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Abstract:-

In the present paper, we introduce a new class of univalent function with negative
coefficients of complex order, by using fractional differ — integral operators studied
recently by authors. Coefficient characterization, growth and distortion, radii of
starlikeness and convexity , closure theorems of this class of functions are studied. We

also study some integral operators on our class G “""(z, A, B).

AMS Mathematics Subject Classification : 30C45.

1-Introduction :-
Let S(n) denote the class of functions of the from :

f()=2+ YazneIN={23.} (L.1)

k=n+1

That are analytic in the unit disk U ={z:z€C and|z| <1}, let W(n) denot the subclass
of a consisting of analytic and univalent functions f(z) in the unit disk U. Further T(n)
denote subclass of S(n) consisting of functions f(z) of the form :

f(z)=2- > az" (a =0,neIN={123..3. (1.2)
k=n+1

A functions of f(z) e T(n) is said to be in the class G*"" (z, A,B) if and only if

ety |

(A-B)r+B((H " f(2)) -1

(1.3)

For-1<B<A<1,7 €eC/{0}, zeU,-o< u<1,v <2, €IR
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and H{")"" is the fractional differintegral operator of order
(-0 < u<1) see [1]. For this operator

if Hg%"” :W(n) ->W(n),then (1.4)
He " f(z)=z- ZR (u,v,m)a, z" (1.5)
k=n+1
(& 20,neIN={123,...},z€U),
where R, (u,v,17) =G (1,V,m)M (1, v,77,k) (1.6)
and
1-V)Q—u+ r'k+)@AL-v+
G v, m) = EENEZAI) v,y = LEEDAZVE, g )
d-v+n) A=), A= p+1),
Throughout the paper
=[J(a+k-Dor =a(a+1(a+2)..(a+n-1) (1.8)
k=1
is the factorial function, or ifa> 0, then
I'(a+n) . . .
(a), = @ (where T"is Euler’'s Gamma function). (1.9)
a
For z=0 , (1.5) may be expressed as
= r(vz)r(2 #)+ Vs t@y0s u<t
H f(2) = b (1.10)
r2-vyr(2-u+n) 21 740 £ (2)i—a0 < 11 <0
r2-v+n)

where J5""(z) is the fractional derivative operator of order

u (0<pu<1), while 1,577 f(z) is the fractional integral operator of order - u
(—oo < < 0)introduced and studied by ([5],[6]).

It may be worth noting that, by choosing —co < u=v<1 the operator H{","” f(z)
becomes

Hgy" f(z2)=H!f(z) =T(2— 1)z"Df(2) (1.11)

Where D;f(z) is respectively, the fractional integral operator of order —u

(—o< < 0) and fractional derivative operator of order (0 < u <1) considered by
[4] and defined by [3]. Further if z=v =0, then

Hoy" f(2) = f(2) (1.12)
and for 4 —1 and v=1

lim HY f(z) =z '(z) (1.13)
-1 '

2. Coefficient characterization Theorem:

We now investigate the coefficient characterization theorem for the function f(z) to
belong to the class G*"7(z, A,B), there by , obtaining the coefficient bounds.
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Theorem 1: A function f(z) defined by (1.2) is in the class G*""(z, A, B) if
and only if

S k(+ B)R, (11,v,7)a, < (A—B)d] 2.1)

k=n+1
under the parametric restraints given by (1.3). The result is sharp.

Proof: Let the inequality (2.1) holds true. For |z| =1, we have

\(Hsf;“'" (2)) —1{ ~[(A-B)r+ B((H £1(2) —1)\

- ZkRk (v, m)a, 2

—‘(A— B)r + B( ikRk (1, v, n)akzk‘lj

k=n+1 k=n+1
< > kR (u,v.m)a, —(A=B)Jz[+ > BkR (1,v,7)a,
k=n+1 k=n+1
= Zk(1+ B)R, (x,v,n)a, —(A-B)|7|<0. (by(2.1)
k=n+1

Hence by the principle of maximum modulus , f(z) belongs to the class G**"(z, A, B).

