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Abstract.

Fuzzy translations, (normalized, maximal) fuzzy extensions and fuzzy multiplications of
fuzzy QS-subalgebras of QS-algebras are discussed relations among fuzzy translations, fuzzy
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1. Introduction

Several authors ([7],[3],[8]) have introduced of BCK-algebras as a generalization of the concept
of set-theoretic difference and propositional calculus and studied some important properties. The
concept of a fuzzy set, was introduced by L.A. Zadeh [10]. In ([5], [6],[9]) , they applied the
concept of fuzzy set to BCK/BCl-algebras and gave some of its properties. A.T. Hameed and et.al.
[2] introduced the notions fuzzy QS-subalgebras , fuzzy QS-ideals of QS-algebras and investigated
relations among them . In this paper, we discuss fuzzy translation, (normalized, maximal) fuzzy S-
extension and fuzzy multiplication of fuzzy QS-subalgebras in QS-algebra. We discuss fuzzy
translation, fuzzy extension and fuzzy multiplication of fuzzy QS-ideals in QS-algebra.

2. Preliminaries

Now, we introduced the concept of algebraic structure of QS-algebra and we give some results
and theorems of it .
Definition 2.1([1]). Let (X; =,0) be an algebra of type (2,0) with a single binary operation (*). X
is called a QS-algebra if it satisfies the following identities: for any x, y, ze X,
(QSy) : (z*y) * (z*x) =x*y,
(QS,) : x *0=x,
(QS3) :x * x=0,
(QSy) :(x * y) *z=(x* Z)*y .

In X we can define z\sorder relation (<) by: x<y ifandonlyif, x* y=0.
Lemma 2.2 ([1]).In any QS-algebra X, the following properties hold: for all x, y, ze X;
a) X« y=0and yxx=0 imply x=y,
b) y = [(y*2) *z]=0,
Cc) X<y impliesthat y *z < x *z ,
d) x <y impliesthat z*x < zxy,
e) x<yand y<z imply x<z,
f) x*y<z impliesthat z*y<x.
Definition 2.3([1]). Let X be a QS-algebra and let S be a nonempty subset of X. S is called a QS-
subalgebra of X if x *y e Swheneverx,y € S.
Definition 2.4([1]). A nonempty subset | of a QS-algebra X is called a QS-ideal of X if it
satisfies: for x,y,z € X,
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(1QS1) (0 el),

(10Sy) (z*xy)e |l and (x*y)e | imply (zxx)e I

Definition 2.5([10]). Let X be a nonempty set, a fuzzy subset p in X is a function

w:X —[0,1].

Proposition 2.6([1]). Every QS-ideal of QS-algebra X is a QS-subalgebra of X.

Definition 2.7([2]). Let X be a QS-algebra, a fuzzy subset p in X is called a fuzzy QS-
subalgebra of Xifforallx,y e X, pu(x*y)>min {u (x), u(y)} .

Definition 2.8([2]). Let X be a QS-algebra, a fuzzy subset p in X is called a fuzzy

QS-ideal of X if it satisfies the following conditions: , forall x,y,z € X,

(FQS) p(0)=px),

(FQSz) p(z*x)=min {p(z*y), p(X*y)}.

Proposition 2.9([2]). Every fuzzy QS-ideal of QS-algebra X is a fuzzy QS-subalgebra of X.

3. Fuzzy translations and fuzzy multiplications of fuzzy QS-subalgebras .
We study the relations among fuzzy translation,(normalized, maximal) fuzzy S-extension and
fuzzy multiplication of QS-subalgebras of QS-algebra X as([3],[4].[7])-
In what follows let (X; *,0) denote a QS-algebra, and for any fuzzy set pu of X, we denote T =1
—sup{(x) | x € X} unless otherwise specified.
Definition 3.1([3]). Let X be a nonempty set and p be a fuzzy subset of X and let ae [0,T]. A
mapping u. : X — [0,1] is called a fuzzy translation subset of p if it satisfies:
u (X) = u(x)+ a, forall x € X.
Theorem 3.2. Let X be a QS-algebraand p be a fuzzy QS-subalgebra of X and
o €[0,T]. Then the fuzzy translation subset . of wis a fuzzy QS-subalgebra of X.
Proof. Assume p be afuzzy QS-subalgebra of X and o € [0,T], let x,y € X. Then
By () = pOxxy)+a = min{u(x), p(y)}o = minf{u(x)+o, p(y)+a} = min{p; (x), 1, )}
Hence . isa fuzzy translation QS-subalgebra of X. o
Theorem 3.3. Let X be a QS-algebra and p be a fuzzy subset of X such that the fuzzy
translation subset ] of pis a fuzzy QS-subalgebra of X for some o € [0,T]. Then p is a fuzzy
QS-subalgebra of X.
Proof. Assume p! be a fuzzy translation QS-subalgebra of X for some a e [0,T]. Let x,y

