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Abstract:-

This paper introduces suggested method for solving the nonlinear partial
differential equations which are homogeneous degree and its equal to degree 2 with the
following general form:

AXY.2,2,,2,,2,,2,,,2,,)2,,+B(XY.2,2,,2,,Z,Z,,,Z,, )Z,, +

Cx,y.2,2,.2,.2,.2,,.2,, )2, +D(X,¥.2,2,,2,,2,,,Z,,,Z,, )2, +

yrexr Sxyr Sy ' TEXIT Sy 1 S Sxy Y

E(Y,2,2,,2,.24.24,Z,, )2, +F(x,¥,2,2,,2,,2,,Z,4,Z,,)Z =0

Xy ! ' Ve Sy S Sxyr Sy
where A,B,C,D,EandF are linear functions of dependent variable Z and partial
derivatives of dependent variable with respect to the independent variables x and y.

XX ! XX !

1-Introduction

Many of researchers try to find new methods for solving (P.D.Es) , Kudaer [7],2006
studied the linear second order (O.D.Es) ,which have the form
y'+P(X) y'+Q(x) y=0

, [zoodc : :
and used the assumption y(X) =€ to find the general solution of it , and the
solution depends on the forms of P(x) and Q(X).
Abd Al-Sada [1],2006 studied the linear second order (P.D.Es) with constant
coefficients and which have the form

AZ,+BZ,+CZ, +DZ,+EZ,+FZ=0,

where A, B, C, D, E and F are arbitrary constants .

she used the assumption  Z(X, y) :efu(x)d”fv(y)dy

to find the complete solution of it, and the solution depends on the values of A,B,C
,D,EandF .

Hani [5],2008, studied the linear second order (P.D.Es) which have three independent
variables , and which have the form

AZ, +BZ,  +CZ2, +DZ2,, +EZ, + FZ,, +
GZ, + HZ +1Z, +3Z =0
where A,B,C,...,J are arbitrary constants .

U (X)dx+ |V (y)dy+|W (t)dt
she used the assumption  Z (X, y,t):ej () d [V (y)dy+ W (1)

to find the complete solution of it , and the solution depends on the values of
AB,C,....J.

Finally, Hanon [6],2009, studied the linear second order (P.D.Es) , with variable
coefficients which have the form
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A, Y) Zyx +B(X,Y) Zyy +C(X,y) Zyy +D(X,y) Zx +E(X,y) Zy +

F(x,y)Z=0
where some of A(X,Y),B(X,y),C(x,Yy),D(x,y),E(x,y) and F(X,y)
are functions of x ory or both x and y .
To solve this kind of equations ,she used the assumptions

U(x) Jueo o|x+jm dy
X dx+ JV(y)dy y

Z(xy)=e , AXxy)=e and

IM dx + Imdy
Z(xy)=e * y
These assumptions represent the complete solution of the above equation and the
solution depends on the forms of

A(x, ), B(x,¥),C(x,y),D(x, y),E(x, y) and F(x, y)

In this paper, we will discuss the non-linear (P.D.Es) of homogeneous degree which are
defined as the following " The partial differential equation that each degree of any term
in it is equal in the degree with another terms in it's dependent variable and partial
derivatives of dependent variable with respect to the independent variables x and y " .
We will solve the nonlinear (P.D.Es) which are homogeneous of degree 2 that the
general form is

AXY.2,2,,2,,2,,2,,,2,,)2,,+B(XY.2,2,,2,Z,Z,,,Z,, )Z,, +

Cx,y.2,2,.2,.2,.2,,.2,, )2, +D(X,Y.2,2,,2,,2,,,Z,,,Z,, 2, +

yrexx Xy ! yy H 1 X1 y? XX 1 Xy !

