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Abstract:- 

         This paper introduces suggested method for solving the nonlinear partial 

differential equations which are homogeneous degree and its equal to degree 2 with the 

following general form: 

   
   
    0,,,,,,,F,,,,,,,E

,,,,,,,D,,,,,,,C

,,,,,,,B,,,,,,,A







ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

yyxyxxyxyyyxyxxyx

xyyxyxxyxyyyyxyxxyx

xyyyxyxxyxxxyyxyxxyx

 

 where F and E , D , C , B ,A  are linear functions of dependent variable Z and partial 

derivatives of dependent variable with respect to the independent variables x and y. 

 

1-Introduction   : 
    Many of researchers try to find new methods for solving (P.D.Es) , Kudaer [7],2006 

studied the linear second order (O.D.Es) ,which have the form          

0 )( )(  yxQyxPy  

and used the assumption 


dxxZ
xy

 )(
e )(  to find the general solution of it , and  the  

solution depends  on  the  forms  of   )(  and  )( xQxP .  

 Abd Al-Sada [1],2006 studied the linear second order (P.D.Es) with constant 

coefficients and which have the form  

   0 F  E  D  C  B A  ZZZZZZ yxyyxyxx , 

where A , B , C , D , E and F are arbitrary constants . 

 she used the assumption     
 dyyVdxxU

yxZ
 )(   )(

e ),(  

 to find the complete solution of it, and the solution depends on the values of  A , B , C 

, D , E and F  . 

Hani [5],2008, studied the linear second order (P.D.Es) which have three independent 

variables , and which have the form 

0

CBA





JZIZHZGZ

FZEZDZZZZ

tyx

ttytyyxtxyxx
  

where A,B,C,…,J are arbitrary constants . 

 she used the assumption   
  

 dttWdyyVdxxU
etyxZ

)()()(
),,(   

 to find the complete solution of it , and the solution depends on the values of 

A,B,C,…,J. 

Finally, Hanon [6],2009, studied the linear second order (P.D.Es) , with variable 

coefficients which have the form 
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0 ),(            

),( ),(),(),(),(





ZyxF

y ZyxExZyxDyy ZyxCxy ZyxBxx ZyxA
 

where  some of ),F(),E(),,D(),,C(),,B(),,A( yxandyxyxyxyxyx   

 are functions of x or y or both x and y . 

 To solve this  kind of equations ,she used the assumptions 

   
x,yZ

 
x,y   ,   Z

 
x,yZ

 dy
y

yV
dx 

x

xU

 dy
y

yV
 dxxU

 dyyV dx x
xU




 
 






)()(

)(
 )(

)(
)(

e)(                           

                      

     and  
 

e)(e)(

 

These assumptions  represent the complete solution of the above equation  and the 

solution depends on the forms of  

),F(),E(),,D(),,C(),,B(),,A( yxandyxyxyxyxyx  

In this paper, we will discuss the non-linear (P.D.Es) of homogeneous degree which are 

defined as the following " The partial differential equation that each degree of any term 

in it is equal in the degree with another terms in it's dependent variable and partial 

derivatives of dependent variable with respect to the independent variables x and y " . 

We will solve the nonlinear (P.D.Es) which are homogeneous of degree 2 that the 

general form is 

   
   
    0,,,,,,,F,,,,,,,E

,,,,,,,D,,,,,,,C

,,,,,,,B,,,,,,,A







ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

yyxyxxyxyyyxyxxyx

xyyxyxxyxyyyyxyxxyx

xyyyxyxxyxxxyyxyxxyx

 

 where F and E , D , C , B ,A  are linear functions of dependent variable Z and partial 

derivatives of dependent variable with respect to the independent variables x and y. We 

will use the following assumptions     


 dyyVdxxU

eyxZ
)()(

),(    ,  



 dyyVdx

x

xU

eyxZ
)(

)(

),(  

                                                                                                                               




 dy
y

yV
dxxU

eyxZ

)(
)(

),(     and  



 dy

y

yV
dx

x

xU

eyxZ

)()(

),(  

These assumptions help us to find the complete solutions of this kind of equations  

 

 

 

 

 

 

 

 

 

 

 

2-DEFINITION  
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  The partial differential equation that each degree of any term in it equal to the degree 

of another terms of it (in its dependent variable and partial derivatives of dependent 

variable  with respect to the independent variables yx and ) is called (P.D.Es) with 

homogeneous degree . 

3-SOLVING SPECIAL KINDS OF THE NONLINEAR PARTIAL DIFFERENTIAL 

EQUATIONS WHICH ARE HOMOGENEOUS OF DEGREE 2. 

