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Abstract:-

Let M be a non-commutative 2-torsion free completely prime I"-ring, in section two of this
paper, we prove that if T:M— M be an additive mapping such that 2T(xa X)=T(X)«
x+Xa T(x) holds for all x eM, «a eT.in this case T is left and right centralizer (i.e
centralizer).In section three of this paper we prove that, if T:M—M be an additive mapping
satisfying Txa y fX)=T(x) aypSx for all xy eM, a,pB e (resp., TxayBX)=x aypBT(X)
forall x,y eM, a,p € I') then T is a left centralizer(resp., right centralizer).

1-Introduction

Throughout this paper,M will represent non —commutative I"-ring.in[8 ]Zalar proved that any
left(resp.,right)Jordan centralizer on a 2-torsion free semi-prime ring is a left
(resp.,right)centralizer. In [3] authors proved that anyJordan left (resp.,right ) o - centralizer on
a 2-torsion free R has a commutator right (resp., left) non- zero divisor is a left (resp.,right) o -
Centralizer. in [ 7 ]Vukman proved that if R is a 2-torsion free semi-prime ring and T:R— R be
an additive mapping such that 2T(x)=T(x) x+xT(x)holds for all x R.in this case Tis left and
right centralizer .

Let M and I" be additive abelian groups,M is called a I -ring if for any x,y,ze M and
a , B € I the following conditions are satisfied

Key words:- T-ring,primeT -ring,semi-primer -ring,Left centralizer,Right
centralizer,centralizer,Jordan centralizer.

1) xayeM
(2) (x+y) az=xaztyaz
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X(a+ B)y=xay+x gy
Xa (Yy+2)=xa y+xaz
Q@)xay) Bz=xa(yp2)

The notion of I'-ring was introduced by Nobusawa[5 ]and generalized by Barnes[1],many
properties of I"-ring were obtained by many research such as[ 2]

AT -ring M is called a 2-torsion free if 2x=0 implies x=0 for all xe M.A T"-ring M is called
prime if a T’ MT b=0 implies a=0 or b=0 and M is called completely prime if a T"b=0 implies
a=0or b=0(a,o eM)ssincea I'bI" a 'bc a I"'MTI b then every completely prime I"-ring is
prime .A T -ring M is called semi-prime if a I’ MT" a=0 implies a=0 and M is called completely
semi-prime if a I"'a=0 implies a=0(a € M).

In [6 ] Rajaa C.Shaheen define Jordan centralizer on T -ring
As follows:
Definition1.1 :-Let M be a I" -ring and T:M — M be an additive map,T is called

left centralizer of M ,if for any abeM and « T the following condition satisfies
T(aa b)=T(a) ab,

Right centralizer of M ,if for any a,oe M and « e T the following condition satisfies T(aa b)=a
a T(b),

Jordan left centralizer of M ,if for any aeM and « I ,the following condition satisfies
T(aa a)=T(a) a a,

Jordan Right centralizer of M ,if for any aeM and « €I the following condition satisfies
T(axa)=a a T(a),

Jordan centralizer of M,if for any a,beM and « €T the following condition satisfies
T@@aab+baa)=T(a) ab+ba T(a)=aa T(b)+T(b) « a,

A centralizer of M is an additive mapping which is both left and right centralizer.An easy
computation shows that every centralizer is also a Jordan centralizer but the converse is not
true.in [ 6 ] Rajaa showed that the existence of a non-zero Jordan centralizer on a non-
comutative 2-torsion free completely prime I -ring be centralizer. We should mentioned the
reader that in this paper we shall suppose that x ayf z=xf y a z for all x,y,ze M ,and for all

a,pel.

In this paper we define some kind of Jordan centralizers on gamma ring and study the
relation between its and centralizer .

2-Result
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Theorem 2.1:- Let M be a 2-torsion free completely primeI"-ring and let T:M— M be an
additive mapping such that 2T(xa X)=T(X)a x+x a T(x)holds for all x eM, a € T" .In this
case T is left and right centralizer.