e X, then p(x*y)to = p; (x*y)> min{u; (x), p, ()I=min{ux)+a, uy)+o}

= min{p(x), pu(y)}+a and so p(x *y) > min{p(x), pu(y)}-
Hence p is afuzzy QS-subalgebra of X .0

Definition 3.4([3]). Let w,and u, be fuzzy subsets of a set X. If p,(X) < p,(x) forall x € X, then
we say that p, is a fuzzy extension of p,.

Definition 3.5. Let X be a QS-algebra, p, and p, be fuzzy subsets of X. Then u, is called a
fuzzy S-extension of p, if the following assertions are valid:

(Si) u, isafuzzy extension of p,.

(Si) If p, is a fuzzy QS-subalgebra of X, then p, is a fuzzy QS-subalgebra of X.

By means of the definition of fuzzy translation, we know that p (x) > w(x) for all x € X. Hence we
have the following proposition.

Proposition 3.6. Let p be a fuzzy QS-subalgebra of a QS-algebra X and o € [0,T]. Then the
fuzzy translation subset u! of p is a fuzzy S-extension of p.

Proof. Straightforward.n

In general, the converse of Proposition (3.6) is not true as seen in the following example.
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Example 3.7. Consider a QS-algebra X = {0, a, b, c} with the following Cayley table:

O T | |O|*
O |T | |O|0
00O |
OO0 |T|T
O |T|O |0

Define a fuzzy QS-subalgebra p of X by:

X 0 a b C
L |09 | 06| 07 |06
uy [ 0911061 | 071 | 0.61
Then p] is a fuzzy QS-subalgebra of X. which is a fuzzy S-extension of p for all a € [0,T]. But p
is not a fuzzy S-extension of ! .

Proposition 3.8. The intersection of fuzzy S-extensions of a fuzzy subset p of X is a fuzzy  S-
extension of L.

Proof: Let{ u; |i € A.} be a family of fuzzy QS-subalgebras of QS-algebra X , then for any x, y
e X, i eA,

([ 1) (xy) =inf (1 (x*y)) = inf (min { p; ), B (P

=min {inf (1; (), inf(1; (v)}
=min {(ﬂ L )(x), (ﬂ L; (y)} . This completes the proof. &

ien ien
Clearly, the union of fuzzy S-extensions of a fuzzy subset p of X, is not a fuzzy
S-extension of p as seen in the following example.

Example 3.9. Consider a QS-algebra X = {0, a, b, c} with the following Cayley table:

* 0 a b c
0 0 a b c
a a 0 b b
b b c 0 a
Cc Cc b a 0

Define a fuzzy subset p of X by:

X 0 a b c
u | 08 0.5 0.7 0.5

Then p is a fuzzy QS-subalgebra of X. Let v and 6 be fuzzy subsets of X given by

X 10 a b c
v (0.8 0.6 0.7 0.7
5 |09 0.5 0.8 0.5

Then v and d are fuzzy S-extensions of p. But the union v U § is not a fuzzy S-extension of p
since (vu d)(c*b)=0.6 <0.7 =min{(v L d)(c), (v u d)(b)}.
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Definition 3.10. For a fuzzy subset pu of a QS-algebra X, a € [0,T] and t € [0, 1] with t>a, let
U, (i t) ={x e X|px)= t—a}.

If u isafuzzy QS-subalgebra of X, then it is clear that U_(u; t) is a QS-subalgebra of X, for
all telm(p) with t> o. But if we do not give a condition that p is a fuzzy QS-subalgebra
of X, then U, (u;t)is not a QS-subalgebra of X as seen in the following example.

