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 ABSTRACT 
   Our aim in this search is to find the values of separation constant   for the 

complete solution without using any initial and boundary conditions for some 

classified of the linear second order partial differential equations for all cases 

which contains the case 
4

2

AB  since that is not easy to find the values   without 

using any initial and boundary conditions for an application homogenous linear 

partial differential equations(LPDEs) which is solving by separation of variables 

method, by this method we found other complete solutions for some classified of 

the linear second order partial differential equations. 

  

1.INTRODUCTION 
   One of the power full methods of generating asset of solutions for a given 

homogeneous (LPDEs) is the method of separation variables. 

   The dependent variable in separation variable is assumed to be a product of 

functions and by finding the partial derivatives in the original (PDEs) by this 

method we obtain ordinary differential equations are independent of each other, 

and each ordinary differential equation must be affixed to constant(separation of 

constant) which is supposed to be   and by substituting initial and boundary 

conditions we obtain the values of separation constant   . 

  we could find in [4] the complete solution of second order (LPDEs) by using the 

assumption      

e
dyyvdxxu

yx  


, ,which is converted (LPDEs) of second order to 

linear ordinary differential equations (LODEs) of first order, and classified 

(LPDEs) to many cases. 

   In this rsearch we take all cases which is concerned the case 
4

2

AB  for finding  

  without using any initial and boundary conditions and finding other complete 

solutions for some classified of the linear second order partial differential 

equations. 

 

2.BASIC DEFINITIONS 

 

Definition 2.1,[3],[1]:- A partial differential equation is an equation that contains 

partial derivatives. In contrast to ordinary differential equation, where unknown 

function depends only on one variable, in partial differential equations; the 

unknown function depends on several variables.  

 



        AL-Qadisyah Journal For pure Science .VOL. 14   NO. 1   Year   2009 

53 

Definition 2.2,[3],[5]:-A linear partial differential equation of second order in the 

independent variable x and y  is an equation of the form   

                  

            yxRyxyxyxyxyx AAAAAA yxyyxyxx
,,,,,,

654321
     

... (1 

where  yxAi
, , 6,...,2,1i are functions of x  and y  or constants. If   0, yxR  

then the equation (1) is said to be homogenous and non-homogenous if 

  0, yxR . If   6,...,1,, iyxAi
are constant functions then the equation (1) is 

called with constant coefficient, and if at least one of  yxAi
, , 6,...,2,1i are 

non-constants then the equation (1) is called with variable coefficients. And if 

0
654
 AAA ,then the equation(1) is said to be linear partial differential 

equation with homogenous terms. 

 

3.EXTENSION OF LINEAR SECOND ORDER PARTIAL DIFFERENTIAL 

EQUATIONS [4],[2] 

    The linear second order partial differential equations, which have the general 

form: 

                 

              0,,,,,
6554321

  AAAAAA yxyxyxyxyx
xyyxyxx

... (2 

   

  In order to find the complete solution of the equation (2),in [4] search new 

functions  xu and  yv such that the assumption  

... (3                                                     

e
dyyvdxxu

yx  


,                                               

represent the complete solution of it, this assumption will transform the equation 

(2) to (ODEs) of first order by finding  xxxyyx
,,,  andyy

 

from the equation (3)and substitution the above partial derivatives in the 

equation (2) we get: 

  4...(02
65432

2

1






  AvAuAvvAvuAuuA  

  In order to find the complete solution of the equation (4), take a special cases, 

which depend on the values of  yxAi
, , 6,...,2,1i ,there fore in [4] classified the 

equation (2) to many cases. 

Note:- In [4] classified the equation(2) because the equation(4) cannot separate 

the variables  xu and  yv . 

 

4.CLASSIFIED  AND THE COMPLETE  SOLUTION (C.S) OF SECOND 

ORDER  (LPDEs)[4],[3] 

Case(1): 
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a) 
SC

xxA
.

1
0      cxyByx  ,    

b) 
SC

xyA
.