Conversely, assume that f(z) is defined by (2.1) and f(z) eG*""(z, A, B). Then by
using (1.5) in (1.3), we get

(HévaV,”f(z))’_]_ ‘_‘ _kglkRk('u’v’n)akzk_l ‘
‘(A‘ B)r - B((Héf‘!‘" f (z))' —1)

Since |Re(z)|<||, therefore , we have

SRR, (14 v, a2

Fae k=n+1
(A=B)|z|- > BKR (u,v,m)az*"

k=n+1

ik&(ﬂyv,n)akzk’l
<Re kenil <1 (2.2)

(A=B)z— > BKR, (1,v,7)a, 2"

k=n+1

Now, letting z — 17, though real values in (2.2), we at once obtain (2.1) and theorem
is completely proved.

(A-B)zr— > BkR, (u,Vv,n)a,z""

k=n+1

3. Growth and Distortion Theorem:

In the next theorem , we concentrate upon getting growth and distortion theorem for
the fractional differintegral operator of order x of the function f(Hg" f(z)).
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Theorem 2: Let f(z) eG*""(z, A B). Then for |z|<r <1, we have

_pra (ABJ Bl < \Hg";" f (z)‘ <r+r"™ _(A+BJr] Bl (3.1)
(n+1)@2+ B) ‘ (n+1)(2+B)
2 (A=B)e] | e ) 2 (A=B)[7|
1-r e S (Her £ (2)) | <1+ aie) (3.2)

The bounds (3.1) and (3.2) are sharp.

Proof : Under the assumption and conditions of validity for the theorem it is obvious
that the function
)= A-v)A-pu+n)(k+HA-Vv+n),
A-v+m)A-V) (A-u+n),
Is increasing for k>n+1 . Indeed

~ k+DA-v+n+k)
Rea(evimm) =R (u,v,m) = Rn(ﬂ,v,n){(l_wk)(l_ﬂ+,7+k) 1}

_ u(k+1)—v(u—n)
_R"('U’V’n){(l—v+k)(l—y+77+k)}>0
or R, (s,V,1) = Ry, (#e,v,17)
_ p#(n+2)—v(u—m)
B R”+1(”’V’”){(2—v+n)(2-y+n+n)}>0'
Thus on account of (2.1) , we get

(N+DA+B)R,..(uv.n) Y 8, < Y k(L+B)R (1v.n)a, < (A-B)f,

k=n+1 k=n+1

> A-B
then > a, < ( ) :
G (N+DA+B)R, (4, vi7)

Hence [HE" £ (2)] <[2] +2™ Rys(uevim) D2,

k=n+1

R (u,v,n

<r+ rn+1Rn+1(/l,V,77) Za‘k

k=n+1
<r+ r.n+l (A_ B)|T|
(n+1)(1+B)

and

‘Hgf'zv'”f(z)‘ >z|-|]

n+l -
Rn+1 (lu! v, 77) z a'k

k=n+1

> rormR (i) Y,

k=n+1
(A- B)|T|
(n+1)(1+B)
thus (3.1) is true. Further

> I,_rnJrl
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‘(ng;"? f(2))|<1+(+Dr"R (1 v,) Y a,
k=n+1
<1+r" (A~ B)|T| ,
(@+B)
and also
(HE2§(2)) | 21-(+Dr Ry, (v ) Y2,
k=n+1
>1—r" (A_—B)|T| )
(@+B)
Finally , we can prove that the bounds in (3.1) and (3.2)are sharp by taking the function
f (Z) —7— (A_ B)|T| n+l

(N+D)A+ B)R,., (1,v,17)
This complete the proof of the theorem .

4. Radii of Starlikeness and Convexity :

In the next theorems , we have studied the radii of starlikeness and convexity for the
class G*"(z, A B).

Theorem 3 : Let f(z) be in the class G*""(z, A,B). Then H{;"" f (z)is starlike of order

e(0<e<l)in [z|<r(z, A B,&), where

1
_ k-1
[, (r,A B, &) = inf W-ck@+B) [ o h 1 (4.1)
k (k —g)(A— B]T|
) . Z(Hg"zv’”f(z))'
Proof: It is sufficient to show that | ——————*-1/<1-¢
R HE 1 (2)

for |z|<r, (7, A B,&), but we have

00 0

> (k=R (uv,m)a [

. , - > (k-DR, (1,v,n)a,z"

Z(Héf'z £ (2)) _1‘: k:zml( ) k(ﬂ 77) k G

H,u,v,nf 7 e - © .
o, £(2) ‘ z— Y R (v, m)a,z" ‘ z— ZRk(y,v,n)ak|z|k
k=n+1 k=n+1
Z(HAY £ (2))
Thus| (Ho. " 7(2)) —1<1- ¢ holds true if

| HE @)

