 +qQ y1 /L - Q y2 /L)                              …(1-2)         

             L 

            EI 

V1 =         (Q θ1 + qQ θ2 +T y1 /L - tT y2 /L)                                 …(1-3)                   

           

           EI 

V2  =         (qQ θ1 + Q θ2 + tT y1 /L - T y2 /L)                              …(1-4)             

            L 

 

Where 

M1 and M2 are end moments at ends 1 and 2 respectively 

V1 and V2 are end forces at ends 1 and 2 respectively 

S    is the stiffness factor 

SC moment carry-over factor 

Q   sway moment factor 
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θ1 
θ2 

M2 M1 

~  

Deformed shape

  
P 

qQ sway moment carry-over factor 

T   shear factor  

tT  shear carry -over factor 

S, SC, Q, qQ, T, and tT are functions of the non-dimensional parameter: 

                        1/4 

                k 
λL =                L                                                                         …(1-5) 
              4EI     
 

and axial load parameter  (ρ = P/PE).  Where k in Eq.(1-5) is the stiffness of the elastic 

foundation,which is equal to the modulus of subgrade reaction multiplied by the width of 

the beam-column.The relation between the axial deformation u and the axial force P can 

be expressed according to Oran [3]: 

        EA 
P =             (u - Cb L)                                                                 …(1-6) 
         L                      

Cb = b1 (θ1+θ2)
2
 + b2 (θ1- θ2)

2
                                                    …(1-7)   

is the length correction factor due to bowing action 

b1 and b2 : bowing functions 

E: Modulus of elasticity  

I: Moment of inertia,  

A: Cross-sectional area, and  

L: Initial (undeformed) member length. 

                     

 
                                              

                                                                                                        

 

 
                  

              Fig.(1) Member forces and deformations in local coordinate 

     

     

     

     

     

                                                                                                                                                

P 

u Lc=L (1+δ) 

Initial shape 
 

L 
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1.2.2 Large Displacement Problem 

      The curvature of the beam-column element can be expressed as: 

           1              -(d
2
w/dx

2
) 

 Φ =              =                                                                             …(1-8)  
           R             [1+ (dw/dx)

 2
]

 1.5
  

       In small deformation theory, the term (dw/dx) has small values; therefore, the square 

of the term will be very small compared with one. Thus (dw/dx) is neglected. In large 

deformations, the slope (dw/dx) has a considerable effect on the curvature value and it 

cannot be neglected.  If the term (dw/dx) in Eq.(1-8) is considered in the analysis, the 

analysis becomes so complicated that it can be solved only by using elliptical integrals. 

The complicated problem is then solved by considering relative small deformation in the 

member with large joint displacements, so, the small deformation theory is still 

applicable to the relative member deformations and the problem produced by assuming 

large joint displacement may then be solved by satisfying the equilibrium condition in 

the last (updated) configuration of the structure. 

 

2. Non – Prismatic Beam-Column Resting on Elastic Foundation 

      The basic differential equation for a non-prismatic beam-column on elastic 

foundation is[9]: 

 d
2                              

d
2
y

                  
     d

2
y 

             EI (x)              + P            + k y = 0                                   …(2-1) 
dx

2
                 dx

2
                dx

2
 

 

Where y represents lateral deflection at distance x along the member, EI (x) is the flexural 

stiffness of the member, P is axial force, and k represents the stiffness of the foundation. 

For non-prismatic member, the following representation can be considered as shown in 

Fig.(2) [2]. All the members considered have uniform taper in either one or two 

directions. Therefore, the depth dx may be expressed by: 

      dx = d2 (x/a)                                                                       …(2-2) 

The moment of inertia of the cross-sectional area of the member about the axis of 

buckling may be expressed in the form   

I (x) = I2 (x/a) 
m

                    …(2-3) 
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Where I(x) is the moment of inertia at distance x from the origin O, and m is the shape 

factor that depends on the cross-sectional shape and dimensions of the member. The 

shape factor m may be evaluated by observing that Eq.(2-3) must gives  I(x) = I1  when x 

= b. This condition yields the relation: 

m = log (I1 / I2) / log U                                                …(2-4)      

Where U is (d1/d2) end depth ratio. The value of shape factor m can be determined only 

when the dimensions of the cross-sections are known [4]. In the next item, stability and 

bowing functions will be determined from the solving of Eq.(2-1) by two  methods of 

solution; finite difference and finite  

segments.    

