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Abstract 
 

       In this paper we present approaches to find m -

hypergeometric solutions for anti-difference equations, 

homogeneous linear recurrence equations with polynomial 

coefficients, and non-homogeneous linear recurrence equations 

with polynomial coefficients provided their leading and trailing 

coefficients are constant. 
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1. Introduction 

 
Let m  denotes a positive integer, ℕ be the set of natural numbers, K  be 

the field of characteristic zero, )(nK  be the field of rational functions over 
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K , ][nK be the ring of polynomials over K . We assume the result of any 

gcd (greatest common divisor) computation in ][nK  as being normalized 

to a monic polynomial p , i.e., the leading coefficient of p being 1. Recall 

that a non-zero term nt  is called a hypergeometric term over K  if there 

exist a rational function )()( nKnr   such that 

)(1 nr
t

t

n

n  . 

 

       Gosper’s algorithm [3] (also see [4,6,7,9,11]) has been extensively 

studied and widely used to prove hypergeometric identities. Given a 

hypergeometric term nt , Gosper’s algorithm is a procedure to find a 

hypergeometric term nz satisfying 

 

,1 nnn tzz                                                             (1.1) 

 

    *E-mail: 
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if it exists, or confirm the nonexistence of any solution of (1.1). Gosper 

showed that any rational function )(nr  can be written in the following 

form, called the Gosper representation: 

 

,
)(

)1(

)(

)(
)(

nc
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nb
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where ba,  and c  are polynomials over K  and 

 

1)(),(gcd(  hnbna   for all h ℕ. 
 

Petkovšek [8] realized that the Gosper representation becomes unique, 

which is called the Gosper- Petkovšek representation, or GP 

representation, for short, if we further require that cb,  are monic 

polynomials such that 
,1))(),(gcd( ncna  
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                                                          .1))1(),(gcd( ncnb  

 

In the same paper, Petkovšek presents algorithm Hyper to find all 

hypergeometric solutions of the recurrence  

,0)(
0






d

i

ini znp  

 

where )(,),(),( 10 npnpnp d  are given polynomials over K . In another paper, 

Petkovšek [9] generalizes Gosper’s algorithm to find all hypergeometric 

solutions of the recurrence 

 

,)(
0

n

d

i

ini tznp 


                                                        (1.2) 

 

where nt  is a given hypergeometric term over K  and )(),(0 npnp d  are 

constant.  

 

       Recall that a non-zero term na  is called an m -hypergeometric over K  

if there exist a rational function )(nKw  such that 

).(nw
a

a

n

mn   

If ,
)(

)(
)(

ng
nf

nw   where ],[)(),( nKngnf   then the function 
)(

)(
ng

nf  is called 

the rational representation of )(nw . If additionally 1))(),(gcd( ngnf  holds, 

then 
)(

)(
ng

nf  is called the reduced rational representation of ).(nw  In [5], 

Koepf extends Gosper’s algorithm to find m -hypergeometric solutions ns  

of  

,nnmn ass                                                             (1.3)     

 

where na  is a given m -hypergeometric term. In [10], Petkovšek and 

Bruno give the following lemma: 

Lemma 1.1. Let )(nw  be a non-zero rational function over K . Then 

there exist a non-zero constant Kz  and monic polynomials ba,  and c  

over K  such that 
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                                                      (1.4)      

where 

 

          (i)   1))(),(gcd( mhnbna   for all  h ℕ, 

          (ii)  ,1))(),(gcd( ncna  

          (iii) .1))1(),(gcd( ncnb  

 

The representation of )(nw  in (1.4) such that (i), (ii) and (iii) hold is 

called the m -Gosper-Petkovšek (in short: m GP) representation. The 

m GP representation is unique (The proof of this statement is analogous 

to the one given in [8] for the special case 1m ). Petkovšek and Bruno 

used Lemma 1.1 to describe an algorithm to find m -hypergeometric 

solutions of the recurrence 

 

,0)(
0






d

i

imni snp                                                           (1.5)       

where )(,),(),( 10 npnpnp d  are given polynomials over K . Their algorithm 

reduces to algorithm Hyper when .1m   

 

 

       The contents of this paper are as follows: In Section 2, we extend 

Petkovšek’s [9] and Paule-Strehl’s [7] approaches for Gosper’s 

algorithm to find m -hypergeometric solutions of the linear recurrence 

(1.3). In Section 3, we generalize algorithm Hyper to find m -

hypergeometric solutions of the linear recurrence (1.5). Finally, In 

Section 4, we show how to generalize Petkovšek’s approach [9] to find 

m -hypergeometric solutions of the recurrence 

 

,)(
0

n

d

i

imni asnp 


                                                        (1.6) 

where na  is a given m -hypergeometric term and )(),(0 dpnp d  are constant. 
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2. Extension of Some Approaches of Gosper’s 

Algorithm 
 

In this section we extend Petkovšek’s approach [9] and Paule-Strehl’s 

approach [7] to find m -hypergeometric solutions of (1.3). 

