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Abstract:- 
In this paper, we shall review some of the definitions and propositions which are 

needed in our work. Also we have proved  that ||xn-x||F (o)-convergence to zero if and 

only if F(xn-x) (o)-convergence to zero. 

 

 

1. Introduction:- 
In this work a series of known notions, notations and facts of the theory of Boolean 

algebra, vector lattices [1,2,3], the integration theory for measures with values in semi-

field [4,5,6,7] is cited. Suppose that R is the set of real numbers and  E  is a partially  

ordered  set ( E  R ) .The main results in this work is the following : 

Proposition I: If xX, ||x||F≤ î ( F is S*- Orlicz modular )  and e={ ||x||F= 1 } = 0, then 

F(x) ≤ ||x||F ( î is a Freudenthal unit, i.e for all  xX , x  î = 0 , that  x = 0). 

Proposition II: Suppose   that   (X, ||.||F)   be   S*- Orlicz    Lattice,  xn, x X. Then, ||xn-

x||F  )(o 0 if and only if F(xn-x)  )(o 0 (  )(o  i.e (o)- converges ). 

2. The Basic Concepts 

In this section, we shall review some of the definitions and propositions which 

are needed in our work. 

2.1.  DEFINITION  [8] 

A vector space X equipped with a partial order "≤" is called a vector lattice, if for 

each pair x,y in X : 

i. there is the smallest  element z (denoted by  xy)  for which  x≤z and  y≤z. 

ii. there is the largest  element  w (denoted by  xy) for which w≤x and w≤y. 

iii. if x ≤ y ,  then  x + z ≤ y + z  for all  x,y,zX . 

iv. if x ≤ y  and  cR+ ,  then  c x ≤ c y . 

2.2. DEFINITION [8] 

Suppose  that  X  is a S* - vector lattice.  A mapping  F: X  S* ( S* The ring of 

all measurable functions on [0,1] ) is  called  an S*- Orlicz modular if: 

1. F(x)  0  for all x X and F(x) = 0 if and only if  x = 0. 

2. F(x)  F(y), if |x|  |y| for all x,yX . 

3. F(( x + (î-) y)   F(x) + (î-) F(y)  for  all x,yX , S*    and  0 î. 

4. F(2 x)  c F(x) for all xX and c >0 where c is constant. 

5. F(x + y) = F(x) + F(y), if x,yX and x y = 0 (x y i.e x infimum of y ). 

6. F(e x) = e F(x) for all xX and e(S*) . 

From  the definition, we get that F(x) = F(|x|) and F( x)   F(x) for all xX , 

S* and 0    î . 

 

2.3. Note [8] 
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If (LM, ||.||(M)) is an S*-Orlicz space generated by the Orlicz function M(u) with 

the 2-condition ( i.e the N-function M(u) satisfies the 2-condition, if there exist   k>0   

and   uo  0  such that   M(2u) ≤ k M(u) for any  u  uo) then F(x)=(M(|x|)) is an S*-

Orlicz modular on LM ( An Lebesgue integral in  C(Q()) where C(Q()) is a Stone 

compact set ). 

Suppose that X is an S*- Orlicz  modular on a S*-vector  lattice X. For all xX, 

we set  B(x) = { S
*


: F(-1x)  î ,  is invertible}. 

If xX ,  = F (x) + î , then F(-1 x)  -1 F (x)  î , it means, that B(x)  . For each 

xX , we set ||x||F = inf { : B(x)} [8]. 

2.4.  proposition [8]   

An S*-Orlicz Lattice (X, ||.||F) is a complete Lattice and an S*-norm ||.||F is order 

continuous. 

2.5.  Proposition [8]  

Suppose that ||.||(M) is an S*-norm on  LM.  Furthermore, it  follows  from  |x||z|,  

x,z LM , that ||x||(M)  ||z||(M) , thus  (LM, ||.||(M)) is a normed  S*-vector lattice. 

2.6.  proposition [9] 

Suppose xn, x C(Q()) , 0  xn x , then  M(xn)  M(x) ({xn} is increasing 

(decreasing) then, we write xnx , (respectively, xnx)) . 

2.7.  proposition [8] 

Let ||.||(M) be an S*-norm on LM , then (LM, ||.||(M)) is a Banach S*-vector lattice. 

3. The main result In this section, we shall prove an important propositions. 

3.1.  Proposition  

If xX, ||x||F≤ î  and e={ ||x||F= 1 } = 0, then F(x) ≤ ||x||F . 

Proof: Put B(x)= {λ S+ : F(λ-1x)≤ î  : λ is invertible}, we have choose   

λ nB(x) :  λn ||x||F. 