 

 

 

             

         

 

           

                                                     

    

            

 

                                         

                                             

                        Fig.(2)  Tapered beam-column 

 
Fig.(2) Non-Prismatic Beam Coulmn 

 

 

 

3. Stability and Bowing Problems 

3.1 Modified Stability Functions 

3.1.1 Estimation of Modified Stability Functions Using Finite Differences Method: 

   In this method, the differential equation is replaced by a set of equivalent algebraic 

equations that are usually easier to solve than the differential equation. This method is 

x 

d1 dx O 

1 2 

b a 

L 

d2 
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used to estimate the modified stability functions by solving the differential equation of 

the non-prismatic beam-column on elastic foundation (i.e. Eq.(2-1)). Ghali
 
[5] presented 

the following formulation using the finite differences method for a beam resting on 

elastic foundation of variable section.  The bending moment M and the deflection y are 

related by the differential equation: 

           d
2
y  

EI (x)            = - M                                                                         …(3-1)      
           dx

2
  

by using central differences, the second derivative of lateral deflection is: 

      d
2
y         1 

              =          (yi-1 – 2yi + yi+1)                                                …(3-2)  
      dx

2
         h

2
 

where   h = L / N  

in which: 

i     number of the required node 

h    interval between two successive nodes  

L    length of the member  

N   number of segments 

 By substituting the values of Eq.(3-2) into Eq.(3-1), the following is obtained      

          EIi 
Mi =            (yi-1 – 2yi + yi+1)                                                        …(3-3) 
          h

2 

Here Mi  is the moment at specified node i, and 

         Ii is the moment of inertia at specified nod i 

Double differentiation of Eq.(3-1) yields:  

  d
2                             

d
2
y

                       
d

2
M 

            EI (x)               = -                                                                …(3-4) 
  dx

2
                dx

2
              dx

2 

 

Then, the second derivative of the moment can be put in finite difference form, 

  d
2                        

   d
2
y

                     
 1 

             EI (x)              = –          (Mi-1 – 2Mi + Mi+1)                        …(3-5)                                    
 dx

2
                  dx

2
             h

2 
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from Eq.(3-3),the right terms in Eq.(3-5) can be written as: 

 
            EIi-1 
Mi-1=            (yi-2 – 2yi-1 + yi)                                    
             h

2 

 
          
             2EIi 
2Mi =            (yi-1 – 2yi + yi+1)                                              …(3-6) 
              h

2 

                                     
           EIi+1 
Mi+1=           (yi – 2yi+1 + yi+2)  
             h

2 

Substituting the above equations into Eq.(3-6), then sub Eqs.(3-6) and (3-2) into Eq.(2-

1), yields the following: 

 -E 
        Ii-1 (yi-2 – 2yi-1 + yi) – 2Ii (yi-1 – 2yi + yi+1) + Ii+1 (yi – 2yi+1 + yi+2) 

  h
4 

            P    
     +           (yi-1 – 2yi + yi+1) + k yi = 0                                 …(3-7) 
            h

2 

after re-arranging of Eq.(3-7),it becomes 

 
                        Ph

2
                                                              2Ph

2       
    kh

4 

       Ii-1 yi-2 +           – 2 (Ii-1 + Ii)  yi-1  +  (Ii-1 – 4 Ii  + Ii+1) –           +              yi
  

                         E                                 E           E 
 

 
      Ph

2
                                                        

 

+          – 2 (Ii+1 + Ii)   yi+1 +  Ii+1 yi+2 = 0                               …(3-8) 
      E  
 

But      h = L/N  ; 

            ρ = P / Pe = PL
2
 / π

2 
EIo                                            …(3-9) 

and    λL = (k/4EI)
 1/4

 .L 

Where Io is the moment of inertia at node 0, (see Fig.(3)),Then, if the relations in Eq.(3-9) 

are substituted: 

Ii-1 yi-2 + A yi-1 + B yi + C yi+1 + Ii+1 yi+2 = 0                         …(3-10) 
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Where 

A = (ρ Io π
2
 / N

2
) – 2 (Ii-1 + Ii)                                              …(3-11) 

B = Ii-1 + 4 Ii + Ii+1 – (2ρ Io π
2
 / N

2
) + ((λL)

4
 Io/N

4
)              …(3-12) 

C = (ρ Io π
2
 / N

2
) – 2 (Ii + Ii+1)                                             …(3-13) 

 

 

 

 
                                           i = 0    1    2  ….        …N-2   N-1 N 

                            end  1                                                                end  2 

                                                  x                                 h 

                   Elastic                                     L                                   node 

                    foundation 

 

                Fig.(3) Beam-column member resting on elastic foundation 

 

Each stability function will be derived depending on the applied boundary conditions, for 

instance, the boundary conditions applied for determination of S1 and SC are: - (θ1= 1, θ2 

= yo = yN = 0). 