E(xy.2,2,.2,,2,.2,,.2,, )2, +F(x.v,2,2,,2,.2,,.Z,,,Z,,)Z =0
where A,B,C,D,EandF are linear functions of dependent variable Z and partial
derivatives of dependent variable with respect to the independent variables x and y. We

will use the following assumptions

Z(x,y) =

XX 1< xy 0 XX 1

jU ix)dx+Jv(y)dy

eJ.U(x)dx+J.V(y)dy Z(xy)=e

ju(x)dx+j&yy)dy jmdxq&yv)dy

Z(x,y)=e and Z(x,y)=e ”*
These assumptions help us to find the complete solutions of this kind of equations

2-DEFINITION

10
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The partial differential equation that each degree of any term in it equal to the degree
of another terms of it (in its dependent variable and partial derivatives of dependent
variable with respect to the independent variables xand y) is called (P.D.Es) with
homogeneous degree .
3-SOLVING SPECIAL KINDS OF THE NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS WHICH ARE HOMOGENEOUS OF DEGREE 2.

The general form of them is:
Alxy.2,2,,2,,2,.2,,,2, )2, +BX.Y.2,2,,2,,2,,,2,,,Z,,)Z,, +

C%,Y,2,2,,2,,2,0,Z,4,2,) )2, +D(X,¥,Z,2,,Z,,Z,, 21y, Z,, 2, + (D)
E(xy.2,2,.2,,2,.2,,2,, )2, +F(x,v,2,.2,,2,,2,..2,,.Z,,)Z =0

) X y! XX ! Xy ! yy ’ X! y! XX ! Xy !
where A,B,C,D,EandF are linear functions of dependent variable Z and partial

derivatives of dependent variable with respect to the independent variables x and y. We
will choose some kinds of nonlinear (P.D.Es) which are homogeneous of degree 2 to
find the complete solution of them , and divide them ,according to the assumption that
help us to solve them, into four kinds:

Kind (1)

The non-linear (P.D.Es) of homogeneous degree with constant coefficients (x and
y are missing),as:-
AZ,Z,+A,Z,Z, =0 (2
where A;andA,are arbitrary constants and not identically zero. Here, we
search new functions U(x) and V(y) such that the assumption

Z(x,y)= eIU(x)dx+jV(y)dy 0
helps us to find the complete solutions of the equation (2). By finding Z,,Z,,Z,, and

XX 1< xy !

XX ! XX

Z .. from (3), we get

yy
[vndy

Zx :U(X) e."U(x) dx +

Z, = +uz el T

[Vndy

U (x) dx+
Z,=V(y) ¢l

JU(X) dx+IV(y)dy

Z, =V'(y)+V2(y)e
by substituting Z,,Z, ,Z, and Z  inthe equation (2), we get

[A L)+ U () +v 2 () AU W (T Tl o

e2UU(x)dx+_[V(y)dy] »

Since 0

So,
AU +U20)V (y) +V2(y))+ AU (OV (y) =0

This equation is variable separable [4] . We can solve the last equation as follows:

11
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A&(U'(X)+U2(X))_ —AV(Y) _ =arbitrary constan
U0 Wy evi(y) " A consant

Therefore  AJU'(X)+AU?(x)— 22U(x)=0

U'(x)+U%(x)-2-U(x)= 0 e

ailso, V'(y)+VZ2(y)+ %V (y)=0

...(5) The equations (4 )and (5) are similar to Bernoulli equation [3], then the
solution for them is given by:

2y oy
eh e”
U (X)_ 2 , V(y): “A,
l—x 7}’
e’ dx Je” dy
Then the complete solution of the equation (2 ) is given by:-
A2 —A2
L 22
© dx+j © d
J. /'142 _AZ y
2
e™ dx e 47 dy
Z(X,y)=e J I

22 —Py
In jepi dx +In{je A dy}cl

=€

/LZX 92 A
_k{%e’*l +c2}|: A’Z e 42y+c3}

; A#=0and K=e" ,where c,,c;and A are arbitrary constants.

Example :-To solve the (P.D.E):-

1

22,2, —szzy =0

We will use the above formula, then the complete solution of the above (P.D.E.) is
given by

12
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v 1
120 Zxy)=k %ez +C, [4/12e“2y+c3}

where K, 4, c, and c; are arbitrary constants .