       The general form of them is: 

   

   
   
    0,,,,,,,F,,,,,,,E

,,,,,,,D,,,,,,,C

,,,,,,,B,,,,,,,A







ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

yyxyxxyxyyyxyxxyx

xyyxyxxyxyyyyxyxxyx

xyyyxyxxyxxxyyxyxxyx

                    …(1) 

where F and E , D , C , B ,A  are linear functions of dependent variable Z and partial 

derivatives of dependent variable with respect to the independent variables x and y. We 

will choose some kinds of nonlinear (P.D.Es) which are homogeneous of degree 2 to 

find the complete solution of them , and divide them ,according to the assumption that 

help us to solve them, into four kinds: 

Kind (1) 

        The non-linear (P.D.Es) of homogeneous degree with constant coefficients (x and 

y are missing),as:-  

 0AA 21  yxyyxx ZZZZ                                                                                         …(2) 

where 21 AA and are arbitrary constants and not identically zero. Here, we  

search new functions  )(xU and )(yV  such that the assumption 


 dyyVdxxU

eyxZ
)()(

),(                                                                                           …(3)  

helps us to find the complete solutions of the equation (2). By finding    ,  , xxyx ZZZ and

  yyZ  from (3), we get 

    
 dyyV dx xU

x xUZ
 )( )(

e  )(  

       
 dyyV dx xU

xx xUxUZ
 )( )(2 e )()(  

        
 dyyV dx xU

y yVZ
 )( )(

e  )(  

           
 dyyV dx xU

yy yVyVZ
 )( )(2 e )()(  

   by substituting    ,  , xxyx ZZZ and   yyZ  in the equation (2),  we get 

                     
0AA

)()(2

2

22

1  
 dyyVdxxU

eyVxUyVyVxUxU    

  Since      
 

0e
)()(2

  dyyVdxxU

 

       So ,  

   0)()(A)()()()(A 2

22

1  yVxUyVyVxUxU    

This equation is variable separable [4] . We can solve the last equation as follows: 
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    
 

 
   

2

2

2

2

1 







yVyV

yVA

xU

xUxUA

  
; =arbitrary constant 

 

Therefore         0AA 22

11  xUxUxU   

 

                                                                                                                               

                                                          …(4( 

   also,           0
2
22  yV

A
yVyV


                                             

…)5)       The equations (4 (and (5) are similar to Bernoulli equation [3], then the 

solution for them is given by: 

 

 





dxe

e
xU

x
A

x
A

1

2

1

2





             ,     









dye

e
yV

y
A

y
A

2
2

2
2





 

Then the complete solution of the equation  (2 )  is given by -:  






















































dy

dye

e
dx

dxe

e

y
A

y
A

x
A

x
A

eyxZ

2
2

2
2

1

2

1

2

),(








 

 

1
2
2

1

2

lnln cdyedxe
y

A
x

A

e
















































 

 

































3

2

2

22

1 2

2

1

2

k ce
A

ce
A y

A
x

A 





    

;
 

1c
eK0  and ,where 32 ,cc and   are arbitrary constants. 

 

Example :-To solve the (P.D.E):-  

0
4

1
2  yxyyxx ZZZZ       

We will use the above formula, then the complete solution of the above (P.D.E.) is 

given by  

      0
A1

2
2  xUxUxU


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0 ;   
 



























 3

4

1

2

2
2

2

2

2

4
2

, cecekyxZ
yx






      

where 32,, candcK   are arbitrary constants . 

Kind (2)  

 The non-linear (P.D.Es) of homogeneous degree with  variable  coefficients  (variable 

x only, y is missing),as:- 

0AAA 2

32

2

1  ZZxZZ yyxyy
                                                                                ...(6)

 

where 21 A,A and 3A  are arbitrary constants and not identically zero. 

Here, we search new functions  )(xU  and )(yV such that the assumption 




 dyyVdx
x

xU

eyxZ
)(

)(

),(                                                                               … (7)  

Helps us to find the complete solution of the equation (6). Using yyZ  from the kind 

(1) and  finding   xZ from (7) , we get 

      
 


 dyyV dx 

x

xU

x
x

xU
Z

 )( 
)(

e  
)(

 

   by substituting    , xZZ and   yyZ in the equation (6) , we get 

     

   

 0A

)()()(A)()(A

)(
)(

2

3

2
2

22
1


 













 dyyVdx

x

xU

e

yVyVxUyVyV
   

   Since      0
)(

)(
2


  








 dyyVdx

x

xU

e  

  Then ,  

    0A)()()(A)()(A 3

2

2

22

1  yVyVxUyVyV    

This equation is variable separable [4].We can solve it as follows:- 

 
 