 

 

3.1.2 Estimation of Modified Stability Functions Using Finite Segments Method 

     Finite segment method may be considered as a physical interpretation of the finite 

difference method that can be applied numerically to solve differential equations [7]. In 

this method, the non-prismatic member on elastic foundation is divided into (n) prismatic 

members, as shown in Fig.(4). The exact stability functions derived by Al-Hachami [6], 

which shown in chapter three, are used to calculate the modified stability functions. 

     For the segment m, the local end force-deformation relationships are: 

          EIi                                 yi                                   yj 

Mi =            C1mφi + C2mφj + (C1m+ C2m)         – (C1m+ C2m)                … (3-14) 
          hm                                                    hm                                         hm 

 

          EIi                                 yi                                  yj 

Mj =            C2mφi + C1mφj + (C1m+ C2m)         – (C1m+ C2m)               … (3-15) 
          hm                                                    hm                                        hm 
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          EIi                                            yi               yj 

Vi =           (C1m + C2m )φi +(C1m + C2m )φj + Am         – Am                      …(316) 
         hm

2
                                                                hm                    hm 

 
         EIi                                              yi                   yj 

Vj =           –(C1m + C2m )φi – (C1m + C2m )φj – Am        – Am                    …(3-17) 
         hm

2
                                                                hm                   hm 

 

Equations (3-14) to (3-17) can be written in matrix form as: 

{f}m = [K]m {V}m                                                                                …(3-18) 

 

 

 

 

 

     1     2     m                     N         

  

                                           h     hm           

                           elastic foundation  

                                                                                     

      

 Fig.(4) Member segments of non-prismatic beam-column on elastic 

Foundation 
 
 

 

{f}m =                                                   …(3-19) 

 

 
 

 

 

{V}m =                                                     …(3-20) 

 

 

 
and the stiffness matrix [K]m  can be written as: 

 

 

 

ViL   

Mi           

VjL           

Mj 

 
 

yi /L 

φi 

yj /L 

φj 
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                                Am            (C1m + C2m)          Am              (C1m + C2m) 
                              –      
                                frm

3
              frm

2
                 frm

3
                frm

2
               

                                          C1m            (C1m + C2m)           C2m             
            EIm               
[K]m =                          frm              frm

2
                   frm  

                L                                                     Am                 (C1m + C2m)                    
                        – 
                                                                        frm

3
                frm

2
               

                                                                                  C1m          

              

                                                                                                    frm           

                    
 

In which: 

Am = 2(C1m + C2m) – π
2
 qm                                                                 …(3-22)   

qm = qe .frm
2
                                                                                        …(3-23)  

 

Where qm is the segment m axial force parameter, while qe is the total element axial force 

parameter 

frn = hm / L                                                                                         …(3-24) 

 

C1m, and C2m: stability functions of a prismatic segment, which are functions of qm. 

yi and yj : are sways of end i and j  of segment m. 

φi and  φj : are angles of rotations of end i and j of sement m.  

hm : is the length of segment m. 

Im : is the moment of inertia for segment m. 

For the case of beam-column resting on elastic foundation (Winkler model), where the 

soil subgrade reaction is assumed to be uniformly distributed along the beam-column, the 

segment stiffness matrix [K]m in Eq.(3-21) must be rewritten as
 
[6]: 

 

 

 

..(3-21) 
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                                    J3m                   J1m                       J4m                J2m 

                            –      
                                    frm

3
              frm

2
                  frm

3
                frm

2
               

                                         C1m                                J2m               C2m             
              EIm               – 
 [K]m =                        frm                   frm

2
                frm          …(3-25) 

                 L                                                            J3m                         J1m 

                             – 
                                                                               frm

3
                frm

2
               

                                                                                  C1m  
                      
                                                                                                   frm           

 

where C1m ,C2m , J1m , J2m , J3m , and  J4m  denote the stability functions for a prismatic 

beam-column resting on elastic foundation. 

