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Abstract:-

In this paper, we shall review some of the definitions and propositions which are
needed in our work. Also we have proved that |[x»-X||r (0)-convergence to zero if and
only if F(xa-X) (0)-convergence to zero.

1. Introduction:-

In this work a series of known notions, notations and facts of the theory of Boolean
algebra, vector lattices [1,2,3], the integration theory for measures with values in semi-
field [4,5,6,7] is cited. Suppose that R is the set of real numbers and E is a partially
ordered set ( E < R) .The main results in this work is the following :

Proposition I: If xeX, ||X|[e< 1 ( F is S™- Orlicz modular ) and e={ ||x][r== 1 } = 0, then
F(x) <|x||[r (Tis a Freudenthal unit, i.e for all xeX,x AT=0,that x =0).
Proposition 11: Suppose that (X, ||.|lr) be S™-Orlicz Lattice, xn, X €X. Then, |[Xn-
X|lF—2—0 if and only if F(xn-x) —2—0 (—2— i.e (0)- converges ).
2. The Basic Concepts
In this section, we shall review some of the definitions and propositions which
are needed in our work.
2.1. DEFINITION [8]
A vector space X equipped with a partial order "<" is called a vector lattice, if for
each pair x,y in X :
I. there is the smallest element z (denoted by xvy) for which x<z and y<z.
ii. there is the largest element w (denoted by xAay) for which w<x and w<y.
. ifx <y, then x +z<y+z forall x,y,zeX.
iv.ifx<y and ceR+, then cx<cy.
2.2. DEFINITION [8]
Suppose that X isa S™- vector lattice. A mapping F: X — S™ ('S” The ring of
all measurable functions on [0,1] ) is called an S™- Orlicz modular if:
F(x) >0 forall x eX and F(x) =0 if and only if x =0.
F(X) < F(y), if x| < |y| for all x,yeX .
F((oc X + (=) y) < oc F(X) + (-<) F(y) for all x,yeX, ceS" and 0<oc<1.
F(2 x) < ¢ F(x) for all xeX and ¢ >0 where c is constant.
F(x+y) =F(X) + F(y), if x,yeXand xAy =0 (X Ay i.e X infimum of y ).
F(e x) = e F(x) for all xeX and eeV(S") .
From the definition, we get that F(x) = F(|x|) and F(e« x) < oc F(x) for all xeX,
ceS and 0 < oc < 7.

ocoubkwnpE

2.3. Note [8]
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If (Lwm, ||-llowy) 1s an S*-Orlicz space generated by the Orlicz function M(u) with
the A>-condition ( i.e the N-function M(u) satisfies the A>-condition, if there exist k>0
and uo>0 such that M(2u) <k M(u) for any u > uo) then F(X)=p(M(|x])) is an S*-
Orlicz modular on Lm (1 An Lebesgue integral in Coo(Q(V)) where C»(Q(V)) is a Stone
compact set ).

Suppose that X is an S™- Orlicz modular on a S™-vector lattice X. For all xeX,

we set B(x) ={Ae Si :F(VIx) <71, A is invertible}.

If xeX,A=F(x)+1,then F(L1x) <A1F (x) <7, it means, that B(x) = &. For each
xeX , we set |x|[r = inf {& : AeB(x)} [8].
2.4. proposition [8]

An S™-Orlicz Lattice (X, ||||F) is a complete Lattice and an S™-norm ||.||r is order
continuous.
2.5. Proposition [8]

Suppose that ||.||m) is an S™-norm on Lwm. Furthermore, it follows from [x|<|z],
X,z eLwm, that ||| < [1zllovy , thus (L, |.]lovy) is @ normed S”-vector lattice.
2.6. proposition [9]

Suppose Xn, Xe C«(Q(V)), 0 < xaT x , then M(xn) T M(X) ({Xn} is increasing
(decreasing) then, we write xnTx , (respectively, xn¥x)) .
2.7. proposition [8]

Let ||.]ln be an S™-norm on L, then (Lw, ||.]low) is a Banach S™-vector lattice.
3. The main result In this section, we shall prove an important propositions.
3.1. Proposition

If xeX, [X|[F<1 and e={ |[x|[;= 1 } =0, then F(x) < ||x||F .
Proof: Put B(x)= {Le S: : F(X1x)<1i : L is invertible}, we have choose
AneBX): And |X].
Let A1, 22€B(X), e={lM1<\2}, then B=A1AA2 =M1 e+ho(T —€)eS* and B is invertible.
F(Bx)=F(\1 te+ A2t (i-e)x) = e Fut xe )+( T —€) F(2! x(i-e)) <e+(i-e)=1.

n

i.e BeB(x). Using the method of mathematical induced, we get A Ai €B(x) for any
i=1

finite subset {\1, ..., An}eB(X).