Proof:-Since 2T(Xa X)=T(X) & X+X @ T(X) ... oeeeeeereeeenc(¥)
Replace x by x+y

W=2T((x+y) o (x+Y))

=TX+Y) a (X+Y)+(X+Y) a T(x+y)

=T(X) a x+T(X) ay+T(y) ax+T(y) ay+xa T(X)+xa T(y)+ya T(X)+ya T(y).
On the other hand

W=2 T((x+y)ar (x+y))

=2T(X ax+Xa y+y ax+ya y)

=2T(xa X)+ 2T(Xx y+ya X) +2T(yay)

By comparing these two expression of W ,we get

2T(Xay+ya X)=T(X) ay+T(y) ax+xaT(y)+ya T(x).......... (1)
Now, replace y by 2(x § y+y £ X)

W=4T(xa (x g y+y f)+ (X y+y fx)a X)

=2T(X) a (xB y+y fX)+2T((x B y+y fX)) ax

+2Xa T((X B y+y BX)+2 (X B y+Yy BX) a T(X).

=2T(x) a (xB y+y BX)+xaT(x) py+x axp TY)+2 xaT(y) fx+x ayTX)+T(X) ayps x
+T(y) axfx+tyaT(x) fx+2(x B y+yfx) aT(X)

=T(X) @ (2xB y+3y SX)+(3BX B y+2y BX) a TX)+xa T(X) By+ya T(X) SX+2X a T(y) B X+X
ax B T(y)+ Ty) ax BX.

On the other hand ,
W=4T(Xa (xB y+y BX)+ (XB y+y BX)a X)

=4 T(Xax B y+y fxa X)+8T(xay BX)
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=T(X) axpBy+ryaxBTX)+xaT(X) BytyaT(X) pBx+2xaxpTy)+2 T) ax BX
+8T(xa y S X)

By comparing these two expression of W ,we get

8T(xay fx)=T(x) a (X y+3yfx)+ xS y+yfx) a Tx+2x a Ty) fxx ax f T(y)-
TY) X BXoeoiieaieee e (2)

Since

2T(xay+ya X)=T(X) ay+T(y) aXx+xa T(y)+ya T(x)
Replace y by 8x g y A x

W=16 TXa (X B YyAX) +H(X B yAX)a X)

=8[T(X) a (x B YyAX+T((x B yAx) ax+xaT(x B yiAx)+ (xB yix)aT(X)]

=8 T(X) ax BYyA x+ xa[T(X) BXAYy+3YyAX)+(YAX+IXAY)BT(X) +2XBT(Y) AX-XLXA
TY)-T() B x AX]+[T(X) B(x Ay+3y AX)+(y Ax +3x Ay) B T(x)+2x B T(y) Ax-x fx A
T(y)-T(y) Sx AX] ax+8x By Ax a T(X).

=8 T(X) ax By Axtxa T(X) BXAY+3YAX) +(XayAx+3xaxAdy) BT(X) +2xa xS T(y)
AXXaXPXA TY)X a Tly) fx AX+TX) (X Ay ax +3y AX aXx) +(y AX+3 x 1y) B
TX) ax+2x B T(y) AX ax-X XA T(y) ax-T(y) fXx AX aXx+8X By Ax a T(X).

Therefore we have

16 TXaxByAx +xaypBxXAx)= T(X)a (X BYAX+3Yy BXAX)+(OXay Bx+3xaxBy) AT(X)
+Xa T(X) SBXAYHIYAX)HYAX+3XAY) BTX) Ax+XaXpBT(X) Ax+xaT(y) AxXSX-T(Y)
AXBXaX-XaXPBXAT(Y).

On the other hand
W=16 TXa X SYAX +Xay fXAX)
=16 T(xax (X fy) AX) +16T(Xx (y BX) A X)

=2T(X) a(XBXAYy+3XLYAX) +2(Xaypx+3xaxfy) ATX)+axa Ty LX)AX-2T(Xay)
BXAX-2Xa X BT(XAY) +2T(X) o (XBYAX+3IY BXAX)+2(y fXax+3Xxay BX)
ATX)+HAXa Ty SX)AX-2Xa X BT(YAX)-2T(y SX) a XAX.