(λL)m = frm .(λL)e                                         …(3-26)       

where (λL)m is the segment m axial force parameter, while (λL)e is the total element axial 

force parameter.Each stability function will be derived depending on the applied 

boundary conditions. 

3.2 Modified Bowing Functions 

Oran
 
[8] discovered that the modified stability functions (γ1,γ2, and γ3) can be found by 

using the stability functions (S1, SC, S2), as follows: 

         S2 
γ1 =                     …(3-27) 
          U

m 

         SC 
γ2 =                     …(3-28) 
         U

m 

         S1 
γ3 =                     …(3-29) 
         U

m 

Also, he derived the modified bowing functions for the non-prismatic members, as 

follows: 

         -γ 'i 
βi =                     …(3-30) 
         2π

2 

         -γ"i 

β'i =                     …(3-31) 
          2π

2 
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U 

Where   βi  = modified bowing function. 

             β'i = first derivative of bowing function. 

             γ 'i  = first derivative of stability function. 

             γ"i = second derivative of stability functions. 

γ'i  can be found using the finite difference method. 

             f(q + Δq) – f(q – Δq) 

f '(q) =                                                      …(3-32) 

                                   2Δq     

  

              f(q + Δq) – 2f(q) + f(q – Δq) 

f ''(q) =                                                      …(3-33) 

 

 

3.3 Estimation of Modified Stability and Bowing Functions Using Approximate 

Formulae 

3.3.1 Estimation of Stability Functions 

          In order to facilitate the estimation of modified stability functions of the non-

prismatic members resting on elastic foundation, and depending on the results obtained 

previously by finite differences method and finite segments method, it is noticed that the 

modified stability functions for members with linear and non-linear variation of sections 

can be estimated using the relations:  

S1 = U
 (φ – 0.1) m / 4  

.S                                                                           …(3-34) 

SC = U
 (1 + φ) m / 4.3

  .SC                                                                      …(3-35) 

S2 = U
 (φ + 0.1) m / 1.47  

.S                                                                       …(3-36) 

Q1 = U
φ m / 3.85

  .Q                   (for λL < 3)                                        …(3-37) 

Q1 = U
 (φ m / 1.7 λL)

 .Q               (for λL >= 3)                                      …(3-38) 

Q2 = U
φ m / (1.6 – 0.1λL)

 .Q         (for λL =<4.5)                                      …(3-39) 

Q2 = U
φ m / (1.195 – 0.01λL)

 .Q     (for λL >4.5)                                         …(3-40) 

qQ1 = U
φ m / 1.4

 .qQ                                                                             …(3-41) 

qQ2 = U
φ m / (λL + 1)

  .qQ        (for λL < 3)                                            …(3-42) 

qQ2 = U
φ m / 3.85

  .qQ            (for λL >= 3)                                          …(3-43) 

T1 = U
φ m / (3.5 – (0.25 – 0.1  U    (U – 1) (U – 1.5)))

 .T     (for λL =< 1.5)             …(3-44)   

(Δq) 
2
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T1 = U
φ m / (2.8 – 0.25 (U – 1.5) + 0.5 (λL – 2)) 

.T
     

 (for1.5 <λL < 4)                 …(3-45)   

T1 = U
φ m / ((λL – 1) + 0.6  - 0.2 (λL – 4))

  .T      (for λL >= 4)                        …(3-46)   

T2 = U
φ m / (1.98 – 0.03 (U – 1.5)) 

.T     (for λL =< 1.5)                               …(3-47)   

T2 = U
φ m / (1.83 – 0.183 (U – 1.5) – (0.25 – 0.115 (U – 1.5)(U - .5) (λL – 2)))  

.T    (for 1.5<λL <4)                        

                                                    …(3-48) 

T2 = U
φ m / (1.43 – 0.1(λL – 4) – .01 U)

  .T         (for λL >=4)                         …(3-49) 

tT1
 
= U

φ m / 2
  .tT                                                                               …(3-50) 

tT2  = U
φ m (1 + (λL – 1) / 7) / (5.3 – 0.9 U)

  .tT                                                …(3-51) 

Where S, SC, Q, qQ, T, tT are the stability functions of a uniform member resting on 

elastic foundation with constant moment of inertia (U
φm/2

.I1), having axial load parameter  

ρ = ρ1 / U
φm / 2

                                                       …(3-52) 

The value of φ depends on the shape factor m
 
[2]. As follows: 

A- For members having linear distribution of cross section (i.e. tapered member). 

