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Abstract: This paper introduces and studies a generalization of Baskakov-Beta 

operators, denotes it by ,  where  (  the set of nonnegative integers). 

First, we show that  is an approximate process for  as  where 

. Next, we discuss a Voronovaskaja-type asymptotic formula for . 

Finally, we present a theorem which gives us an estimate of the degree of approximation 

by the operator . 
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1. Introduction  

In the resent paper, we assume that  is a constant not necessarily the same in 

different cases. 

For , Gupta 

[2, 3] defined the Baskakov-Beta operator  as: 

 

where 

 

 

Recently, many researchers defined and studied deferent sequences of linear 

positive operators. The results were found for these operators (i.e. order of 

approximation, Voronovaskaja formula and the estimate of the degree of approximation) 

are similar. For some important contributions in this directions, we refer here to [1, 4, 5].  

In this paper, we define and study the following family of of Baskakov–Beta 

operators:  

 

Clearly  whenever . 

Actually, the operator  can be written as: 

 

where  the kernel . 

The norm  on the space  is defined as: 

 

 First, we give a theorem shows that  is an approximate process for 

 as . Then, we discuss a Voronovaskaja-type asymptotic formula for the 

operator . Finally, we present a theorem which gives us an estimate of the 

degree of approximation by the operator . 

2. Basic Results 

 For , the m-th order moment of the Baskakov operators is defined by the 

function 
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Lemma 1.1 [6].  

For the function , we have ,  and there holds the 

recurrence relation  

( ))()()1()( 1,,1, xmxxxxn mnmnmn −+ +′+= λλλ , for 1≥m . 

Consequently, we have 

(i) )(, xmnλ  is a polynomial in x  of degree at most m ; 

(ii) for every ),0[ ∞∈x , )()( ]2/)1[(
,

+−= m
mn nOxλ  where ]2/)1[( +m  denotes the 

integer part of 2/)1( +m . 

For oNm∈ , we define the m-th order moment of the operator ));((, xtfB pn as: 
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Lemma 1.2:   
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and there holds the recurrence relation  
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Consequently, we have 

(i) )(,, xT mpn  is a polynomial in x  of degree m ; 

(ii) for every ),0[ ∞∈x , )()( ]2/)1[(
,,

+−= m
mpn nOxT  where ]2/)1[( +m  denotes the 

integer part of 2/)1( +m . 

Proof: By direct computation, we get the values of 
 

)(0,, xT pn , )(1,, xT pn  and 

).(2,, xT pn  

To prove the recurrence relation (1.1), we have:  

For 0=x , the recurrence relation clearly holds. 

For ),0( ∞∈x , we have 
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Integrating by parts, the recurrence relation (1.1) is immediate. 

From the values of )(0,, xT pn  and )(1,, xT pn , it is clear that the consequences (i) and (ii) 

hold for 0=m  and 1=m . The consequence (i) can be proved easily by using (1.1) and 

the induction on m .  

We sketch below the proof of the consequence (ii). 

Suppose that the consequence (ii) be true for m , then by (1.1), we have   
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Hence, for every ),0[ ∞∈x , )()( ]2/)2[(
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for 1+m . Consequently, by mathematical induction, it holds for all 0Nm ∈ .                  ■ 

Lemma 1.3:  

For o
Nn∈  and ),0[ ∞∈x , we have: 
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 Making used Lemmas 1.1, 1.2 and the direct computation, the proof of this lemma 

easily follows, hence the details are omitted. 

Corollary. Let δ  and γ  be any two positive real numbers and ),0(],[ ∞⊂ba . Then, for 

any 0>s  we have,  
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Making use of Schwarz inequality for integration and then for summation and 

Lemma 1.2, the proof of the corollary easily follows, hence the details are omitted. 
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3. Main Results 

First, we prove that for Nr ∈ , );()(
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pn  is approximation process for 
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First, we estimate 1R , using the binomial expansion of i
xt )( − and Lemma  1.3, we have  
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Next , applying  Lemma 1.4, we obtain  
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Applying the Cauchy–Schwarz inequality for integration and then for summation, we 

obtain  
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 Again using the Cauchy–Schwarz inequality for integration and then for summation, 

Lemmas 1.1 and Corollary, we get 
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Collecting the estimates of  21 RR −  , we obtain the required result.            ■ 

 Our next result is a Voronovaskaja-type asymptotic formula for the operators 
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Using Lammas 1.2 and 1.3 , we have  
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Hence in order to prove the theorem it suffices to show that  02 →nE  as ∞→n , which 

follows on proceeding along the lines of proof of 02 →R  as ∞→n  in Theorem 3.1.    ■ 
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where 21,CC  are both independent of f  and n , )(δω f  is the modulus of continuity of 

f  on ),( ηη +− ba , and .  means the sup-norm on ].,[ ba  
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By using Lemmas 1.2 and 1.3, we get 

∑ ∑ ∫
= =

∞
− −












−








=

q

i

i

j

rj
pnr

r
ji

i

xfdttxtW
dx

d
x

j

i

i

xf
E

0 0

)(

0

,

)(

1 )(),()(
!

)(
 

∑ ∑
= =

−−







=

q

ri

i

rj

ji
i

x
j

i

i

xf
)(

!

)()(

 












+

−

−−−+
−+

−

−−−+
× −− )(

))!1((

)!1()!2(
)1(

))!1((

)!1()!1( 21

22
nOx

n

jnjn
jjx

n

jnjn

dx

d jj

r

r

 

)()(
xf

r− . 

Consequently, )( 2)(1
11

−

=

− +













≤ ∑ nOfnCE

q

ri

i , uniformly in ],[ bax ∈ .  

To estimate 2E  we proceed as follows: 
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uniformly in ],[ bax ∈ , in view of  Lammas 1.1 and 1.2. 
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For δ≥− xt , we can find a constant 0>M  such that αtMxth ≤),( . Finally using 

Schwarz inequality for integration and then for summation, Lemma 1.1, and Corollary, it 
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Combining the estimates of 321 ,, EEE , the required result is immediate.           ■ 
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