Let λ1,λ2B(x), e={λ1≤λ2}, then =λ1λ2 =λ1 e+λ2(î –e)S+ and  is invertible.  

 F(-1x)= F(λ1 
-1 e+ λ2

-1 (î-e)x) = e F(λ1
-1 xe )+( î –e) F(λ2

-1 x(î-e)) ≤e+( î-e)= î. 

 i.e B(x). Using the method of mathematical induced, we get 


n

i 1

λi B(x) for any 

finite subset {λ1, … , λn}B(x).  

Since S* is of countable type, there exists a subsequence {λn}B(x) such that   λn 

 inf B(x) = ||x||F. 

Since n= λn+ 2-1  î  B(x) (S+) and n ||x||F+2-1  î ( by proposition 2.5. ), we have 

(|x|n
-1)|x|(||x||F+2-1 î )-1 . 

Hence by proposition (2.5)  then, F((||x||F + 2-1  î )-1x) = sup F(n
-1 x)≤ î  then, 

||x||FB(x)={λS+
*: F(λ-1x)≤ î}. 

Suppose that λ S+
* , ||x||F ≤ λ ≤ î and f={ λ=||x||F}=0, i.e (λ is invertible ). Set 

fn={λ< λn }, n= 1,2,… then fn+1≤fn ( it is clear that ). 

f1={λ<λ1}, f2={ λ<λ2}, … , fn={ λ<λn}, if n≠k, then fn.fk=0 , sup
1n

fn= î . 

By proposition 2.6 then, F(xn)  F(x) . 

||x||F=inf {λ: λB(x) }, if ||x||F=1 and ||x||F=λ then λ=1, therefore F(λ-1x)≤ î then 

F(x)≤î≤1=||x||F. Hence F(x)≤||x||F. 

3.2. Proposition  
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Suppose that (X, ||.||F) be S*- Orlicz Lattice, xn, x X. Then, ||xn-x||F  )(o 0 if 

and only if F(xn-x)  )(o 0. 

Proof: Suppose that ||xn-x||F  )(o 0. 

Let en={ ||xn-x||≤ 1}, n=1,2, … . Since ||xn-x||F  )(o 0 then ||xn-x||F <1  )(o  î, enS* 

and ||en(xn-x)||=en||xn-x||F ≤ î and {en||xn-x||= î}=0.  

By  proposition  (3.1), we  have   F(en(xn-x)) ≤ en||xn-x||F ≤ ||xn-x||F,  hence   enF(xn-

x)= F(en(xn-x))  )(o 0,  Furthermore   (î -en) ≤ (î -en) ||xn-x||F≤||xn-x||F,   

i.e.    (î -en)  )(o 0.  

Put fn=sup
ni

(î –ei). Then we have (î –en)≤fn, fn↓0 and (î -en)F((xn-x))≤ fnF(xn-x).  

Since the (o)- convergence in S* is equivalent to the convergence almost 

everywhere with respect to Lebesgue measure [10], then it follows from fn↓0 that 

fnF(xn-x)  )(o o, hence (î -en)F((xn-x))  )(o 0, therefore 

F((xn-x))= enF(xn-x)+(î-en)F((xn-x))  )(o 0. Hence F(xn-x)  )(o 0. 

Suppose that F(xn-x)  )(o 0. 

By proposition (2.3), we get F(2i(xn-x))  )(o 0. (1≤i≤n). 

From the previous assertion, the element λ=F(x)+ î B(x). Hence ||x||F≤F(x)+ î for all 

xX. Since F(2y)≤kF(y) for any yC(Q()), then F(2i(xn-x))≤ kiF(xn-x) for all i=1,2, 

… , From which, we get F(2i(xn-x))  )(o 0 as n→ from any fixed i. 

Thus, using Young,s inquality, notice that, for any yLN with F(y)≤ î, the inequality 

|2i(xn-x)y| ≤ F(2i(xn-x))+ î,   take  place.   

Hence  ||2i(xn-x)||F ≤ F(2i(xn-x))+ î,   and   ||xn-x||F≤2-1F(2i(xn-x))+2-1î. From this, we 

get (o)- Lim ||xn-x||F =





1k kn
 ||xn-x||F≤2-1î, for  any i=1,2, … . 

This means that (o)- Lim ||xn-x||F =0, i.e. ||xn-x||F  )(o 0. 
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 -الخلاصة :

      ا في عتلتا. كذلك ستتتتتتتبضه  تا في  هذا  البحث  نستتتتتتبعض   تعا البعالمب هالتبضهتا  البي نحبا  

 Fx||-nx|| مبقالب تقالب- (o  إلى الصفض أذا هفقط أذا كا )x)-nF(x مبقالب تقالب- (o.إلى الصفض ) 