For m = 4          φ = 1 

For m   3        φ = 1.04 + 0.08 (3 – m)                    …(3-53) 

B- For members having parabolic distribution of cross section, it is divided into: 

1-members having concave variation of cross section
 
[7] 

For m = 4           φ = 0.825 

For m   3        φ = 0.88 – 0.284 (3 – m)                                   …(3-54)  

2-members having convex variation of cross section  

For m = 4           φ = 1.07 

For m   3        φ = 1.09 + 0.08(3 – m)                                    …(3-55)     

3.3.2 Estimation of Bowing Functions 

      In connection with approximate stability function, the values of γi are: 

γ1 = U
 (φ – 1.37) m/ 1.47

 .S                                                               …(3-56) 

γ2 = U
 (φ – 3.3) m/ 4.3

 .SC                                                               …(3-57) 

γ3 = U
 (φ – 4.1) m/ 4

 .S                                                                    …(3-58) 

The derivatives of the stability functions γi with respect to the axial load parameter (ρ1): 

γ '1  = U 
(0.2625 φ + 0.1) m/ 1.47

 .S'
  
                                                   …(3-59) 
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γ '2  = U 
(1 – 1.15 φ) m/ 4.3  

.SC'
  
                                                      …(3-60) 

γ '3  = U
– (φ + 0.1) m/ 4

 .S'
  
                                                              …(3-61) 

γ"1  = U 
(1.57 – 0.47 φ) m/ 1.47

 .S''                                                      …(3-62) 
 
 
  

γ"2  = U 
(5.3 – 3.3 φ) m/ 4.3

 .SC''                                                       …(3-63) 
 
 
 
 

γ"3  = U
 – (4.1 + 3 φ) m/ 4 

 .S''                                                           …(3-64) 
 
 

Where S’, SC’, S’’, and SC'' can be determined approximately by using finite difference 

method from Eqs.(
 
3-32) and (3-33). Now, bowing function (βi) can be obtained with 

respect to (ρ1) using:  

        -γ 'i 
βi =                            …(3-65) 

         2π
2
  

  

Graphs of stability functions for various types of non-prismatic members are shown in 

appendix A. In addition, results of bowing functions is illustrated in Tables (A-1), (A-2) 

and (A-3) in appendix A, also.  

 

 

 

 

4. Modified Tangent Stiffness Matrix in Local Coordinates  

        For convenience, the following notation is introduced [8] 

U1 = θ1    ;  U2 = θ2     ;  U3 = u                                             …(3-66) 

 and   __                  __                 _ 

          S1 = M1    ;   S2 = M2   ;   S3 = PL                               …(3-67) 

             _ 

 then , {ΔS} = [t] {ΔU}                                                       …(3-68) 

in which [t] = tangent stiffness matrix for relative deformation, with  

        Si        Si        ρ1             

tij =          +           *              ;    for i, j = 1,2,3                    …(3-69) 
        Uj        ρ        Uj    

ρ1 can be rewritten in the form: 
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         λ
2
                     

ρ1 =           (ur – (β1θ1
2
 + 2β2 θ1θ2  + β3 θ2 

2
 ))                         …(3-70) 

         π
2   

 
Using a notation consistent to that of a prismatic member

 
[3,8] 

ρ/θ1 = G1/π
2
H ;     ρ/θ2 = G2/π

2
H ;     ρ/U = 1/H      …(3-71) 

 in which  ur = u / L                                                             …(3-72) 

G1 = - 2π
2
 (β1θ1 + β2 θ2) = γ'1 θ1 + γ'2 θ2                                 …(3-73)  

G2 = - 2π
2
 (β2θ1 + β3 θ2) = γ'2 θ1 + γ'3 θ2                                 …(3-74)  

           π
2
 

H =           + (β'1θ1
2
 + 2β'2 θ1θ2  + β'3 θ2 

2
 ))                           …(3-75) 

          λ
2 

  
The tangent stiffness matrix is: 

 

                                                 G1
2
                 G1

 
G2             G1 

                                        γ1 +                  γ2 + 
                                                  π

2
 H                  π

2
 H            H    

     

                                     G2
2
               G2  

          [t] =  (EI1 /L)                                 γ3  +                                    …(3-76) 

