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Abstract

In this paper, we review here some of the ideas we have encountered S*-submodule and
a vector sub lattice. We have proved that N (y) be a complement N-function M (u) which
satisfies the A, -condition, then Ly is a normal S*-submodule and a vector sub lattice of

Ceo (Q(V)).

1-Introduction:-

In this work a series of known notations, notations and facts of the theory of Boolean algebra,
vector Lattice [2,8,6], the integration theory for measures with values in semi-field [2,3,4,5] is
cited.

Suppose that R is the set of real numbers and E is a partially ordered set (E = R). The main
results in this work is the following:

Proposition I: Let ¥,y € Co,(Q(V)),0 < 3, Ty, then N(y,) T N(¥).
Proposition I1: If y € S* then N(y) € S* .In particular,S* C Ly.

Proposition I11: Suppose that N (y) be a complement N-function M (1) which satisfies the
A,-condition then Ly is a normal S™*-submodule and a vector sublattice of Co, (Q(V)).

2- Definitions and Basic concepts

In this section, we shall review some of the definitions and propositions which are needed in
our work.

2.1. DEFINITION [9]
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Suppose that M: I — R is defined on some interval of the real line R. A function M is
u1+u2
2

called convex if M(——=) < %(M(ul) + M(u,)) forall uy, u, € I.

A function M is called convex if the following inequality satisfies for 0 <x< 1,
M(OC uq + (1—OC)u2) < M(ul) + (1—0C)M(U,2), for all Uq, Uy € I,
Which is called Jenssen<: s inequality [9], we can generalize the inequality for any uq, U, ..., U,

by M (IR < S (M (uy) + M(up) + - + M(uy)).

n

2.2. DEFINTION [9]

Suppose p(t) is positive, non decreasing and continuous from the right for t > 0, and
satisfies the conditions :

p(0)=0
p() =|im p(t) =

t—oo

Let us define q(s) for s>0as q(s) = supt. Note that g (s) is positive, non-decreasing and
p()<s

continuous from the right and satisfies g(0) = 0, |jm d(s) = . Also , we have q(p(t))>t and
p(q(s))=s [7].

If p(t) is continuous and increasing then q(s) is equivalent to the inverse of p(t). In
general q is called the right inverse to p [7]. If q is the right inverse to p, then the right inverse
to g is equivalentto p.

Now, M(u) = folulp(t)dt, and N(v) = folvlq(s)ds are N- functions and one
complement each other. Now, recall the Young inequality [2], uv <T+ S = M(u) +
N(v) where T = M(u)and S = N(v).

2.3. DEFINITION [9]

We say that the N-function M (u) satisfies the A,-condition, if there exist k > 0 and
Uy > 0such that M (2u) < kM (u) forany u = u,.

2.4. DEFINITION [1]
A bimodule X over S is called a normal S*-module if:

1. Ax=x\ for all xeX, he S™:
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2. Forany eV (S"), e#0, there exists xeX such that x e£0;

3. For any decomposition of the identity {ei}<V (S") and for any {xi}<X such that xei=xie;, for all
I;

4. for any xe X and any sequence {en} of mutually disjoint elements from V (S”) it follows from
the equalities enx=0, n=1,2,..., that (supen )x=0.

nol
2.5. Note [10]

Suppose that V is an arbitrary o -complete Boolean algebra, m is a strictly positive measure
on V with values in S* (m is strictly positive, m(e)=0 for all eV , that e=0) .In this case V is of
a countable type, hence the Boolean algebra V is complete. Let Co, (Q(V)) be a complete vector
lattice of all continuous functions on the stone compactum @ (V), which can take the values 100
on nowhere dense sets from Q (V). We denote by the L, (m) the set of all integrable by the
measure m elements from C,, (Q(V)), and by u the integral constructed by the measure m .

The set Ly(V,m) = Ly = {y € COO(Q(V)):N(y) € Ll(m)} is called S* -orlicz
class.