= (k—&)R (u,v,n)a,lz|""

k=n+1 (1_‘9)
From Theorem 1, since f(z) € G*""(z, A, B), we obtain
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o KL+ B)R, (1,v,1m)a, <1 (4.3)
k=n+1 (A_ B)|T|
By using (4.3), so (4.2) will be true if
(k-&R,(wvmalz _k@+B)R, (uv.7)a,
1-¢ - (A-B)[|
< 1-e)k(@+B)
~(k—&)(A-B)|e|

or equivalently |z|k71

Hence

|z|s{ (L=)k(L+B) }kl k>n+1
(k—&)(A- B)|T| ’

and this complete the proof.
Theorem 4: Let f(z) be in the class G“*"(z, A, B). Then H{"" f(z) is convex of order

gfor o<e<lin|z| <r,(z, A B,&) , where

L, A,B,g)zinf{ (1=2)d+B) }“,k2n+1. (4.4)
< | (k=&)(A-B)[{]

Proof of Theorem 4 is similar to that the Theorem 3 and hence details are omitted.

5.Clousre Theorems :

Theorem 5: Let f,(z), f,(2),..., f,(z) defined by
f(z)=z- > a2 (j=12,...,m)
k=n+1
Be in the class G*""(z, A, B) .Then arithmetic mean of
f,(z) (=1,2,...,m) defined by

h(z) :%Z f,(2) (5.1)

is also in the class G*""(z, A,B).
Proof: By (5.1) we can write

h(z):%i(z— iak‘jzk):z— i (%iak’]}zk.

j=1 k=n+1 k=n+1

Since f,(z) eG*""(z, A B) for every j=1,2,...,m, so by using Theorem 1, we have

> ka+BIR, (u,v,n)[%iak,jJ

=%i[ ik(u B)R, (y,v,n)ak,,-j
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< %Zm:((A— B)|7|)=(A-B)|d .

j=1
The proof is complete.

In the next theorem, we have studied the convex linear
combination property for the class G*“""(z, A,B).

Theorem 6: The class G*""(z, A, B) is closed under convex linear
combination.

Proof: Let the function f and g be in the class G*"7(z, A, B) ,where

f(z)=z- i az“,9(2)=12- ibkzk.

k=n+1 k=n+1

It is sufficient to show that the function h(z) defined by
h(z)=Af (2) + 1—A)g(z),0< 4 <1

is the class G“""(z, A,B) , therefore 0 <1 <1, we have

hz)=z- 3 [aa, +@-A)b,] 2*.

k=n+1
By Theorem 1, we have

3 KLBIR, (V.48 + (L= A)hb ]

k=n+1 (A— B)|T|
_ ;5 KA+B)R (u v, m)a +A-2) i K@+ B)R, (1, v, )b, <1
k=n+1 (A_ B)|T| k=n+1 (A_ B)|T|

which implies that h(z) is the class G*"7(z, A, B) and this
completes the proof.

In the next theorem , we obtain extreme points for the class G*"7(z, A, B).

(A- B)|T| /K
k(L+B)R, (14,V,7)
where k>n+1neIN,~1<B<A<lre C \{0}zeU,~0<u<],
v<2,nelR.Then f(z) isinthe class G*""(z, A B) if and only if it can be expressed

Theorem 7: Let f (z)=z and f,(z)=2z—-

inthe from f(z) =) o, f,(z), where o, 20 and ) o, =1o0r o, + > o, =1
k=n k=n

k=n+1

Proof: Let us express f as in the above theorem, therefore, we can
write
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f(z)ziakfk(z):anfn(z)+ia{z— (A-B)l7 zk}

k=n+1 k(l+ B)R (ﬂlvi 77)

_ S & (A-B)f ,
_Z(Gn +k;1o-kJ kzn;rlk(1+ B)R, (x4, V, 77) ou

=z- iPnz”,

k=n+1

where P, = (A= B)lrlor
k(@+B)Ry (2,v,77)

. Therefore f eG*""(r, A, B),

since
Pk@+B)R, (#,v,n)
=1-0. <1.
k:zm-l (A- B)|T| kzn;lak on

Conversely, assume that f e G*""(z, A,B). Then by (2.1), we may set

o= k(1+ B)Rk(ﬂ,v,ﬂ)ak k>n+1 and 1- iak =0y
(A_ B)|T| k=n+1 "

Then

- (A- B)|T|O'k 7k

f(2)=z- iakzk:z— >,

k=n+1 k:n+1k(l+ B)Rk (,LI,V, 77)
—z— Zak(z —f, (z))
k=n+1
=z(1— iakj+ S 6, £,(2)
k=n+1 k=n+1

=0,Z+ Z o f(2)= Zakf (2).

k=n+1
This completes the proof .