=T(x) A(2xax fy+6ya x fx+8xay B X) +(BXxay fx+2ya X fx+6xa x fy) AT(X)
HAXAT(Xa y+yax) SX-2Xa X BT(XAYy+yAX)-2T(Xa y+ya X) fXAX
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=T(X) o 2XBXAY+6Y BXAXHBX BYAX) +(BXa Yy SX+2ya X fX+6xa X BY) AT(X) +2xa T(X)
BYAXF2Xa X BT(Y) Ax+2Xa T(y) BXAX+2XayBT(X) Ax-XaxfT(X) Ay-xaXpBxAT(X)-
XaXBTY) AxXaxpyATX)- T(X) aya BXAXXaT(y) BXAX-T(Y) axfXAxyaT(X)
PXAX

Therefore we have
W=16 TXa X BYAX +Xay fXAX)

=TKX) a (2x BX Ay+By BX AX+8X B Yy AX)+(2Yy BX AX+DX B X A y+8x By B AX)
aTX)+2x a T(X) BY Ax+2X ay B T(X) Axtx ax B T(y) Ax+x a T(y) X AX-X ax B
TX) Ay-y o T(X) BXAx-X aXx BX A T(y)-T(y) ax fx Ax

By comparing these two expression of W ,we get

TX) a (X BY AX-2y BX AX-2X BX AY)+(X ay BX-2X aXx BYy-2y ax BX) A T(X) +X a T(X)
B Ay +y AX)+(X ay +y ax) B T(X) Ax +x ax B TX) Ay +y a T(X) BX

Replace y by yw x in (3),we obtain

TX) a(X B YyyX AX2YywX BX AX-2X X A YyyX)+(X & Yy X BX-2X aX B Yy X -2 Yy X
aX fX) A TX)+x a T(X) f(X L Yyuyx +yyx AX)+(X a yyx +ywXx aX) f T(X) AX +x
aX BTX) Ayyx+ywxa TX) BX AXx=0.c e e v e (4)

From equation (3) it is easy to see that

TX)a XBYAXWY X -2y BXAXWY X -2X BXAYw X)+(Xay fX-2X aXx BY-2y aX X) 4 T(X) wX
+X a T(X) f(X Ay X +y AxpX)+(X ay +y ax) S T(X) AX wx+x ax g T(X) Ayyx +y
& TX) BXAXWX =0.ceceie e ieee e e e e e (5)

By subtracting (5) from (4),we obtain

XBYwX-2X BXwy-2y BxyX) AXxa T(X)-(X ay gx-2Xx ax BY-2y aX fX) w T(X) Ax+X yy
AX T, ax+ywx A[X T(X)] , axtya[X T(X)] , wxAx=0

And so

Xay XA T, +2xaxByA[ TX)X] ,+2yaxBxA[ TX)xX] ,+xayplx, TX)],
wxtyaxB[x, T)] , wx+ya [x, TK] , wxAx=0

which reduces after collecting the first and the fourth term together to
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Xay fIXAXTX)], +2xax By A[TX)X], +2ya x XA [T(X).X],

+YaxfIXTX)] ,wx+tya X, T)] ; Axyx=0....................(6)
Substituting T(x) Ty for y in the above relation gives
X T(x) Byw XAXT)]  +2xa X fTK) Ayy [T(x)X] ;

F2TX)ay BXAXy [ TX)X] +T(X) aySXA[X, T(X)], TXx

+TX)aypIx TX)] , wxITx=0......... (7)
from (6) it is easy to see that
T) ax py A Xy x, T ++2T(X) ax gx Ay v [T(X)X] ¢

+2T(X) ay px Axy [TX)X] +T(X) ay gx A [x, T(X)] , Tx

+TX) ay SIXTX)] , wxTx=0........c.cc.......(8)

Subtracting (8) from (7) we arrive at

[TCOXT, BY ALTO)X wx] -2[TX).x ax] |, By A[T(X).x] =0
Let a=[T(x),x], ,.b=[T(X).x wX] [,c=-2[T(X)x aX] ,