2.6. Proposition [2]

Suppose that Ly is a convex set .In addition, if x € Ly ,y € COO(Q(V)) )
ly| < |x| theny € Ly.
2.7. Proposition [2]

If a N-function N (u) satisfies the A,-condition, then Ly is a linear space.

3- The Maine results

In this section, we shall prove an important propositions related to the S*-sub module
and a vector sublattice .

3.1. Proposition :

Let ¥, ¥ € Coo(Q(V)),0 <y, Ty then N(y,,) T N(y).

Proof:

Since N(y,,) < N(x,4+1) < N(y), there exists in COO(Q(V)) an element :
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y=SUp N(y) < N(y).

n>1

The function N =1 () is continuous, positive and monotonically increasing for u > 0 |
so N™1(N(y,)) < N~1(y). From this we get x = sup x,<N y).

n>1

Hence N(y)<N(N (y)) =y. there for N(y)=y=Sup N(y).ie. N(y,) T N(y).

n>1
3.2. Proposition :
If y €S* then N(y) € S, Inparticular, S* C Ly.
Proof:
Choose for y € S* a sequences of simple elements
k(n)
Yy = Z Aie; € 5%, e;.e; = 0,1 # j,4; > 0.

=1

Such as y,, T |y|. then by proposition ( 3.1)

k(n)
N() = N(lyh=SUPN(yp)=sup = N(Zi)ei.

n>1

n>1

Since (Z?:(?)N(Ai) e;) €S*and S* s a regular sub lattice in Co,(Q(V)), we have
N(y)eS cL1(N) In particular ycLy

3.3. Proposition :

Suppose that N (y) be a complement N-function M (u) which satisfies the A,-condition,
then L, is a normal S*-submodule and a vector sublattice of Cy, (Q(V)).

Proof:

It follows from proposition (2.6) and (2.7) that. Ly is a vector sublattice of COO(Q(V))
andx +y € Lyfromany x,y € Ly .Leta € S*,x € Ly .

We show that ax € Ly. since N (u) satisfies the A,-condition, then there exists | >0 .
such that for any number [ > 1 the inequality N (lu) < k(I). N (u).
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Takes place for every u = u, and some number k(1) > 0.
Lete={|x|<yt.9 =1—e clearly N(x x) = N(o xe) + N(x xg).
since|o< xe| < uy o then, by proposition (2.6)

We have 0 < N(o< xe) < N(u, <) € L;(N).i.e.N(x xe) € L;(N).
Putg, ={fn—1<|x| <n},n=12,.. . itisclearthat g, € S*,

gneS’, gn.0=0, n#k, and SUP(Q A=

nol

IA

We have then 0 < ,u(N(axggn)) = ,u(N(locl. |x|.g.gn))
u(N(ngpglxl)) = gnu(N(nlxlg)) < k() gnu(N(x)).

The elements k(n)g,u(N (x)) are mutually disjoint in S™*. Hence the element

z=sup(k(n) gu(N(X)) existsinS*.

n>1

In addition, u(XX_; N(x xgg,)) < YX_ k(M) g, u(N(x)) < Zforallk = 1,2, ....
We get from Levi<:s theorem that

N(@x9) = SUP(g N(@@)) =SUPY. g N(@) = SUP S N(@g g ) < |, (N).

n>1 k>1 n=l k>1 n=l
There fore N(x x) = N(o< xe) + N(cx xg) € L,(N).
Let {x;} € Ly and let x be an element of COO(Q(V)) such that xe; = x;e; . Then |x|e; =

|x;|e; and |X|=SUpZ|Xi|ei-

n>1 =l

By proposition (3.1), we have

NGO =N(xD=SUPN(I X 1e) =SUPEN( x| e)-

n>1 i=1 n>1  i=l

Beside (> N( x,18)) = > e(N( X))
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The elements e;u(N(|x;|le; )) are mutually disjoint in S* , so the element

a= SUp#(Z N( x| e)) existsin S*. It follows from Levic:s theorem for the integral z(x)that

n>1 i=1

N(x) € Ly{(N).Thus, Ly Is anormal S*-module.
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