2
0    yyxi B

1̀1
,)  

                                  xyxii B 
22

,)                               

                                 Byxiii
3

,)                                     

c) 
SC

yyA
.

3
0     cyxyx B  44

,   

where BBBBB ,,,,
4321

and c arbitrary constants, and represent the 

separation of constant.  

Case(2):  

a)  
SC

xyxx AA
.

21
0    







 


BeBe
xy

A
A

yx
21

22

2

1

,   

b)  
SC

yyxy AA
.

32
0    







 


BeBe
yx

A
A

yx
21

22

2

3

, 
  

c)  
SC

yyxx AA
.

31
0  

 




























 yyxxyx

A
b

A
d

A
b

A
d 

3

3

3

3

1

2

1

2

1
sinh

1
cosh

1
sin

1
cos,

 

d)   0
321 yyxyxx AAA  If 

    


















xBxB
A

yxBi A
b

A
de

A yxSC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2

  

   ce
A x

A
DyxBii

yxSC 




2
.

2

,
4

)  

where 
A
AA

1

2 and 
2

1

3

A
A

B  ,and cDbbddBB ,,,,,,,
323221

and 

 arbitrary constants. 

Case(3): 
a)   0

6541 AAAA yxxx
 If    

                                         




















xBxBA
AA

yxBi A
b

A
de

A yxSC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2

5

6

2


 

   ce
A xA

AA
DyxBii

yxSC 





5

6

2

2
.

2

,
4

)


 

where
A
AA

1

4  and 
A

B

1

2

 , and cDbd ,,
11

and  arbitrary constants. 

b)  
SC

yxxy AAAA
.

6542
0    e

yx

AA
AA

Ayx 


















 




25

64

,  
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where A and  arbitrary constants. 

c)   0
6543 AAAA yxyy

 If 

              




















yByBA
AA

yxBi AbAdeA xySC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2

4

6

2


          

                                    cyA
A

DyxBii e
A y

A
xSC 




2
.

2

4

6

2

,
4

)


 

where
A
A

A

3

5  and 
A

B

3

2

 , and cDbd ,,
11

and  arbitrary constants. 

Case(4): 

a)   0
65421 AAAAA yxxyxx

 If   

                         


















xBxB
A

yxBi A
b

A
de

A yxsC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2
2

  

                          ce
A x

A
DyxBii

xySC 


2
.

2
2

,
4

) 
 

where
A
AAA

1

2

24 
 ,

A
AA

B

1

2

56 
 ,and cDbd ,,

11
and  arbitrary 

constants. 

b)   0
65431 AAAAA yxyyxx

 If 

 

































yDyDxBxB
CA

yxDBi C
a

C
d

A
a

A
de

CA yxSC

4
sin

4
cos

4
sin

4
cos,

4
&

4
)

2

2

2

2

2

1

2

1
22

.

22

   


















xBxBcy
CA

yxDBii A
b

A
de

CA yxSC

4
sin

4
cos,

4
&

4
)

2

1

2

1
22

.

22

 

   



















yDyDcx
CA

yxDBiii C
b

C
de

CA yxSC

4
sin

4
cos,

4
&

4
)

2

1

2

1
22

.

22

 

                  cce
CA yx

CA
kyxDBiv

yxSC

21
22

.

22

,
4

&
4

) 




 

where

A
AA

1

4 ,

A
B

1

2

 ,

A
A

C

3

5  and 

A
A

D

3

2

6 
 , ,,,,,,

2121121 ccaabdd  and 

 arbitrary constants. 

c)   0
65432 AAAAA yxyyxy

 If 

             


















yByB
A

yxBi A
b

A
de

A xySC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2
2

  



        AL-Qadisyah Journal For pure Science .VOL. 14   NO. 1   Year   2009 

56 

                             cy
A

DyxBii e
A yxSC 


2

.

2
2

,
4

) 
 

where
A
AA

1

4  and 
A

B

1

2

 , cDbd ,,
11

and  arbitrary constants. 