Example 3.11. Let X = {0, a, b, c} be a QS-algebra which is given in Example (3.9). Define a
fuzzy subset A of X by

X 0 a b c
A | 07 | 06 | 04| 03

Then X is not a fuzzy QS-subalgebra of X since
Ma=*b) =Mc)=0.3<0.4=min{A(a), M(b)}. Fora=0.1 and t= 0.5, we obtain
U, (A t) = {0, a, b} which is not a QS-subalgebra of X since a *b=c¢ U_ (A; t).

Proposition 3.12. Let p be a fuzzy subset of a QS-algebra X and a € [0,T]. Then the fuzzy subset
translation p! of p is a fuzzy QS-subalgebra of X if and only if,

U, (u; t) is a QS-subalgebra of X, for all t € Im(p) with t> a.

Proof. Necessity is clear. To prove the sufficiency, assume that there exist X,y e X,

y € [0, 1] with y>asuchthat p] (x*y) <y <min{u! (x), ul (y)}. Then u(x) >y — o and u(y) >
y —a, but p(x*y) < y—a. This shows that x,y € U, (w; y) and x*y ¢ U_ (u; v). This is a
contradiction, and so p! (x*y) >min{pu’ (x), ul (y)}, forall x,y e X. Hence

u! is a fuzzy translation QS-subalgebra of X. &

Proposition 3.13. Let u be a fuzzy QS-subalgebra of QS-algebra X and o, A € [0,T]. If o > A
, then the fuzzy translation QS-subalgebra p! of pis a fuzzy S-extension of the fuzzy translation
QS-subalgebra p; of p.

Proof. For every xeX and a,A€[0,T] and a > X ,we have p! (x)= w(x)+a > p(x)+A= u; (x) ,then
ul (X) =) (x)  therefor u] (x) is a fuzzy extension of u; (X), since p is a fuzzy QS-subalgebra of
X then p! of p is a fuzzy QS-subalgebra (by Theorem (3.2)),hence pu! of wis a fuzzy S-extension
of the fuzzy translation QS-subalgebra p] of p. o

Proposition 3.14. Let p be a fuzzy QS-subalgebra of a QS-algebra X and A e [0,T]. For every
fuzzy S-extension v of the fuzzy translation QS-subalgebra p] of u, there exists a € [0,T]

such that o> A and v is a fuzzy S-extension of the fuzzy translation QS-subalgebrap’ of .

Proof. Since p is afuzzy QS-subalgebra of a QS-algebra X and A € [0,T], the fuzzy translation
subset p, of pis a fuzzy QS-subalgebra of X. If v is a fuzzy S-extension of ., then there exists a

€ [0,T] such that a>X and v(x)> p! (), forall x e X, hence

v is a fuzzy S-extension of the fuzzy translation QS-subalgebra ! of p.o
The following example illustrates Proposition (3.14).

148



Journal University of Kerbala , Vol. 15 No.4 Scientific . 2017
Example 3.15. Consider a QS-algebra X = {0, a, b, c} with the following Cayley table:

* 0 a b c
0 0 a b c
a a 0 b b
b b c 0 a
c c b a 0

Define a fuzzy subset p of X by:

0 a b c
H 0.7 0.5 0.4 0.4

Then pis a fuzzy QS-subalgebra of X and T=0.3. If we take A = 0.2, then the fuzzy QS-
subalgebra translation p of p is given by :

X 0 a b c
HI 09 | 0.7 | 06 | 0.6

Let v be a fuzzy subset of X defined by:

X 0 a b c
v | 094 | 076 | 0.64 | 0.64

Then v is clearly a fuzzy QS-subalgebra of X which is fuzzy extension of p] and hence v isa
fuzzy S-extension of fuzzy translation subset p] of p. Take o= 0.23, then
0=0.23>0.2 =2, and the fuzzy translation QS-subalgebra p' of u is given as follows:

X 0 a b c
ul 093 | 0.73 | 0.63 | 0.63

Note that v(x) > u! (x) for all x € X, and hence v is a fuzzy S-extension of the fuzzy
translation QS-subalgebra u] of .

Definition 3.16. A fuzzy S-extension v of a fuzzy QS-subalgebra p in a QS-algebra X is said to
be normalized if there exists Xo € X such that v(xo) = 1. Let p be a fuzzy QS-subalgebra of X. A
fuzzy subset v of X is called a maximal fuzzy S-extension of p if it satisfies:

(M;) v isafuzzy S-extension of p,

(M;;) there does not exist another fuzzy QS-subalgebras of a QS-algebra X which is a fuzzy
extension of v.