Kind (2)
The non-linear (P.D.Es) of homogeneous degree with variable coefficients (variable
x only, y is missing),as:-

AZE+AXZZ, +AZ =0

..(6)
where A, A,and A; are arbitrary constants and not identically zero.
Here, we search new functions U (X) and V (y) such that the assumption
de+ V (y)dy
Z(x,y)zeI X I (7

Helps us to find the complete solution of the equation (6). Using Zyy from the kind
(1) and finding Z, from (7), we get

U (x)

U (x dx + |V (y)dy

, U0 7 0]
X

by substituting Z,Z, and Z,, in the equation (6) , we get

A, /() + V2 F + AU 0l (1) +V 2 (y)

2[I¥dx+IV(y)dy}

+ A3]e =
_ 2“de+jwy)dy}

Since et X #0

Then,

ANV )+ + AUV (y) +Vi(y))+ A, =0

This equation is variable separable [4].We can solve it as follows:-

AV Vi) +A,
V() +Viy)

2

= —AU(X) = 22

Therefore , U(x) = A

2
Also,

ANV () +V2(Y)f = 2V () +V2(y))+ A, =0

13
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, Lo AL —AAA,
(Vv (y)+V2(y))= A

22 —4A A
Let B= & A ol
2A,
Then the last equation becomes:
V'(y)+V*(y)-B*=0
This equation is (O.D.E.) with constant coefficient , we can solve it as follows:-
dv

5 >+dy=0 tanh [ (y)j:c-y
Vo(y)-B ~ B
V(y)=Btanh(By - cB)
Then the solution of the equation (6) is given by:-

e_J.[fZX]dHJ‘(Btan h(By-cB) Xy

Z(x,y)=
_ 22
Inx+In(cosh(By-cB))+c;
= e Az
e
=Kx " (cosh(By-cB)) ;K=e"
=X

2A,

A 2 2
A° A —4AA
Az [dlcosh\/ il

e 1
2A,

A2+ .2 —4A A
dZSinh\/ s y] ,K: ¢

Where ,

A2+ 2 —4A A
d, = Kcosh J 'S ¢
2A,

: P2 —4AA
d, = Ksinh J L3
2A,
c and A are arbitrary constants. And the complete solution of the equation (6) is
given by:-

14
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2 2 4
—a A+ A —4AA
{Z(x,y)—x A2 {chosh\/ T L s

2A,

2A,

. A2+ A —4A A
Kzsmh\/ r L 3 yD

A 2 4
S 22— A —an.A
(Z(x, y)—x “ {Kscosh\/ L3

2A,

2A,

A2 — At —4AA
K4sinh\/ L3 yJ—O

where

AP+ —4AA A
K, = Kcosh v =2 ¢
2A,

A2+ A —4AA A
, K, = Ksinh \/ s c
2A,

A=A —4AA
, K, = Kcosh v Sl Cc
2A,

A2 —JA* —4A A
K, = Ksinh\/ v T3 C
2A,
and A are arbitrary constants.
Example :- To solve the (P.D.E.)

1., 2
EZW+2XZXZW—Z =0
We use the above formula ,so the complete solution of the given (P.D.E.) is given by

/’LZ
{Z(x, y)—x 2 [Kl cosh/ A2 +/2* + 2 y —

K, sinh NP EIN . 2yD

12

{Z(x, y)—x 2 [K3 cosh\ A% ++/2% 42y —
K, sinh /22 +v 2% + 2yD —0

15
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where K., K,, K3, K, and Aare arbitrary constants.

Kind (3)
The non-linear (P.D.Es) of homogeneous degree with variable coefficients (variable
y only, x is missing),as:-

AYZe+AYZZ,, +AZ7 =0 ...(8)
where A, A,and Ajare arbitrary constants and not identically zero. Here, we search
new functions U (x) and V (y) such that the assumption

jU(x)dx+j@dy

Z(x,y)=e y ...(9)
Helps us to find the complete solution of the equation (8). By finding ny from (9)
, We get
_UMV(y) oo e[

y
by substituting Z and Z,, inthe equation (8),we get

z

Xy

2| | U (x)dx+ Mdy
[AluZ(X)Vz(y)+A2U(X)V(y)+A3]e U sl }

2{ j U(x)dx+j V(y)dy}
. y
Since € #0

So, AUZ(XV2(y)+AUXV(Y)+A;=0

=0

Here although we can separate the variables, but we suppose that V (y) = 4 (because

we get the same result ) where A is an arbitrary constant, and then the last equation
becomes:-

