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Abstract :
In this paper the concepts of principally gquasi-injective modules

and pointwise ker-injective modules are generalized to principally quasi
ker-injective modules . Many properties and characterizations of
principally quasi ker-injective modules are given for example , M is
principally quasi ker-injective module if and only if for each m,neM,
such that anng(n) canng(m) ,there exist an R-monomorphism a: M— M
and an R-homomorphism g:M—M such that g(n)= a(m). Finally some
relationships between principally quasi ker-injective modules and another

classes of R-modules are given .

81: Introduction

Throughout this paper, R will denote an associative, commutative
ring with identity, and all R-modules are unitary (left)
R-modules. G.F.Birkenmeier proved that an R-module M is ker-injective
if and only if for each R-monomorphism f:A—B (where A and B are
R-modules ) and for each R-homomorphism g:A—M ,there exist an
R-monomorphism a: M— M and R-homomorphism h: B— M such that
(hof)(a)= (o -g)(a) forall acA [2] .An R-module M is said to be quasi

injective if each R-homomorphism of any submodule N of M into M can
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be extended to an endomorphism of M [7]. An R-module M is called
principally N-injective if for any cyclic R-submodule A of N and every
R-homomorphism from A into M can Dbe extended to an
R-homomorphism from N into M [6]. An R-module M is called
principally quasi-injective (or semi-fully stable [1] ) if M is principally
M-injective [6] .An R-module M is called pointwise injective if for each
R-monomorphism f:A—B (where A and B are two R-modules), each
R-homomorphism ¢g:A—M and for each acA , there exists an
R-homomorphism  h,;B—M ( h, may depend on a) such that
(h,of)(@)=g(a) [3] . Also an R-module M is pointwise injective if and
only if M is principally N-injective for every R-module N [3].
An R-module M is called pointwise ker-injective if for each
R-monomorphism f:A—B (where A and B are R-modules), each
R-homomorphism g:A—M and for each aeA , there exist an
R-monomorphism «:M—M and R-homomorphism B,:B—M (B, may
depend on a) such that (Bsof)(a)=(a ~g)(@) [5]. An R-monomorphism
f:N—M is called p-split if for each aeN, there exists an
R-homomorphism g, M—N (ga may depend on a ) such that
(gacf)(@)=a [3] . An R-monomorphism f:N—M is called pointwise
ker-split if for each aeN, there exist an R-monomorphism ¢ :N—N and
an R-homomorphism g,;M—N ( g, may depend on a) such that
(920 (@)= (8) [5]. For an R-module M , E(M) and S=Endg(M) will
respectively stand for the injective envelope of M and the endomorphism
ring of M. Homg(N,M) denoted to the set of all R-homomorphism from
R-module N into R-module M . For a submodule N of an R-module M
andacM , [N:a]s ={ reR 1raeN }. For an R-module M and ae M, then
anng(a) denoted to the set [(0):a]r .

311



2007 aind (1) 232l (12) aall & peall o slall Apaslsl] Alae

82 : Principally quasi ker-injective modules

Definition (2-1):- Let M and N be two R-modules , M is said to be
principally ker-N-injective ( in short, p-ker-N-injective) if for any cyclic
R-submodules A of N and any R-homomorphism f:A— M ,there exist an
R-monomorphism a: M— M and R-homomorphism g: N— M such that
(goi)(@)=(aof)(@) , for all acA , where i is the inclusion
R-homomorphism from A to N . An R-module M is called principally
quasi ker- injective ( in short, PQ-ker-injective ) if M is
p-ker-M-injective . A ring R is called PQ-ker-injective if R is

PQ-ker-injective R-module .

Examples and remarks(2-2):

1) All principally quasi injective (also pointwise ker-injective modules)
are trivial examples of PQ-ker- injective modules .