Example 3.17. let X = {0, a, b, c} with the following Cayley table:

* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

(X; =,0) isa QS-algebra. Let u and v be fuzzy subsets of X which are defined by
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wx) = % and v(x)=1 forall x € X. Clearly p and v are fuzzy QS-subalgebras of X. It is easy
to verify that v is a maximal fuzzy S-extension of p.

Proposition 3.18. If a fuzzy subset v of a QS-algebra X is a normalized fuzzy S-extension of a
fuzzy QS-subalgebra p of X, then v(0)=1.

Proof. It is clear because v(0)>v(x) forall x € X. 0

Proposition 3.19. Let p be a fuzzy QS-subalgebra of a QS-algebra X. Then every maximal fuzzy
S-extension of p is normalized.

Proof. This follows from the definitions of the maximal fuzzy S-extensions and normalized.
Definition 3.20. Let p be a fuzzy subset of a QS-algebra X and p € (0, 1]. A fuzzy
multiplication of p, denoted by py' is defined to be a mapping pg' : X—[0, 1] define by ' (x) =
B.u(x), forall x e X.

Proposition 3.21. If u is a fuzzy QS-subalgebra of a QS-algebra X, then the fuzzy multiplication
subset of p isafuzzy QS-subalgebra of X forall g < [0, 1].

Proof. Assume p is a fuzzy QS-algebra of a QS-algebra X , Then forall x,y € X and B < [0,
1], py OFY)=Bulxry) = B.mind ) u(yI={B 1), u(y)3I= {ug ), 1y ()} Hence py'is a
fuzzy QS-subalgebra of X forall f € (0, 1]. o

Proposition 3.22. For any fuzzy subset p of QS-algebra X, the following are equivalent:

(A) p isafuzzy QS-subalgebra of X.

(B) Forall B (0, 1], pg” is a fuzzy multiplication QS-subalgebra of X.
Proof. Necessity follows from Proposition (3.21). Let B < (0, 1] be such that ug” is a fuzzy
multiplication QS-subalgebra of X. Then for all x,y e X, B.u(X*y) = MEA (x*y) > min{pg” (%),

pg' (v)} = min{B.u(x), B.u(y)} = B. min{u(x), p(y)} and so p(x*y) > min{u(x), p(y)} forall x,y e
X. Hence p is a fuzzy QS-subalgebra of X. o

Proposition 3.23. Let p be a fuzzy subset of QS-algebra X, a € [0,T]and B < (0, 1]. Then every
fuzzy translation QS-subalgebra p] of p is a fuzzy S-extension of the fuzzy multiplication QS-

subalgebra pg' of p.

Proof. For every x e X, we have . (x) = p(x)+a > p(x) > B.u(x) = pg' (X),

and so ! is a fuzzy extension of HE," . Assume that ug” is a fuzzy multiplication QS - subalgebra of
X. Then p is a fuzzy QS-subalgebra of X by Proposition (3.22). It follows from Theorem (3.2) that

T

u, is a fuzzy QS-subalgebra of X for all o € [0,T]. Hence every fuzzy translation QS-subalgebra

u! is a fuzzy S-extension of the fuzzy multiplication QS-subalgebra MEA .0

4. Fuzzy translations and fuzzy multiplications of fuzzy QS-ideals .

We study the relations among fuzzy translation, fuzzy extension and fuzzy multiplication of QS-
ideals of QS-algebra X.
Theorem 4.1. Let p be a fuzzy QS-ideal of a QS-algebra X , then the fuzzy translation

subset u! of p is afuzzy QS-ideal of X, for all a e [0,T].

Proof. Assume p be a fuzzy QS-ideal of X and let a € [0,T]. Forall x,y,z € X and

1(0) = p(x). Then p] (0) = p(0)ta > p(x)ta = pj (x). and p (2*x) = p(z+* X)+a = minfu(z*y),
nocky)o = mindu(zy)yta, pocryrad= mindpl (z+y), pl(x*y)}. Hence pl is a fuzzy
translation QS-ideal of X .o