AAUZ(X)+ AU (X) + A, =0

Doy =P + JAZ_4AA,

A#0
2/A,
Ayt AS-4AA
I( 20A, 3 Jd”I“JW
Z(x,y)=¢ so,
At “Ag 4R X+AIny+c;

—p 2IA,

16
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Ayt AS—4A A, )

— Kyﬂ,e 2/1Al , K — eC]_

and the complete solution of ( 8) is given by:-

Ay AS—4AA, ) Ay AS-4AA, .
Z(x,y)-Ky’e * Z(x,y)-Ky’e =0

A#0
where K and A are arbitrary constants.

Example :- To solve the (P.D.E.):-

2y*z,, -3yzZ,, Jr%z2 =0

We will use the above formula ,then, the complete solution of the given (P.D.E .)is
Z(x,y)-Ky*e ¥ " | Z(x,y)-Ky'e ** " |=0 ;1 - Owhere

K and A are arbitrary constants .

Kind (4)
The non-linear (P.D.Es) of homogeneous degree with variable coefficient (both of
variables x and y ),as:-

AYZZ, +AXZ; =0 ...(10)
where A,andA, are arbitrary constants and not identically zero. Here, we will search
new functions U (X) and V (y) such that the assumption
J.de+jmdy

Z(x,y)=e *

helps us to find the complete solutions of the equation (10) .
Using Z, and Zyy from the above kinds and substituting them in the equation, (10)

.. (11)

we get
UU(X)dHJ'V(y)dy
X

A, (YW'(y)+V2(y) -V (y))+AU 2(><)]e2 ’ } =0

YU X) gy, [V
eZU < dx+f y dy}

Since #0

So,
A, (W' (y) +V2(y) =V (y))+ AUZ(x) =0

This equation is variable separable [4]. We can solve it as follows:-

17
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A, (W'Y +V2(y) =V (y))=—AU2(x) = 22

2
So, U(X) =i |
A2

Also,

YW(y) +V2(y) —V(y —% _0

2 J—
) If 2222 then
A4

1

2
dV2 +ﬁ=0 d= //1—+l
y _lj _d? y A 4

V -
v

1
-1 V- 1
Ftanhil TZ ——In(cy) = V(y)=dtanh(d In(cy))+§
Then,

H ﬁi dtanh(dln(cy)).LE

j 9 2 dx+'|. ; 2 gy

Z(x,y)=e

2
4 [ 2 e n(cosh(d, Incy)}\LE Iny+c;
| A, 2

a2 1 201
=Kx My cosh{ /A—+Zlncy ;cy >0
1

And the complete solution of (10) is given by:-

iiz 1 2
[ZKX\/:ZyZ[cosh[ i1+ilnch]}
Z—Kxii\/:‘jzz % cosh /1—2+£Inc =0
y A 4 diin
ey >0

Where K, A and ¢ are arbitrary constants .

=€

2
iif —=—,we get
1

18
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=)

|22 1
+i [ Inx+In(In(cy) 1+~ Iny+c;
_o 1A 2

a2 1
=Kx J:?yz(ln(cy)) K =¢*

and the complete solution of (10) is given by:-
i\/Z 1 —i\/Z 1
Z-Kx " y2(In(cy)) | Z-Kx "™ y2(In(cy)) |=0;cy >0

Where K, A and ¢ are arbitrary constants .

Example:- To solve the(P.D.E.)
5y*ZZ,, +2x°Z =0

-1
1- If 12 % TAl , then the complete solution of the above (P.D.E ) is given by:-

el
o

;cy > 0 ,Where K, A and c are arbitrary constants .

2-1f 2> = _TlAl, then the complete solution of the above (P.D.E .) is given by:-

21 21

Z KX 5 y2(In(cy)) Z KX 5y2(In(cy)) |=0

19
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;cy >0, where are arbitrary constants Aand K,c
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Xy !
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E(Y.Z,2,02, 2y 2oy Zyy 2y +F(X.¥.2,2,,2,, 2,50 2,2, )2 =0

Xy 1 XX 1 & xy
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