2) The concept of PQ-ker-injective modules is a proper generalization of
both principally quasi injective modules and pointwise ker-injective
modules for examples:

1) Let M=Z& [1Q (where TT1Q is an infinite direct product of copies of
Q as Z-module) M is ker-injective Z-module [2] , hence by (1) M is
PQ-ker-injective Z-module .If M principally quasi injective Z-module,
then by [4,lemma(2,3)], we have that Z is principally quasi injective
Z-module and since Z is principally ideal domain , thus Z self injective
ring and this a contradiction [7] . Therefore M is PQ-ker injective

Z-modules is not principally quasi injective Z-modules ,also this example
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showed that P-ker-N-injectivity is a proper generalization of
principally N-injectivity .

i) Let M =2, as Z-module where p is a prime number . M is
PQ-ker-injective Z-module, but by[5,corollary(1.9)] M is not pointwise
ker-injective module.

3) P-ker-N-injectivity is an algebraic property .

4) Let M be any R-module and JJE(M) be infinite direct product of

copies of E(M) then :
a) Every R-module of the form M@®][JE(M) is PQ-ker-injective

R-module.
b) if M is not PQ-injective R-module , then by [4,lemma(2,3)] ,
M @[ JE(M) is not PQ-injective R-module.

In the following theorem we give many characterizations of

P-ker-N-injective modules

Theorem (2-3): Let M and N be two R-modules and S=Endr(M).Then
the following statements are equivalent :-

(1) M is p-ker-N-injective.

(2) For each meM, neN such that anng(n)=anng(m), there exists an
R-monomorphism a:M—M and an R- homomorphism g:N—M such
that g(n)=a(m).

(3) For each me M, neN such that anng(n)< anng(m), there exist an
R-monomorphism a:M—M such that Sa(m) = Homg(N,M)n.

(4) For each R-homomorphism f:A—M (where A be any R-submodule
of N ) and each acA, there exists an R-monomorphism a:M—M and

an R-homomorphism g:N—M such that g(a)= (a.-f)(a).
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Proof: (1)=(2) Let M be a p-ker-N-injective R-module. Let me M, neN
such that anng (n) < anng (m). Define f: Rn—M by f(rn)=rm , for all reR.
It is clear that f is a well-defined R-monomorphism. Since M is
p-ker-N-injective R-module, thus there exists an R-monomorphism
a:M—M and an R-homomorphism g:N—M such that g(x)=(a-f)(x) for
all xeRn. Therefore g(n)= (a-f)(n) = a (f(n))=a (mM).

(2)=(3)Let meM, neN such that anng(n)c anng(m). By hypothesis,
there exists an R-monomorphism a:M—M and an R-homomorphism
g:N—M such that g(n)=a(m). Let BeS, thus B(a(m))= B(g(n))=(B-g)(n).
Since BogeHomg(N,M) , thus B(a(m))eHomMr(N,M)n . Therefore
Sa(m)c Homg(N,M)(n).

(3)=>(4)Let f:A—M be any R-homomorphism where A be any
R-submodule of N, and let acA. Put m=f(a), since meM and
anng(m) canng(a), thus there exists an R-monomorphism a:M—M such
that Sa(m)Homg(N,M)a. Let I;:M—M be the identity R-homomorphism.
Since lyeS, thus there exists an R-homomorphism g:N—M such that
Im(a(m))=g(a). Thus g(a)=a(m)=a(f(a))= (a-f)(a).

(4)=(1)Let A=Ra be any cyclic R-submodule of N and f:A—M be any

R-homomorphism. Since acA, thus by hypothesis there exists an

R-monomorphism a:M—M and an R-homomorphism g:N—M such that

g(@=(a of)(a). For each xeA, x=ra for some reR , we have
that g(x)=g(ra)=rg(a)=r(a-f)(a)=(a-f)(ra)=(a-f)(x). Therefore M is
p-ker-N-injective R- module. [ ]
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As an immediate consequence of Theorem (2.3) we have the
following corollary in which we give many characterizations of
PQ-ker-injective modules.