Theorem 4.2. Let p be a fuzzy subset of QS-algebra X such that the fuzzy translation subset
of wis a fuzzy QS-ideal of X for some a € [0,T]. Then u is a fuzzy QS-ideal of X.
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Proof. Assume ! is a fuzzy translation QS-ideal of X for some o e [0,T]. Let X, Y,z € X, we
have p(0yta= p, (0)> pf(x)=p(x)to.So u(0)=p(x) and

wzExyro = pg (z*x) =min{pg (2xy), p, (cxy)} = minfu(z* yy+a, p(x*y)+a}

= min{u(z*y), pu(x*y)}+ o and so p(z*x) > min{w(z*y), w(x*y)}. Hence n is a fuzzy QS-ideal
of X.o

Definition 4.3. Let p; and p, be fuzzy subsets of a QS-algebra X. Then p, is called a fuzzy
extension QS-ideal of , if the following assertions are valid:

(i) u, isafuzzy extension of p,.

(li) If p, isafuzzy QS-ideal of X, then p, isafuzzy QS-ideal of X.

Proposition 4.4. Let p be a fuzzy QS-ideal of X and let a, y € [0,T]. If o > v, then the fuzzy
translation subset u! of p is a fuzzy extension QS-ideal of the fuzzy translation QS-ideal ,u; of .

Proof. Let p be a fuzzy QS-ideal of X and let a, y € [0,T] and o > y ,then p(X)+o=p(y)+y , . >
,u; , hence  u] of p is a fuzzy extension of y; of p and by Theorem(4.1) then the fuzzy
translation subset p! of pis a fuzzy QS-ideal of X, hence u] of p is a fuzzy extension QS-ideal
of the fuzzy translation QS-ideal ] of p. o

Proposition 4.5. Let p be a fuzzy QS-ideal of a QS-algebra X and y < [0,T]. For every fuzzy
extension QS-ideal v of the fuzzy translation QS-ideal HI of p, there exists a € [0,T] such that a

>y and v is a fuzzy extension QS-ideal of the fuzzy translation QS-ideal u] of p.
Proof. For every fuzzy QS-ideal p of X and y € [0,T], the fuzzy translation subset u; of uisa
fuzzy translation QS-ideal of X. If v is a fuzzy extension QS-ideal of uI, then there exists a €
[0,T] such that a>1v and v(x) > u] (x) for all x € X. and by Theorem(4.1) then the fuzzy
translation subset p! of pis a fuzzy QS-ideal of X, hence u] of p is a fuzzy extension QS-ideal
of the fuzzy translation QS-ideal x! of p. o

The following example iIIustratés Proposition (4.5).

Example 4.6. Consider a QS-algebra X = {0, a, b, c} with the following Cayley table:

O|T | |Of*
O || OO0
o0 0o (o
OO0 |T|T
Ol | T|O(0

Define a fuzzy subset p of X by:

X! 0 a b C
ul08|05|06]|05

Then pis a fuzzy QS-ideal of Xand T =0.2. If we take y = 0.12, then the fuzzy
translation QS-ideal p; of p is given by :

X 0 a b C
“I 0.92 1 0.62|0.72 | 0.62
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Let v be a fuzzy subset of X defined by:

X110 a b c
v | 098 | 0.67 | 0.76 | 0.67

Then v is clearly a fuzzy extension QS-ideal of the fuzzy translation QS-ideal p; of u. forall a

€[0,T]. Take 0. = 0.17, then @ =0.17 > 0.12 =y, and the fuzzy translation QS-ideal p' of p is
given as follows:

X 10 a b c
HZ 0.97 | 0.67 | 0.77 | 0.67

Note that v(x) > p! (x), for all x € X, and hence v is a fuzzy extension QS-ideal of the fuzzy
translation QS-ideal p! of p.

Proposition 4.7. Let u be a fuzzy QS-ideal of a QS-algebra X and ae [0,T]. Then the fuzzy
translation subset x| of pis a fuzzy extension QS-ideal of .

Proof. Since u(x)+a= ' (X)> p(x),for all xeX ,and a.e [0,T] and by Theorem(4.1)then the fuzzy
translation subset x4 of wis a fuzzy extension QS-ideal of u . &

A fuzzy extension QS-ideal of a fuzzy QS-ideal p may not be represented as a fuzzy
translation QS-ideal u] of u, thatis, the converse of Proposition (4.7) is not true in general , as

shown by the following example.
Example 4.8. Consider a QS-algebra X = {0, a, b, c} with the following Cayley table:

* 0 a b C
0 0 a b C
a a 0 C b
b b C 0 a
C C b a 0

Define a fuzzy subset p of X by:

0 a b c
p 108 |05 (03 |03

Then p is a fuzzy QS-ideal of X . Let v be a fuzzy subset of X defined by:

X110 a b c
v |0.82|056|0.35]|0.35

Then v is a fuzzy extension QS-ideal of p . But v is not the fuzzy QS-ideal which is fuzzy
translation QS-ideal p! of p forall o € [0,T].