Case(5): 

  0
654321 AAAAAA yxyyxyxx

 If 

                  

 


















xBxB
A

yxBi A
b

A
de

A yxSC

4
sin

4
cos,

4
)

2

1

2

1
2

.

2

  

                    cx
A

DyxBii e
A yxSC 




2
.

2

,
4

)  

where
A

AA
A

1

42





,
A

AAA
B

1

65

2

3





, cDbd ,,
11

and  arbitrary 

constants. 

Note:-We take the cases that concerned the case 
4

2

AB  for finding the 

separation of constant   without using any initial and boundary conditions. 

 

5.HOW TO FIND THE SEPARATION OF CONSTANT   WITHOUT USING 

ANY (I.C) AND (B.C) FOR (LPDEs) BY USING SEPARATION 

METHOD 

Case (2): 

d) 0
321

  yyxyxx AAA  

If 
4

2

AB  , when 
2

1

3

A
A

B  and 
A
AA

1

2   

Proof:- 

since 
4

2

AB   hence    0
4

0
4

2

1

2

2

1

322

2

1

2

22

1

3 















A
A

A
A

A
A

A
A

   

since 0,,
321
AAA  therefore  0 , then the (C.S) becomes 

   cxDyx  ,  

where D  and c  are arbitrary constants. 

 

Case(3): 

 a) 0
6541

  AAAA yxxx
 

If 
4

2

AB  ,when 
A

B

1

2

  and 
A
AA

1

4   

proof:- 
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since 
4

2

AB   hence  0
4

2

1

2

4

1

2



A

A
A
  therefore 

A
A

1

2

42

4
  ,then the (C.S) becomes  

   ce xAA
AAA

A
A

Dyx
yx







51

61

2

4

1

4

4

4

,  

where D  and c  are arbitrary constants. 

 

c) 0
6543

  AAAA yxyy
 

If 
4

2

AB  ,when 
A
A

A

3

5  and 
A

B

3

2

   

proof:- 

since 
4

2

AB   hence  0
4

2

3

2

5

3

2



A

A
A
 therefore

A
A

3

2

52

4
  then the (C.S) becomes 

   cyA
A

AA
AAA

Dyx e
yx






3

5

43

63

2

5

24

4

,  

where D  and c  are arbitrary constants. 

 

Case(4): 

a) 0
65421

  AAAAA yxxyxx
 

If 
4

2

AB  ,when
A
AAA

1

2

24 
  and 

A
AA

B

1

2

56 
   

proof:- 

since
4

2

AB   hence 
 

0
4

2
24
2

1

2

1

2

56 
 

A

AA
A
AA 

therefore      

5...(0
442

2

2

61

2

42

2

2

51424

















 


A

AAA

A

AAAA
  

let 

A

AAAA
2

2

5142
42 

  and 

A

AAA
2

2

61

2

4
4

  

then the equation (5) becomes 

6...(0
24

   

and by solving the equation (6) we can know the value of    

b) 0
65431

  AAAAA yxyyxx
 

 If 
4

&
4

22

CA DB   when 
A

A
D

3

2

26 
 and 

A
A

AA
A CBA

3

5

1

2

1

1

4 ,, 


  

proof:- 
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since 
4

2

AB   and
4

2

CD   hence  0
4

2

1

2

4

1

2

1 

A

A
A


 and 

0
4

2

3

2

5

3

2

26 


A

A
A

A 
,therefore  

        
A
A

1

2

42

1 4
  and

A
A

A
3

2

5

6

2

2 4
 , then the (C.S) becomes 

    cce yxA
A

A
A

kyx
yx

21
22

3

5

1

4

, 




 

c) 0
65432

  AAAAA yxyyxy
 

If 
4

2

AB  ,when 
A

AA
A

3

5

2

2





 and 
A

AA
B

3

6

2

4





  

proof:- 

since 
4

2

AB   hence 
 

0
4

5
2

2
2

3

2

3

6

2

4 
 

A

AA
A

AA 
,therefore  

7...(0
442

2

2

63

2

52

2

2

43524

















 


A

AAA

A

AAAA
  

let 

A

AAAA
2

2

4352
42 

  and 

A

AAA
2

2

63

2

5
4

  then the equation (7) becomes  

8...(0
24

   

and by solving the equation(8) we can know the value of   . 

