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Equivalent of permutation polytopes with applications 

 
 

Abstract 

An open conjecture that relates to the equivalents between the permutation polytopes associated to 

their  groups  is proved and  also the proof  for two permutation groups  which are effectively 

equivalent implies the permutation polytopes associated to these groups is combinatorial equivalent is 

given. 
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Introduction 

The most famous permutation polytope is the 

Birkhoff polytope. It is appears naturally in 

various contexts like: enumerative 

combinatorices, optimization and statistics, 

[1,2] for more see, [3, 4and 5]. 

Lattice polytope is the convex hull of a 

finite sub set of the integer lattice   . 

Equivalently it is a polytope with all vertices 

are in   , [6]. Permutation polytope can be 

defined as a lattice polytope. 

 

 

This work consists of the definitions of 

combinatorial equivalent and effectively 

equivalent together with examples and figures. 

The relationship between permutations 

polytopes together with combinatorial 

equivalent and effectively equivalent is also 

discusses. 

Some remarks and theorems that relate to 

permutation group and permutation polytope is 

also given and two conjectures with its proof 

about permutation polytope are discuses in 

details. 
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1. Combinatorial equivalent of permutation 

polytopes: 
Here are some definitions and examples 

are given, that is benefit for defining the 

combinatorial equivalent and its result. 

Definition 1.1 [7,p.13]: 

Let   be a group, A representation of   is 

a homomorphism           for some 

vector space  . The dimension of   represents 

the degree of   . 

Two representation           and     

     , called equivalent if there exist an 

isomorphism       such that  
 

 

  
 
    for all      and denoted by    . 

Definition 1.2 [8]: 

A face poset define as a poset of cells of 

p order by inclusion where face poset denote 

by     . 

Remark 1.1 [9]: 

The set of all faces of a polytope partially 

ordered by inclusion is called face lattice, and  

Two polytopes are said to be equivalent if 

there face lattices are isomorphic. 

Example 1.1 [10,p.12]:  

Figure (1), represents the face poset of a 

polytope. 

Definition 1.3 [1]: 

For two polytopes P and Q, an 

equivalence of the face lattice as a posets of 

polytopes lattices is said to be combinatorial 

equivalent and denoted by    . 

 

Remark 1.2 [11,p.6]: 

1. Two polytopes are combinatorially equivalent 

in dimensions two if and only if they have the 

same number of vertices. 

2. If two polytopes combinatorially equivalent 

then they have the same number of vertices 

and same dimension. 

Example 1.2 [12,p3-4]: 

 The classification of 3-dimensional 

0/1-polytope       according to 0/1-

equivalent represents by the figure below.    is 

0/1-equivalent to sub polytope of P denoted by 

an arrow     , that is P=P(V) and          

for subse t    . There are 12 0/1-equivalent 

classes. 

Definition 1.4 [12,p.7]: 

 Two polytopes are said to be congruent if 

they have the same edge lengths, volume, etc. 

Definition 1.5 [11,p.196]: 

 Let      and      two polytopes 

and let          be an affine map      

     with       and     if   is 

injective then   is affinely equivalent to   and 

denoted by       . 

Example 1. 3  [11,p.155]: 

 For two 

octahedron,   

                           and    which 

is obtained by perturbing the vertex    to  
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           .   is a regular octahedron and 

   is a non-regular octahedron in   ,that is    

and   are combinatorial equivalent but not 

affinely equivalent . 

So ,P1=conv(y1) and P2=conv(y2), where  

 
 
 (

    

    

    

    

    

     

) and    

(
    

      
    

     
     
     

) 

 

Proposition 1.1 [12,p.8] 

On the finite set of all    -polytopes one 

has the following hierarchy of equivalence 

relation 0/1                       

                     

                           

For all three implications the converse is false. 

2. Effectively equivalent of permutation 

polytopes: 

In this section definitions and examples 

of effectively equivalent relates to a 

permutation polytope are discussed. 

Definition(2.1),[1]: 

Let   be a permutation group of 

subgroup    the representation        is 

called a permutation representation. 

Definition 2.2 [1]: 

Two real representations    and  
 
 of   

said to be stable equivalent. If contains the 

same non-trivial irreducible factors.  

 

 

Definition 2.3 [1]: 

The permutation representation of group 

             is said to be regular 

representation of group G via right 

multiplication. 

Definition 2.4 [1]: 

For finite groups           , there are 

two real representation  
 
           (for 

     ) if there exists an isomorphism 

        such that  
 
 and  

 
   are stably 

equivalent   -representation, then the two real 

representations is said to be effectively 

equivalent and denoted by  
 
     

 
. 

3. Theorems about permutation polytopes: 

According to the preceding sections we 

are reaching to prove the open problems which 

are given in this section together with their 

proofs. 

Remark(3.1),[Baumeister4]: 

For a symmetric group Sn. An injective 

homomorphism          is called 

permutation representation. The pair (G, π)  is 

called permutation group.  

Theorem 3.1 [13]: 

Two effectively equivalent permutation 

representations relates to two permutation 

polytopes are affinely equivalent. 