2

22

3

22

1 )(A
)()(

A)()(A





xU

yVyV

yVyV
 

 Therefore ,    
2

2

A
)(


xU  

 Also, 

    0A)()()()(A 3

2222

1  yVyVyVyV           
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 
1

31

42

2

A2

AA4
)()(





yVyV  

     Let        
1

31

42

A2

AA4
B





 

Then the last equation becomes: 

0B)()( 22  yVyV                                                

This equation is (O.D.E.) with constant coefficient , we can solve it as follows:- 

0
B)( 22




dy
yV

dV  
y

yV
-c

B
tanh

B

1- 1- 







  

     cB-BBtanh yyV   

 Then the solution of the equation (6) is given by:- 

 
  dydx

x
eyxZ


















 cB-ByBtanh

A2

2

,



 

              

   1
2

2

ccB-Bycoshlnln
A





x

e



 

                 12

2

cA
K;cB-BycoshK ex 



 

 

1

2

2

c

1

31

42

2

1

31

42

1

A

K;
2A

AA4
sinhd

2A

AA4
coshd

ey

yx




























 

                Where , 

c
2A

AA4
sinhKd

c
2A

AA4
coshKd

1

31
42

2

1

31
42

1











 

andc are arbitrary constants. And the complete solution of the equation   (6) is 

given by:- 
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 

 

0
2A

AA4
sinhK

2A

AA4
coshK,

2A

AA4
sinhK

2A

AA4
coshK,

1

31

42

4

1

31

42

3

A

1

31

42

2

1

31

42

1

A

2

2

2

2





































































y

yxyxZ

y

yxyxZ













 

c

c

c

c

where

1

31

42

4

1

31

42

3

1

31

42

2

1

31

42

1

2A

AA4
sinhKK,

2A

AA4
coshKK,

2A

AA4
sinhKK,

2A

AA4
coshKK





















 

and are arbitrary constants.  

Example :- To solve the (P.D.E.) 

02
2

1 22  ZZxZZ yyxyy  

 We use the above formula ,so the complete solution of the given (P.D.E.) is given by 

:- 

 

 

02sinhK

2coshK,

2sinhK

2coshK,

42
4

42
3

2

42
2

42
1

2

2

2



















 



















 





y

yxyxZ

y

yxyxZ












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where  and4321 K,K,K,K are arbitrary constants. 

 

Kind (3)  

 The non-linear (P.D.Es) of homogeneous degree with variable coefficients  (variable 

y only, x is missing),as:- 

0AAA 2

32

22

1  ZyZZZy xyxy                                                                               …(8) 

where 21 A,A and 3A are arbitrary constants and not identically zero. Here, we search 

new functions  )(and)( yVxU  such that the assumption 




 dy
y

yV
dxxU

eyxZ

)(
)(

),(                                                                                         …(9)  

Helps us to find the complete solution of the equation (8). By finding     xyZ from (9) 

, we get 

        
 


 dy

yV
 dx xU

xy
y

yVxU
Z

 
y

)(
 )(

e 
)( )(

 

   by substituting      xyZandZ  in the equation (8),we get 

  0A)()(A)()(A

)(
)(2

32

22

1 
 










 dy

y

yV
dxxU

eyVxUyVxU  

         Since      0

)(
)(2


  








 dy

y

yV
dxxU

e  

  So ,   0A)()(A)()(A 32
22

1  yVxUyVxU    

Here although we can separate the variables, but we suppose that )(yV  (because 

we get the same result ) where   is an arbitrary constant, and then the last equation 

becomes -:  

0A)(A)(A 32

22

1  xUxU   

 

0;
A2

AA4AA-
)(

1

31

2

22



 


xU

 

 

 
dy

y
dx

eyxZ

























  

 1

31
2
22

A2

AA4AA-

, So,  

1
1

31
2
22

cln
A2

AA4AA-





yx

e



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11

31
2
22

cA2

AA4AA-

K,K eey
x






 

 

and the complete solution of ) 8) is given by:- 

   

0;

0K,K, 1

31
2
22

1

31
2
22

A2

AA4AA-

A2

AA4AA-












































xx

eyyxZeyyxZ
 

where andK  are arbitrary constants. 

 

Example :- To solve the (P.D.E.):-  

0
4

1
32 22  ZyZZZy xyxy       

We will use the above formula ,then, the complete solution of the given (P.D.E .(is 

    0K,K, 4

73

4

73

































xx

eyyxZeyyxZ 
     0;  where 

andK  are arbitrary constants . 