Corollary (2.4):-The following statements are equivalent for an
R-module M :-

(1) M is PQ-ker-injective.

(2) For each nmeM, such that anng(n)canng(m), there exists an
R-monomorphism a:M—M and an R-homomorphism g:M—M such
that g(n)=a(m).

(3) For each nme M such that anng(n)canng(m),there exist an
R-monomorphism a:M—M such that Sa(m)< Sn.

(4) For each R-homomorphism f:A—M (where A be any R-submodule
of M) and each acA, there exists an R-monomorphism a.:M—M and an

R-homomorphism g:M—M such that g(a)= (a -f)(a).

Corollary (2.5):- The following statements are equivalent for an
R-module M :

(1) M is P-ker-R-injective.

(2) For each meM, neR such that anng(n)=anng(m), there exists an
R-monomorphism a:M—M and an R- homomorphism g:R—M such
that g(n)=o(m).

(3) For each me M, neR such that anngr(n)= anng(m),there exist an
R-monomorphism a:M—M such that Sa(m) = Homg(R,M)n.

(4) For each R-homomorphism f:A—M (where A be any ideal of R) and
each acA, there exists an R-monomorphism o:M—M and an

R-homomorphism g:R—M such that g(a)= (a -f)(a).
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Proposition (2-6):-Every integral domain R is PQ-ker-injective ring.
Proof. let R be any integral domain and let nmeR such that
anng(n) canng(m) .Since R is an integral domain , thus anng(r)=0 for all
reR,r=0.

1) if n=0, thus anng(n)=R ,since anng(n) < anng(m) , then anng(m)= R
and this implies that m = 0. Define gz R - R and a:R— R by
g(x)=x and a(x)=x for all xeR. It clear that g is an R-homomorphism
and o is an R-monomorphism and g(n)=a(m) .

i) if n=0, define gZR—R by g(x)=mx for all xeR, And a: R—R by
a(x)=nx forall xeR , Itis clear that g and a are R-homomorphisms .
for each x,yeR if a(x)=a(y) then nx=ny and since n=0 and R is an
integral domain , thus x=y ,therefore o is an R-monomorphism and
g(n)=mn=nm=a(m). Fromi and ii we have R is a PQ-ker- injective

ring by corollary (2-4) . o

Example (2-7) : Z as Z-modules (by proposition 2-6) is PQ-ker-injective
but Z is not PQ-injective Z-module and not pointwise-ker-injective

module.

proposition(2-8): Let M , N and K are R-modules , if M is
P-ker-K-injective R-module and there exist an R-monomorphism from N
into K, then M is P-ker-N-injective R-module.

Proof: Let f:N—K be any R-monomorphism and let M be
a P-ker-K-injective R-module . Let meM , neN such that
anng(n) canng(m) .Let xeanng(f(n)) , thus xf(n)= 0 and hence f(xn)=0 ,
since f is an R-monomorphism ,thus xn=0 and this implies that

xeanng(n),since  anng(n)canng(m) then xeanng(m), Therefore
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anng(f(n)) canng(m). Since M is P-ker-K-injective , thus by
theorem (2-3) there exist an R-homomorphism g: K— M and an
R-monomorphism o :M—M such that g(f(n))=a(m). Put g;= gof :N->M
g; is an R-homomorphism and g;(n)=(g-f)(n)= g(f(n))=a(m). Therefore
M is P-ker-N-injective R-module (by theorem 2-3).0

Corollary(2-9): Let M and N be two R-modules, if M is
P-ker-N-injective , then M is P-ker-A-injective for each
R-submodule A of N.

Proof :- Let M be a P-ker-N-injective R-module and let A be any
R-submodule of N , let i:A—N be the inclusion R-homomorphism , it is
clear that i is an R-monomorphism .Thus by proposition (2-8) , M is

P-ker-A-injective R-module .0

As an immediate consequence of corollary (2-9) we have the following

corollary.