The open conjecture for [1] which is given by  
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Theorem 3.2: 

The permutation group G is effectively 

equivalent to Sn. if       is combinatorial 

equivalent to the Birkhoff polytope    for 

some n.where      is a permutation polytope  

Proof: 

   Let P(G) be a permutation polytope for a 

permutation group G. The n
th

Birkhoff  

polytope which is defined as the convex hull of 

all permutations(Remark(3.1))is given by 

Bn=P(Sn). 

Since the permutation polytope and the 

Birkhoff  polytope has isomorphic face lattice 

because they are combinatorial equivalents, 

and the faces lattice of a permutation polytope 

of dimension d are the vertices which appear as 

a permutation matrices and the faces lattice of 

Birkhoff  polytope of dimension d are also 

vertices represented by a permutation matrices. 

Therefore the group that represents the 

permutation polytope and  the symmetric 

group Sn are effectively equivalent. 

The open conjecture for [1] which is given by  

Corollary 3.1 

 For two permutation groups G1 and G2, if 

G1 and G2 are effectively equivalents then 

P(G1) and P(G2) are combinatorial equivalents. 

 

 

 

 

Proof: 

Since G1 and G2 are effectively equivalents 

P(G1) and P(G2) are affinaly equivalent 

(theorem(3.2)) 

P(G1) and P(G2) are combinatorial 

equivalent(proposition(1.1)). 

4. Conclousion  

In this paper, an important theorem for the 

relations between permutation polytope and 

permutation group for any dimension is 

introduced. Also a corollary between two 

permutation polytopes is proved. 

 

References:  

[1] B.Baumeister, C.Haase,B.Nill and 

A.Paffenholz, "On permutation polytopes 

",Advances in mathematics,vol.222,pp.431-

452,(2009). 

[2] A.S.Shatha, A.H.Batool,  " relation between 

the permutation polytope and elements of the 

symmetric groups", International Journal of 

Applied Mathematics & Statistical Sciences 

(IJAMSS) Vol. 5, Issue 3, p.47-52, Apr - May 

(2016). 

[3] R.A.Brualdi and P.M.Gibson, "Convex 

polyhedra of doubly stochastic 

matrices.I.Applications of the permutation 

function",Journal of combinatorial theory(A), 

vol.22,pp.194-230,(1977). 

 

 

 

Shatha .A / Batool .H 



 

53 

 

Journal of AL-Qadisiyah for computer science and mathematics     Vol.9   No.2   Year  2017 

ISSN (Print): 2074 – 0204       ISSN (Online): 2521 –  3504 

 

[4] R.A.Brualdi and P.M.Gibson,"The 

assignment polytope", Mathematical 

programing, vol.11, pp.97-101,(1976). 

[5] R.A.Brualdi and B.Liu, "The polytopeof 

even Doubly stochastic matrices", Journal of 

combinatorial theory, series A, vol.57,pp.243-

253,(1991). 

[6] P.M.Gruber,"Convex and discrete 

geometry", Springer-VerlagBerlin 

Heidelberg,(2007). 

[7] B.Steinberg,"Representation theory of 

finite groups", Springer science+Business 

media,LLC,(2012). 

[8] E.G.Minian,"Some remarks on Morse 

theory for posets, homological Morse theory 

and finite manifolds", Topology and its 

applications, vol.159, pp.3860-2869,(2012). 

 

 

 

 

 

 

 

 

 

 

 

[9] A.Br ndsted,"An introduction to convex 

polytopes", Springer-Verlag New 

York,Inc,(1983). 

 [10] C.A.Haase, "Lattice polytopes and 

triangulations with applications toric 

geometry", Ph.D thesis of university 

Berlin,(2000). 

[11] G.M.Ziegler, "Lectures on polytopes", 

Springer-Verlag New York, Inc,(1995). 

[12] G.M.Ziegler, "Lecture on 0/1-polytopes", 

in: G. Kalai, et al. (Eds.), Polytopes – 

Combinatorics and Computation, Springer 

Basel AG, (2000). 

[13]B.Baumeister and M.Grüninger, "On 

permutation polytopes: notions of 

equivalence",J algebr comb, vol.41, pp.1103-

1114, (2015). 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 التكافؤ بيي هتعذد الأضلاع والزوايا التبادلي هع تطبيقاته
 

 

 بتول علي حويذ                                 شذى اسعذ سلواى                                     

 الرياضيات وتطبيقات الحاسوب / طبيقية/ قسن العلوم الت الجاهعة التكنولوجية
drshatha.alnajar@gmail            batolali85@yahoo.com    

 

 
 الوستخلص :

تبادلً مع السمرة المرتبطت به  بالإضافت الى ذلك  تم برهنه تم تقدٌم برهان للعلاقت بٍه متعدد الأضلاع والسواٌا ال       

 العلاقت بٍه زمرتٍه متعلقتٍه بمتعددي الأضلاع والسواٌا التبادلً وتم توضٍح المفاهٍم الأساسٍت لعلاقاث التكافؤ.
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