Proposition 4.9. The intersection of any set of fuzzy extension QS-ideals of QS-algebra X is also
fuzzy extension QS-ideal of X.

Proof: Let {1 € A} be a family of fuzzy extension QS-ideals of QS-algebra X, then for any X,
Y,z e X, i €A,

(& )i) @ =inf ()i (0)) = inf ((x)i (¥)) = (k)i ) and ([)(w); )z *x) = inf ((p)i)(z*

X)) = inf (min {Wi (Z*y), pi(x*y)}) =
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min {(N icap)(Z*y) , (Nicapi)(X*y) } = min {(_ﬂ(u)i )z*y) (ﬂ(u)i )(x*y) }. o Clearly, the
union of fuzzy extensions QS-ideals of a fuzzy subset of QS-algebraX is not a fuzzy extension of u
as seen in the following example.

Example 4.10. Consider a QS-algebra X = {0, 1, 2, 3} with the following Cayley table:

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Define a fuzzy subset p of X by:

0 1 2 3
pH (08| 05| 03]03

then p is a fuzzy QS-ideal of X. Let v and & be fuzzy subsets of X given by

X| 0 1 2 3
v| 08| 06 | 08| 06
6109 ] 06| 06 | 0.7

Then v and & are fuzzy extensions QS-ideals of p. But the union v & is not a fuzzy
extension QS-ideals of p since (v U §)(3*2) =0.6 < 0.7 = min{(v L 3)(3), (v U d)(2)}.
Theorem 4.11. The intersection of any set of fuzzy translations QS-ideals of QS-algebra X is also
fuzzy translations QS-ideals of X.

Proof: Let{( u!)i|i e A} be a family of fuzzy translations QS-ideals of QS-algebra X, then for
any x,y,ze X, i €A,

1) The intersection of any set of fuzzy QS-ideals of QS-algebra X is also fuzzy QS-ideals of X,
(by Proposition(3.10) from [1]) .

2) since (ﬂ(,u;)i ) () =inf {( 1 )i (X):i eAY=inf { i (X)+oi eA}=inf{ui(X) i eA}+a
= ﬂ(ﬂ)i (x)+a. hence intersection of any set of fuzzy translations of QS-algebra X is also fuzzy

translations of X. o

Theorem 4.12. Let a € [0,T], u! be the fuzzy translation subset of w. Then the following are
equivalent:
(1) w! isa fuzzy translation QS-ideal of X.

(2)vteIm(p),t>a= U, (u;t) is QS-ideal of X.

Proof. Assume that u_ is a fuzzy translation QS-ideal of X and let t € Im(y) be such that t > a.
Since p! (0)> p! (x) forall x e X, we have p(0)+o=p’ (0)> p! (x) = p(x)+ o that mean p(0)
> w(x), forall xe X. Let x € U, (u;t), then p(x)>t-o and

w(0) > u(x) imply p(0) > pu(x)>t-o. Hence 0 € U, (w;t).

LetX,y,z € Xbesuchthat (zxy) e U, (u;t)and (x*y) € U_ (u;t). Then p(z+*y)>t—o and p
(X*y) >t —o,ie, pl(z*y) =uz*y)yta >tand p! (x*y) = w(x*y)+a > t. Since u] is a fuzzy
translation QS-ideal of X, it follows that p(z*X)+a = p! (z*x) > min{u! (z*y), u. (x*y)} >t
thatis, w(z=*x)>t—asothat (zxx) e U, (u;t). Therefore U_ (u;t)is QS-ideal of X.
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Conversely, suppose that U, (u; t) is QS-ideal of X for every t € Im(n) with t > o. If there
exists x € X suchthat p! (0) <A< p! (x), then p(x) =1 —abut p(0) <A — o. This shows that xe
U, (wtyand 0 ¢ U, (u; t). This is a contradiction, and so u! (0)> u! (x) forall x € X.