Corollary(2-10): Let N be any R-submodule of an R-module M, if N is

P-ker-M-injective ,then N is PQ-ker-injective R-module .

As an immediate consequence of proposition(2-8) we have the

following corollary.

Corollary(2-11): If N; and N, are isomorphic R-modules and if M is
P-ker- Nj-injective then M is P-ker-N;-injective , for each i,j=1,2 and i=] .

Proposition(2-12): Any direct summand invariant R-submodule of

P-ker-N-injective R-module is P-ker-N-injective .
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Proof: let M be any P-ker-N-injective R-module and A be any direct
summand invariant R-submodule of M , Thus there exist an
R-submodule A; of M such that M=A@®A;. Let acA , neN such that
anng(a) canng(n) , sinceacM and M is P-ker-N-injective R-module ,
thus by theorem (2-3) there exists an R-homomorphism a:N—M and an
R-monomorphism a:M—M such that g(n)=o(0).Since A is an invariant
R-sub module of M, thus a(A) < A . Define o': A— Aby o' (X)=0(X)
for all xeA. It is clear that «' is an R-monomorphism , Put
g1=m,o9: N — A where m; is the natural projection from M=A® A;
into A . It is clear that g;is an R-homomorphism and
9:(n)=(7, > g)(N)=mu(g(n)) = m(a(a)) = m(a’(a)) =a'(a) Therefore A is
P-ker-N-injective R-module by theorem (2-3).o

By proposition(2-12) and corollary(2-10) we have the following corollary.

Corollary(2-13):Any direct summand invariant  R-submodule of

PQ-ker-N-injective R-module is PQ-ker-N-injective R-module .o

Proposition(2-14): Let M and N are two R-modules. If M is
P-ker-N-injective, then every R-monomorphism fM—N s
pointwise ker-split .

Proof. let f: M— N be any R-monomorphism and acA . Define
h:f(M)— M by h(f(m))=m for all meM . h is well-defined

R-homomorphism , since M is P-ker-N-injective R-module and

f@ef(M) . Thus by theorem (2-3) there exist an
R-homomorphism g:N—M and an R-monomorphism o:M—M
such  that  g(f(a))=(ach)(f(@)) . put gs=g and since
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(a oh)(f(a)) = a(h(f(a))) = a(a) , thus (g.-g)(a)=a(a) . Therefore f is
pointwise -ker- split R-homomorphism .o

Corollary(2-15): If M is PQ-ker-injective R-module, then every

R-monomorphism a:M—M is pointwise ker-split .00

Proposition (2-16) : An R-module M is pointwise-ker-injective if and
only if Mis PQ-ker-E(M)-injective for each R-module M .

Proposition (2-1): For each R-module M , the following statements are
equivalent :

(1) M is pointwise-ker-injective.

(2) M is PQ-ker-N-injective , for every extended R-module N of M

(3)M is PQ-ker-E(M)-injective .0

By proposition(2-8) and [5,proposition(1-7)] we have the following
corollary :
corollary (2-18): For a cyclic R-module M , the following statements are
equivalent :
(1) M is an injective R-module
(2)M is pointwise injective R-module
(3)M is ker-injective R-module .
(4)M is PQ-ker-E(M)-injective R-module .o

Immediately from corollary(2-18) we have the following corollaries

Corollary (2-19): the following statements are equivalent for a ring R :
(1) R is self- injective ring

(2) R is self-pointwise injective ring

319



2007 aind (1) 232l (12) aall & peall o slall Apaslsl] Alae

(3) R is self-ker-injective ring .
(4) R is PQ-ker-E(M)-injective R-module .0

Corollary (2-20):Every cyclic Z-module M is not PQ-ker-E(M)-injective.

Proof :Assume that acyclic Z-module M is PQ-ker-E(M)-injective. Thus
by corollary(2-18) .M is injective Z-module and this a contradiction,
since every finitely generated Z-module is not injective[7] .Therefore M
Is not PQ-ker-E(M)-injective Z-module .o
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