                                                         π
2
 H             H    

 
      π

2
 

                                               Sym  
      H    

4.Applications 

4.1 Introduction 

The nonlinear response of structures is generated by an incremental load approach with 

Newton – Raphson type of iteration performed at each load increment to satisfy the joint 

equilibrium equations. A computer program called (ELDATFEF) is written to carry out 

the large displacement elastic stability analysis of plane frames comprised of prismatic or 

non-prismatic (tapered and non-uniform) members resting on elastic foundation (Winkler 

model). The computer program is coded in (Quick Basic Ver.4.5) language to be used on 

IBM.PC computers. The flowchart of this program with a brief description for each 

subroutine is shown in appendix B. 
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4.2 Examples 

Example 1:Finite Beam Subjected to End Load 

           A beam of 60 ft (18.288 m) length rests on an elastic foundation. A concentrated 

load of 50 kips (222.5 kN) is applied at one – end as shown in Fig.(5-1-a).The other 

properties are: area = 23.54 in
2 

(0.0152 m
2
) , moment of inertia = 1047.08 in

4 
(2 * 10 

-7
 

m
4
) and modulus of elasticity = 30000 kips/in

2
 (206850 N/mm

2
). Al-Hachami

 
[6] solved 

this example for small values of (λL), and as he stated, end B must be supported against 

both vertical deflection and rotation, otherwise no solution can be obtained. He used six 

elements in solving this problem, while in the present study one element is used to get 

good agreement between the present study and that mentioned previously, Fig.(5-1-b). 

 

            

            

            

            

            

        

 

            

  

 

 

 

 
 

Example 2: Non-Prismatic Beam 

The same beam in Ex.(1) is considered here with linear variation of section. End depth 

ratio = 2.35. Figure (5-2-a) shows the loading condition of this example. Finite difference 

and approximate methods are used in the analysis. Good agreement can be seen between 

P 

kn
P  

L 

A B 

Fig.(5-1-a) Example 1 

Fig.(5-1-b) Graph of Example 1 
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L
o
ad

 (
k
N

) 

the results obtained from the two methods of analysis. Figure (5-2-b) shows the load-

displacement curves of this example for λL= 1. 
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Fig.(5-2-a) Example 2 

Fig.(5-2-b) Graph of Example 2 
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6. Conclusions 

1. The stability and bowing functions can be derived using finite difference method 

and finite segment method. 

2. For linearly and nonlinearly tapered members resting on elastic foundation, 

stability and bowing functions can be estimated approximately by using the stability 

and bowing functions for prismatic members using different factors depending on 

the tapering ratio, shape factor, axial force parameter and sometimes non-

dimensional soil parameter.  

3. The only difference between the analysis of non-prismatic members resting on 

elastic foundation and those which are not, when adopting the beam-column 

approach, is represented in the stability and bowing functions, and this is reflected 

directly on the tangent stiffness matrix.             
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Nomenclature 
Ao                Equivalent cross – sectional area 

a                 L / (U – 1) 

b1, b2           Bowing functions for prismatic members 

Cb                Length correction factor due to bowing 

 [d]               Element nodal displacements 

di                 Depth of cross – section at end i 

{F}              Vector of member end forces in global coordinates 

[f]                    Element nodal forces 

G1,G2,H           Nonlinear geometric functions 

I (x)                   Variable moment of  inertia of the beam-column member  

Ii                      Moment of inertia at end i 

k                      Stiffness of the elastic foundation 

ks                    Modulus of subgrade reaction   

L                      Initial (undeformed) member chord length 

Lc                    Chord length of deformed member 

m                    Shape factor = Log(I1/I2)/Log(U) 

P                     Member axial force 

PE                   Classical Euler buckling load for a beam-column = π
2
EI/L

2
    

{S}                 Vector of member end forces in Eulerian coordinates 

 [T]                 Member tangent stiffness matrix in global coordinates 

[t]               Member tangent stiffness matrix in local coordinates 

U                Tapering ratio = d1/d2 

{U}            Vector of member end displacements in global coordinates 

X,Y            Initial joint global coordinates 

βi                Bowing functions for non-prismatic members 

γi                Stability functions for non-prismatic member       

θ1               Relative rotation of end 1 of beam-column element         

θ2               Relative rotation of end 2 of beam-column element         

Δ                Increment 

[τ]              System (structural) assembled tangent stiffness matrix                 