Now assume that there exist X, y, z € X such that
py @*x) <y <min{ p; (z*y), u; (x*y)}. Then u(z*y) >y —a and u(x*y) > v — a, but p(z*x)
< y — a. Hence (zxy) € U (u; v) and (x*y) € U, (w; v), but (z=x)e U, (u; y). This is a
contradiction, and therefore u] (z*x) > min{u! (z*y), ul (x*y)}, for all x,y, z € X. Hence p] is a

fuzzy translation QS-ideal of X. o
In Theorem (4.11(2)), if t<a, then U, (u;t)=X.

Proposition 4.13. Let p be a fuzzy QS-ideal of a QS-algebra X and let a e [0,T], then the fuzzy
translation subset p! of p is a fuzzy QS-subalgebra of X.

Proof: Since p be a fuzzy QS-ideal of a QS-algebra X , then by Proposition (2.9) p be a
fuzzy QS-subalgebra of a QS-algebraX and let a € [0,T], then by Proposition (3.2), the fuzzy
translation subset u! of u is a fuzzy translation QS-subalgebra of X. o

In general, the converse of the Proposition (4.13) is not true .

Proposition 4.14. For any fuzzy subset p of X, the following are equivalent:
(i) pis afuzzy QS-ideal of X.

(i) Forall B € (0, 1], },LSA is a fuzzy multiplication QS-ideal of X.

Proof. Let u be a fuzzy QS-ideal of a QS-algebra X ,and x, y, z € X, For all B € (0, 1] then p(0)
> u(x) , B.u(0) > B.p(x)hence py' (0)> ' (x) and w(z*x) > min{u (z*y), p(y*x)} = p.u(z*x)>
= B. min{u(z*y), p(y*x)} = min{B.u(z*y), B.u(y*x)} and so py' (x) > min{ g (z*y), ug' (y*
x)} for all x, y, z € X.Hence pg” is a fuzzy QS-ideal of X. Let B € (0, 1] be such that HE" is a fuzzy
multiplication QS-ideal of X.Then for all x,y, ze X, B..(0) > B.u(x) , then w(0) > w(x) and P.u(z*
X)= pf! (2%x)

>min{py' (Z+y), g (x*y)} = min{B.u(z*y), B.uCx*y)} = B. min{u(z*y), u(x*y)} and so p(z*
X) > min{u(z*y), w(x*y)} forall X, y, z € X. Hence p isafuzzy QS-ideal of X. o

Proposition 4.15. Let p be a fuzzy subset of a QS-algebraX, a € [0,T] and A € (0, 1]. Then every
fuzzy translation subset pu! of p is a fuzzy extension QS-ideal of the fuzzy multiplication QS-

ideal },t'g/' of u
Proof. For every x e X, we have p! (X) = p(X)+a > p(x) > B.u(x) = pg' (x), and so u} is a fuzzy
extension QS-ideal of pg' . Assume that ' is a fuzzy QS-ideal of X. Then p is a fuzzy QS-ideal of
X by Proposition (4.14). It follows from Theorem (3.2) that u! is a fuzzy QS-ideal of X for all
o € [0,T]. Hence every fuzzy translation subset ' is a fuzzy extension QS-ideal of the fuzzy
multiplication QS-ideal ' . o

The following example illustrates Proposition (4.15).

Example 4.16. Consider a QS-algebraX = {0, 1, 2, 3} with the Example (4.10). Define a fuzzy
subset p of X by:

X 10 1 2 3
uo |08 0.5 0.3 0.3
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Then p is a fuzzy QS-ideal of X. If we take A = 0.1, then the fuzzy subset multiplication p, of u

IS given by:

X o[ 1] 23
u" [ 0.08 | 0.05 | 0.03 | 0.03

" [ 024 | 0.15 | 0.09 | 0.09

Clearly ', is a fuzzy multiplication QS-ideal of X. Also, for any a € [0, 0.2], the fuzzy

translation p! of p is given by:

X 0 1 2 3
Hl 0.8+a | 0.5+a | 0.3+a | 0.3+a

Then p! is a fuzzy extension QS-ideal of ', and p! is always a fuzzy translation QS-ideal of X

for all a € [0, 0.2]. Hence u] is a fuzzy extension QS-ideal multiplication of ', for all
a € [0,0.2].
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