Case(5): 

        0
654321

  AAAAAA yxyyxyxx
 

If 
4

2

AB  ,when 
A

AAA

1

42





 and 
A

AAA
B

1

65

2

3





  

proof:- 

since 
4

2

AB   hence  
 

0
4

42
2

1

2

1

65

2

3 
 

A

AA
A

AAA  
 ,therefore   

9...(0
4

4

4

42

31

2

2

61

2

4

31

2

2

51422


























AAA

AAA

AAA

AAAA
  

let 

AAA

AAAA

31

2

2

5142

4

42




  and 

AAA

AAA

31

2

2

61

2

4

4

4




  then the equation (9) becomes  

10...(0
2

   

and by solving the equation(10) we can know the value of    

 
6.EXAMPLES  
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Example 6.1:- to solve the (PDE):-  022   yxxx
 

by using the (case (3), a) then 1
2
 , we get the (C.S) which has the form  

   ce xDyx
yx


2

,  

where D and c are arbitrary constants. 

 

Example 6.2:-to solve the (PDE):- 022   yxyy
 

by using the (case(3),c)then 1
2
 ,we get the (C.S) which has the form  

   ce yDyx
y

 ,  

where D and c are arbitrary constants. 

 

Example 6.3:- to solve the (PDE):- 0  yxxyxx
     

by using the (case(4),a)then 

1,3
2

2

2

1
   032

24

 ,hence 3,2    

If 3
2

1
 , we get the (C.S),which has the form 

   ce xDyx
xy


23

,  

If 1
2

2
  ,we get the (C.S),which has the form  

   ce xDyx
y




,  

where D and c are arbitrary constants. 

 

Example 6.4:- to solve the (PDE):- 0322   yxyyxx
 

by using the (case(4),b)then 2,1
2

2

2

1
  ,we get the (C.S) which has the form  

     cce yxkyx
yx

21
, 


 

where cc 21
, and k are arbitrary constants. 

 

Example 6.5:- to solve the (PDE):- 02   yxyyxy
 

by using the (case(4),c)then 5,6    

 hence  056
24

 1,5
2

2

2

1
    

If 5
2

1
 ,we get the (C.S) which has the form  

   ce yDyx
yx


35

,  

If 1
2

2
 ,we get the (C.S) which has the form  

   ce yDyx
yx




,  

where D  and c  are arbitrary constants. 

 

Example 6.6:- to solve the (PDE):- 023   yxyyxyxx
 

by using the (case(5)) then 3,2   we get  032
2

 1,3
21
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If,we get the (C.S) which has the form 3
1

   

   ce xDyx
yx


34

,  

If 1
2
 ,we get the (C.S) which has the form  

   ce xDyx
yx


2

,  

where D  and c  are arbitrary constants. 
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ايجاد ثابت الفصل للمعادلة التفاضلية الاعتيادية الخطية من الرتبة الثانية باستخدام 

 فصل المتغيرات بدون شروط ندى زهير عبد السادة
 جامعة القادسية كلية التربية

 الخلاصة
هدفنا في هذا البحث هو إيجاد قيمة ثابت الفصل        للحل الكامل)التام( بدون أي شروط ابتدائية وحدودية

ة التفاضلية الجزئية الخطية من الرتبة الثانية لجميع الحالات التي يكون فيها  لبعض تصنيفات المعادل

4

2

AB  حيث انه ليس من السهولة أيجاد قيمة, ي تطبيق حول بدون أي شروط ابتدائية وحدودية لأ

المعادلات التفاضلية الجزئية الخطية من الرتبة الثانية التي تحل بطريقة فصل المتغيرات,بواسطة هذه الطريقة 

 أوجدنا حلول كاملة)تامة( أخرى لبعض من تصنيفات المعادلة التفاضلية الجزئية الخطية  من الرتبة الثانية .