Since S” is of countable type, there exists a subsequence {An}—B(x) such that An
dinf B(x) = |IX||F.
Since Br=nt 21 €1 € B(X) (e€S+) and Bnd |IX||F+2% & T ( by proposition 2.5. ), we have
(XIB ) TIX|(lIxll+27 e T) " .

Hence by proposition (2.5) then, F((|IX|lr + 2t € 7)™x) = sup F(Bnt x)< 1 then,
IX|lFeB(x)={AeS+": FAx)< 1}.

Suppose that Ae S+, |X||r <A <1 and f={ A=||x||r}=0, i.e (A is invertible ). Set
fr={A<Xn },n=1,2,... then fr+1<fi (it is clear that ).
fi={A<M}, fo={ A<z}, ..., f={ A<hn}, if n#k, then f.fk=0, Sup fi=1.

n>1

By proposition 2.6 then, F(xn) T F(x) .

[X||e=inf {A: AeB(X) }, if |x][r=1 and ||X||==A then A=1, therefore F(A"1x)< i then
F(x)<i<1=||x||r. Hence F(x)<|[x]|F.
3.2. Proposition
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Suppose that (X, |||lF) be S*- Orlicz Lattice, Xn, X €X. Then, |Xa-X|lF —2—0 if

and only if F(xn-x) —2—0.

Proof: Suppose that ||[Xn-X|[r —2— 0.

Let en={ |IXn-x|I< 1},n=1,2, ... . Since |[xn-X|[r —2—0then ||xp-X||r <1 —2— 7, e,eS"
and |len(Xn-X)||=€n||Xn-X||r < 1 and {en|[Xn-X||= 1}=0.

By proposition (3.1), we have F(en(Xn-x)) < en|Xn-X||F < ||xn-X||Fr, hence enF(Xn-
X)= F(en(Xn-X)) —2—0, Furthermore (i-en) < (i -en) |[Xn-X||F<|[xn-X||F,

ie. (7-en) —2-0.

Put f.=SU (7 —€i). Then we have (T —en)<tn, fo) 0 and ( -en)F((Xn-x))< faF(Xn-X).

Since the (0)- convergence in S* is equivalent to the convergence almost
everywhere with respect to Lebesgue measure [10], then it follows from f,|0 that
faF(Xn-x) —2— 0, hence (7 -en)F((Xn-X)) —2— 0, therefore
F((Xn-X))= enF(Xn-X)+(1-en)F((Xn-X)) —2— 0. Hence F(Xn-x) —2—0.

Suppose that F(xn-x) —2— 0.

By proposition (2.3), we get F(2'(xn-x)) —2—0. (1<i<n).
From the previous assertion, the element A=F(x)+ i €B(x). Hence ||x|[r<F(x)+ 1 for all
xeX. Since F(2y)<kF(y) for any yeCux(Q(V)), then F(2!(xn-x))< k'F(x-x) for all i=1,2,
..., From which, we get F(2'(Xn-X)) —2— 0 as n—co from any fixed i.
Thus, using Young's inquality, notice that, for any yeLn with F(y)< i, the inequality
[2'(xn-x)y] < F(2'(xn-x))+ 1, take place.

Hence [|2'(xn-X)|lF < FR'(Xn-X))+1, and |Xn-X||r<272F(2!(Xn-X))+2" 4. From this, we

get (0)- Lim ||Xn-X||F =AY [Xn-X||[r<274, for any i=1,2, ... .
=1 n=

This means that (0)- Lim [[xa-X]|r =0, i.e. [[Xn-X[lF —2—>0.
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