Then the above relation becomes

apgyib+cpyla=0................(9)

putting in (9) ya ay z for y ,we get
apycayizib+cpfycayzia=0............ (10)
from equation (9) it is easy to see that
aaypalzyb+taacypcilzya=0.......... (11)
subtracting (11) from (10) ,we obtain
(aaypc-caypa) Azya=0.................(12)
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let z be zT" cQYy, we obtain

(aaypccaypa) A zI'cQy wa=0.........(13)

From (12) it is easy to see that

(aaypccaypa) AzwaQyle=0......... (14)

subtracting (13) from (14) ,we obtain

(aaypccaypa) Azy(aaypccaypa)=0

Since M is a completely prime T"-ring, then we have

AAYPLC=CAY LA eee e aee e (15)

combining (9) with (15) ,we arrive at

aayp(b+c)=0

in other words

[T)X], BYALTX)X wx] -=0............ (16)

From the above relation one obtains easily

([TX).x], Qx+xQ [TC)X], ) BYA [T().x v x] =0

We have therefore

[TC)x Qxr T, BYALT)X wx] =0

And so

[TO)X wx] - BYALTH)X wx] =0

Since M is a completely prime gamma ring, we have

[TO)X wX] =0 (17)

Substitution x+y for x in (17) gives

[TCNY wyl - +LTW)X v X] - +L TX). Xy y+yw X -[T(Y), X wy+yy X] =0......(18)

Putting in the above relation —x for x

LTy wyl o +LTO)X v X] - +[TO)X wy+yw X1 [ TY), X w y+yy x] =0......(19)
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And by comparing (18) with (19)

[TO)X wy+tywx] +[TY)X wXx] . =0............. (20)

Putting in the above relation 2(xa y+ya x) fory

[TO)X w2(xa y+tyax)+ 2(xa y+ryaX)w x] » *[ T2Xa y+ya X)X wx] . =0

0=2[T(X)X wXxa y+tyaxyx+2XayyX] . +[ TX)a y+xa T(y)+ T(y) axty a T(X)X wX];
And we obtain according to (7) and (17)

2xax vy [Tyl r+2[TX)Y] ryxax+ta[T)xayyx] +T(X) a [yxyx] r+xa
[TWMxyx] +[T)Xax] wx+tlyxax] v Tx)=0.............. (21)

By replacing y by x ,we get

2xax w [Tx)X] +2[TX).X] [wxax+t4[TX)xaxyx] +T(X) o [XXgx] [+Xa
[TX) Xy Xx] +[TX)xax]  wx+[xxax] v T(x)=0....... (22)

By (17),we get

2xax y [TO)X] +2[T0)X] v X x+4[T(R).xa Xy x] =0
So

xax y [TE)X] +TE)X]  wxax+2[T)xaxyx] =0
xax y [TX).X] +[TO)X] r v xax+2xa [T)xy X] - +2[T(X)X]  axy x=0
xax y [TOX] +3[TE)X] ;v xax+2xa [T)xyx] =0
by (17) ,we get

xax y [TOX] +3[T()X] ;v Xa x=0

since [T(X),xax] =0 (see 17)

then [T().X] & x+xa [T(X)X] =0

one can replace in the above relation

xax y [T).X] by [T(X)x] - axyx

which gives
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A[T(X),X] o Xy x=0

Since M is 2-torsion free

[TX)X]  axwx=0......... (23)

And

XaXy [TX)X] =0 ...............(24)

and we have also

Xa [TX)X]r wx=0........c.cc....(25)

because of (20),one can replace in (21)
[T(y)xax] ; by - [T(X),xay+yax] - which gives

xaxy [T +2[T)Y] - axyx+d [TX)Xxayyx] -+ TX) a [yxyx]. +[yxax],
y T(X)-xa [TX)Xy y+yw ] -[T).xay+yax] yx=0