Kind (4) 

The non-linear (P.D.Es) of homogeneous degree with variable coefficient (both of 

variables x and y ),as:- 

0AA 22

2

2

1  xyy ZxZZy                                                                                         …(10) 

where 21 AA and  are arbitrary constants and not identically zero. Here, we will search 

new functions  )(and)( yVxU  such that the assumption 




 dy
y

yV
dx

x

xU

eyxZ

)()(

),(                                                                                 … (11)  

helps us to find the complete solutions of the equation (10)  . 

Using  xZ and   yyZ from the above kinds and substituting them in the equation, (10) 

we get  

   0)(A)()()(A

)()(
2

2

2

2

1 
 










 dy

y

yV
dx

x

xU

exUyVyVyVy  

     Since      0e

)()(
2


  








 dy

y

yV
dx

x

xU

 

So, 

   0)(A)()(A 2

2

2

1  xUyVyVyVy
 

This equation is variable separable [4]. We can solve it as follows:- 
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   22

2

2

1 )(A)()(A  xUyVyVyVy  

So, 
2

2

A
)(


ixU   

Also, 

  0
A

)()(
1

2
2 


yVyVyVy  

i)  If  
4

1

A1

2 



 , then  

 

0

d
2

1
- 2

2









 y

dy

yV

dV

4

1

A
d;

1

2




   

 cy

V

ln
d

2

1

tanh
d

1 1 




















 

   
    

2

1
clndtanhd  yyV

 

Then ,  

 

  

 













































dy
y

y

dx
x

i

eyxZ

2

1
clndtanhd

A2

2

,



 

 

   11
2

2

cln
2

1
clncoshlnln

A



yydxi

e



 

            
0;cln

4

1

A
coshK

1

2

2

1
A2

2

































cyyyx
i 



 

       And the complete solution of (10) is given by:-  

0cln
4

1

A
coshK

cln
4

1

A
coshK

1

2

2

1
A

1

2

2

1
A

2

2

2

2






























































































yyxZ

yyxZ

i

i









 

0; cy  

Where  K ,   and c  are arbitrary constants . 

 

ii)If  
4

1

A1

2 



  ,we get 
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 

0

2

1
-

2









 y

dy

yV

dV

 
 cy

yV

ln

2

1
-

1



     

 
  2

1

cln

1


y
yV        then ,   

 

 

 













































dy
y

y

dx
x

i

eyxZ

2

1
cln

A2

2

,



 

 

            

   1
2

2

cln
2

1
clnlnln

A



yyxi

e



 

           
   12

2

;clnK 2

1
A c

i

eKyyx 




 

and the complete solution of (10) is given by:- 

      0;0clnKclnK 2

1
A2

1
A 2

2

2

2






































cyyyxZyyxZ
ii



 

Where  K ,   and c  are arbitrary constants . 

   

Example:- To solve the(P.D.E.)
 

025 222  xyy ZxZZy       

1-  If  1
2 A

4

1
    , then the complete solution of the above  (P.D.E .) is given by:-   

  

0cln
4

1

5
coshK

cln
4

1

5
coshK

2

2

1

2

2

2

1

2

2

2


























































































yyxZ

yyxZ

i

i









 

0; cy ,Where candK ,  are arbitrary constants . 

2- If  1

2 A
4

1
 , then the complete solution of the above  (P.D.E .) is given by:- 

      0clnKclnK 2

1

52

1

5

22






































yyxZyyxZ
ii


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 0; cy  ,  where are arbitrary constants  and cK,   
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 خطيهلاحول المعادلات التفاضليه الجزئيه ال
 

 

 ليلى عبد الجليل محسن الياسري  *علي حسن محمد ،*

 كلية التربية للبناتجامعة الكوفه ،*

 قسم الرياضيات

  -الخلاصة :
هدف البحث تقديم طريقه مقترحه لحل المعادلات التفاضللللللليه الازئيه الاخطيه المتاادسلللللله الدر ه والتي         

 -در تها اثنين وصيغتها العامه :

   
   
    0,,,,,,,F,,,,,,,E

,,,,,,,D,,,,,,,C

,,,,,,,B,,,,,,,A







ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

ZZZZZZZyxZZZZZZZyx

yyxyxxyxyyyxyxxyx

xyyxyxxyxyyyyxyxxyx

xyyyxyxxyxxxyyxyxxyx

 

 .,yxومشتقاته الازئيه بالنسبه للمتغيرين المستقلين  yطيه للمتغير التابعدوال خ ,,AB,D,C,E,Fحيث ان  

 