6. Integral Operators

Definition (6.1) : Let ¢ be a real number such that ¢c>-1 and let f eG*""(z,A,B),
komato operator in [2] be defined by

€+’ o 1oq L “f ()
r(z) = j o) (Iog;j To|t,c>-1,ezo. (6.1)

Theorem 8: r(z) defined in (6.1) be in the class G*""(z, A,B).
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Proof: Since

Iltc[log }j _ dt = F(H)H
0 t (c+1)

and

6-1

rtk”‘l[log}j dt = r) S k>n+l,
0 t (c+K)

Therefore, we obtain

e’ il 0al) - S (10g) teeta -
r(z) = @) {[{t z(logtj k;l(logtj thc g 7 Jdt}

= (c+1Y "
=7- —— | a,2". 6.2
kg;l(c + kJ “ ©.2)
Therefore and with use of Theorem 1 and C—jLi <1 for k >n+1, we can write
C+
= c+1 ¢
> k(@+B)R, (,u,v,n)(—j a, <(A-B)[]| (6.3)
k=n+1 C+ k

So r(z) eG""(z, A B).

Theorem 9: The function r(z) defined by (6.1) is starlike of order £(0<&<1) in
|z < =r(z,AB,c,¢),

where
1

(v, A B,C,) = J!‘n‘;{k(“ B)R, (/J,V,n)(l—g}(c+kj‘9}k-1

(A-B)[¢| k- N\ c+1

Proof: We must show that

or we must show
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c+1
zr'(z)_j‘< k;ﬂ(wkj (—Dafzl”
r(Z) - 1 2(04‘1) |Z|k—1

k=n+1 C+k

<l-c¢.

The last inequality holds if

= (c+1) k- ~
Z(—j l_ggak|z|klsl.

k=n+1 C+ k

Now in view of (6.2) , (6.3) the last inequality holds if

0
|z|k—1 < K@+ B)R, (1,v,n) (1_‘9)£C+kj k>n+1
(A-B)|d] k—e/\c+l

and this gives the require result.

Theorem 10: Let the function r(z) be defined in (6.1). Then r(z) is convex of order &
(0<e<l)in|z|<r,(z,AB,c,&), where

[ (r, A B,C,g) = inf{k(1+B)Rk(,u,v,77)( 1os J(ij }H.
el (A-B)r \k(k-2) e+l

Proof of Theorem 10 is similar to that to Theorem 9 and hence details are omitted.

Definition 2: Let f € G*""(z, A, B). We define the function f,(z) as
= f(t)
Fé(z):(1—£)2+€J'OTdt, 0</<1,zeU. (6.4)

Theorem 11: Let the function F,(z) be defined in (6.4). Then
F,(z2) eG*""(z,A,B) for 0</<1.

Proof : Let f(z) e G*""(z, A,B)and is of the form (2.1) so

Fg(z)z(l—f)zj%[f (1 Satc 1]0@

k=n+1
=7- E Eakz

k=n+1

By Theorem 1, we must show
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> K@+ BIR, (Vi) 3,

k=n+1

- i£(1+ B)R, (1, Vv,7)a,

k=n+1

< 3 W+ B)R, (V.72 < (A-B)|

k=n+1

So F,(z) e G*""(z, A B).

Remark 1: By the similar method which we applied for Theorems 9 and 10, we obtain
the radii of starlikeness and convexity of order £(0 <& <1) for F,(z) respectively as

following :

e ABLe) i {k(1+ B)R, (v, 7) (1—5 j(gj}kl
k>n+1 (A— B)|T| k—e \/

and

rz(an, B,ﬁ,g) = inf {k(1+ B)Rk (lu!van)( 1-¢ J}k—l’
k2nil (A-B)[7] Ik —e)

where 0 < /<1.
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