And so

2xa Xy [TO).Y] + +2[T(X).Y] - & Xy x+4[T(X).X] - e yy x+4xar [T(x),y] - y x+axayy
[TO)X] - +T() e [yxy x]+lyxax] wTX)-xa [TX).X] - wy-xaxy [TX)y] r-xa [T(X).y]

yxxayy [T)XI - [TO)XIr  ayyxxa [Tyl wx[TX).yl:  axyx-ya[TX)xX]
w x=0

We have therefore

xaxy [TV - +[T)Yl:  axyx+3[TX)X]  ayyx+2xa [Tyl  yx+3xayy
[TO)X] - +T(x)  alyxyx] c+lyxex]  ywTX)xa[TX)X]: wy- ya[T(X)X];
WX=00ii i e . (26)

by replacing y by y 5 x ,we get

xaxy [T(X), y BX] - +[TX), y X1+ a Xy x+3[TX).X] a yBX yx+
2xa [TX), y A1 wx+3xa yBx y [TOOX +T0) a [y Bxxyxl
Hypx xax] ¢ w TX)-xa [TX)X] v yBx-yBx a[T(X)X] yx=0

And xaxy [T(X), y]+ fx+xaxyyBITX).X] -+ [TX).Y] - a Xy x fx+

34



AL-Qadisiya Journal For Science Vol .16No.3Year 2011

ya [TO).XT - w X Bx+3[TX).X]  ayw x Bx+3xay fxy [T(X).X]
+2xa [TX)Y] r y xpx+2xay BT X] - wXx+T(X) a [y Xy X] - BX
+lyxax]  wxBTX)Xxa [T)X] . Byyxyaxp [TX)X], yx=0
which reduces because of (23 ) and (25 ) to

xa Xy [T(x), VIr Bxtxaxyy BIT)X]  +[T(X).Y] + a Xy X S x+3[T(X).X] -
ayy X px+3xay pxy [TX).X]  +2xa [TX).y] v x Bx+2xay B[T(X).X] ;
wX+T(X)a [yxwX] gx+lyxax] - wxBTX)-Xxa [TX)X]» BYywx=0......... (27)

we should mentioned the reader that, if a=0 then aa x=0 V xeM, « €T .then the equation
(26)becomes

xaxy [TX)Y]+ Bx+H[TX)Y], axyx X +3[TX).X] ayyx BX +2xa [T(X).y]ryx BX
+3xayy [TX)X]: X +T(X) alyxyx]  Bx+[yxax] ryT(X) Bx -xa [TX)X]rwy BX
=0 (28)

subtracting (28) from (27),we obtain

xaxyy B [T)X]+3xayy [X[TX).X], 1 +2xay BITX).X]  wx
+lyxax] -y [x T(] ,=0

which reduces because of (24) to

xaxyyp [TOX+3xayyx BITOX -3xayB [T, wx+2 xayy [T, Ax
Hya xyxp [% TW] - xa xyyf [x TR] =0

SO

2xaxyy B [T)X] -+ 3xayy x f[TN.X] - xayp [TK)X] - yx=0
Replacing in the above relation

-[T)X] - Bx by xB[T(X),X] -, we obtain

2xaxyy B [TO)X] +4xa yy x BIT()X] =0

Since M is 2-torsion free ,then

xaxyyf [TX).X]+ 2xayy x f[T(x).X] - =0
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because of (17),(23),(24) and (25) the relation (6 ) reduce to

xaxyyp [T().X] =0
which gives together with the above relation
XxayyXxp [T(x)x] . =0

whence it follows

[T)X] - Bxayyxp [Tx).X] =0

Then

XB [T).X]r ayyxp [T(X).x] =0
XA ITX)X] =0..cccoee e n(29)
of course we have ,also

[T)X] Bx=0....cccee e (30)

From (29) one obtains [see the proof of (20)]

yp [T).X] - +x 8 [TX).y]  +x B [T(y).X] - =0

and it is easy to see that

[T - @y AT -+ [T00X] - X B [T+ [TX)XT - B [T()x] =0
By (30)

[TX)X] aypB [TX)X]=0.....cc e ...(31)

Whence it follows

[T)x] =0 forall T el ....c.ccevviiiiii i e (32)
And so by combining (32) with (*)

Tx ax)=T() ax forallxeM, a T.

And also T(x ax)=x a T(x) forall xeM, a T .

Which means that T is Jordan left centralizer and also Jordan right centralizers
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And so by [ 6 ,theorem 1.4 and theorem 1.5 ],we getT is both left centralizer and also right
centralizers. Then the proof of theorem is complete.

3-On Jordan Triple centralizers on completely prime gamma ring

In this section we shall defined Jordan triple left (resp.,right centralizer) on gamma ring and
study the relation between it and left( right )- centralizer.

Definition 3.1:- An additive mapping T:M—M s called Jordan triple left (resp., right
)centralizer on T -ringM if it satisfy

TxaypBX)=T(X) aypx(resp.,, TxaypBx)=x aypT(X)) forallxyeMand a,peTl.

It is easy to see that every left (resp ., right) centralizer be a Jordan triple left (resp., right
)centralizer but the converse is not true .in this section we study this problem.

Theorem 3.2 :- Let M be a 2-torsion free completely primeI” -ring, if T:M—M be an additive
mapping satisfying

TxaypBX)=T(X) aypxforallxy eM, a,p T .thenTis a left centralizer.
Proof :- Since Txa y BX)=T(X) YL Xeceueeeeenen e (33)

Replace x by x+z

Txaypirtza yp X)=TX) aypz+T(2) a yB x...........(34)

Replace zby x Axin (34) ,we get

TXayB(x AX)+H(Xx AX)a ypB X)=T(X) ayp (X AX)+T(X A1X)

VB Xeweoerosreerenn(35)

replacey by x Ay+y Axin (33 )and use (34 ),to get

TXa (X Ay+y AX)BX)=T(X) a(x Ay+y AX)LX

TXa XA YyBXHXaYAXBX)=T(X) a XAy BX+T(X) a yAXBx............(36)
By comparing (35 ) and (36 ),we get

(TxAX)-T(x) AX) Byax=0

Suppose that

AX)=T(XAX)- T(X) Ax
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Then

AX) BYyax=0........cccceveveece e (37)
Replace y by xa z 4 A(x)

A(X) SxazAAKX) ax=0

AX) axBzAAX) ax=0

Since M is a completely prime T -ring,then
AK) AXZ0 e 38)

Now replace x by x+y

A(x+y) a (x+y)=0

AX+y) ax+ AX+y) ay=0.............. (39)
Now we compute

AX+Y)= (T(x @ y+y a x)- T(X) a y-T(y) aX)+(T(xa x)-T(X) aX)
+T(yay)-T(y) ay)

A(cH)=BOY)FAC)FAD) oo oo (40)

Where B(x,y)=T(X a y+y a X)- T(X) a y-T(y) aXx

Thus in view of (39 )and (40) implies that

AX) a x+A(y) ax+ B(Xy) ax+ AKX) ay+ Ay) ay+ B(xy) ay=0
Then by using (38),we have

AX) ay+ A(y) ax+ B(xy) ax+BXxy) ay=0............. (41 )

Again replace x by —x, in (41) , to get

AX) ay- Aly) ax+ B(xYy) ax+ B(xy) ay=0

AX) ay+ B(xy) ax-Aly) ax+ B(xy) ay=0

2(A(K) Y+ BXY) @X)=0.oeeeseeeseernn(42)

Since M is 2-torsion free,then
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AX) ay+BXY) ax=0........ccc.cceeeueenn...(43)
Since (if x=0 then x a y=0)

AX) ayAAKX) + B(XYy) axAAx)=0...................(44 )
From equation (37 ),we get

XAAX) AZB XA AX)=0...co e aeve e e (45)
Since M is prime T"-ring,then

X AC)Z0 e v oo e e es e (46 )

by (46 ),the equation ( 44 )becomes

AX) ayAAKX)=0

Since M is a completely primeI" -ring, then

A(x)=0 and so

Txa x)=T(x) axforallx,y eM, forall « eT.

i.e T is Jordan left centralizers

and so by [6 ,theorm 1.4],we get the result.

Theorem 3.3 :- Let M be a 2-torsion free completely primeI” -ring, if T:M—M be an additive
map satisfies T(xay BxX)=x ay B T(x) for all x,y eM, o, € T".then T is a right centralizer.

Proof:- by the same technique of the above theorem and by using [ 6 , Theorem 1.5] we get the
result.
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