 

 

2.1 Extension of Petkovšek’s Approach 
 

In [9], Petkovšek give an approach for Gosper’s algorithm. In this 

section we extend that approach to find m -hypergeometric solution for 

the recurrence (1.3). To do this we give the following results: 

Lemma 2.1. Let w  be a rational function over K . Then there exist 

polynomials cba ,,  over K  such that 

,
)(

)(

)(

)(
)(

nc

mnc

nb

na
nw


                                                        (2.1)  

and 

1))(),(gcd( mhnbna   for all h ℕ.                                (2.2) 

 
Proof.  The proof is analogous to the one given in [3]  for the special 

case 1m .                       □ 

 

 

The representation of )(nw  in (2.1) such that (2.2) holds is called the m -

Gosper representation. 

 

Lemma 2.2. Let ][,,,,, nKCBAcba   such that  

 

))(),(gcd( ncna  ))(),(gcd( mncnb 1))(),(gcd( mhnBnA for all h ℕ. 
If 

,
)(

)(

)(

)(

)(

)(

)(

)(

nC

mnC

nB

nA

nc

mnc

nb

na 



 

then )(nc  divides )(nC . 
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Proof. The proof is analogous to the one given in [8] for the special case 

.1m                          □ 
 

   

Given an m -hypergeometric term na  and suppose that there exists an 

m -hypergeometric solution ns  satisfying equation (1.3). By using (1.3) 

we get 

 

.

1

1









n

mnnmn

n

n

n

s

sss

s

a

s
 

Let .)(
n

n

a
s

ny   It follows that )(ny  is a rational function of n . Substituting 

nany )(  for ns  in 

(1.3) to obtain 

     ,1)()()(  nymnynw                                                             (2.3) 

 

where 
n

mn

a
a

nw )(  is a rational function of n . Let  

)(
)(

)(
ng

nf
ny   ,                                                                   (2.4) 

and (2.4) into (2.3) to obtain 

 

,
)(

)(

)(

))()((

)(

)(

)(
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ng

mng

mnf

ngnf

nc
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nb

na 







 

By Lemma 2.2, )(ng  )(nc , so )(nc  is a suitable denominator for )(ny . 

Write 
)(

)(
)(

nc
nv

ny  , 

where )(nv  is an unknown polynomial, and substitute this together with 

(2.1) into (2.3) to obtain 

).())()(()()( nbncnvmnvna   This shows that )(nb  divides )( mnv  , hence we 

have 

 

,
)(

)()(
)(

nc

nxmnb
ny


                                                      (2.5)  
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where )(nx  is a polynomial in n . Substitution of (2.1) and (2.5) into (2.3) 

shows that )(nx  satisfies 

).()()()()( ncnxmnbmnxna   

 

Now if such a polynomial solution ][)( nKnx   exists, then  

 

nn a
nc

nxmnb
s

)(

)()( 
  

is an m -hypergeometric solution of (1.3).                                                                                      

□ 
 

 

2.2 Extension of Paule-Strehl’s Approach 

 

In [7], Paule and Strehl give an approach for Gosper’s algorithm. In this 

section we extend that approach to find m -hypergeometric solution for 

the recurrence (1.3). Given an m -hypergeometric term na  and suppose 

that there exists an m -hypergeometric solution ns  satisfying equation 

(1.3). Let 
)(

)(
nG

nF  be the reduced rational representation of 
n

mn

s
s  . Then 

ns  can be written as 

.
)()(

)(
nn a

nGnF

nG
s


                                                      (2.6)  

By using (2.6) we get  

)()(

)()(

)(

)(
)(

nGnF

mnGmnF

mnG

nF
nw






 ,                                       (2.7) 

where 
n

mn

a
a

nw )(  is a rational function of n . The right hand side of (2.7) 

is very close to the m GP representation, but in general there is no 

guarantee to have 1))(),(gcd(  mjnGnF  for all 1j . To overcome this 

problem consider the m GP representation for 
)(

)(
mnG

nF


, 

  

,
)(

)(

)(

)(

)(

)(

nC

mnC

nB

nA

mnG

nF 



                                                 (2.8) 
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say, for polynomials ][,, nKCBA  . Write )(nw  in an m GP representation as  

 

,
)(

)(

)(

)(
)(

nc

mnc

nb

na
nw


  

 

Then (2.7) turns into a true GP representation, namely 

))()()((

))()()((

)(

)(

)(

)(

)(

)(

nGnFnC

mnGmnFmnC

nB

nA

nc

mnc

nb

na







. 

 

Since the m GP representation is unique, we get  

 
),()( nAna    ),()( nBnb   

 

and 

 

   )).()()(()( nGnFnCnc                                                   (2.9)      

 

Equation (2.9) can be rewritten as 

 

.
)(

)()(
)(

)(

)()(
)()(

mnB

nCnG
mnB

nB

mnCmnG
nAnc





  

It follows that 

.
)(

)()(
)(

)(

)()(
)()(

mnb

nCnG
mnb

nb

mnCmnG
nanc





  

 

which shows that 
)(

)()(
)(

mnb
nCnG

nx


  is a solution to the equation 

 
).()()()()( ncnxmnbmnxna   

 

Note that )(nx  is a polynomial, since )()( mnBmnb   divides )(nG  by the 

properties of the m GP representation applied to equation (2.8). Now if 

such a polynomial solution ][)( nKnx   exists, then 

nn a
nc

nxmnb
s

)(

)()( 
                                                        (2.10)  
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is the m -hypergeometric solution of (1.3), otherwise no m -

hypergeometric solution ns  of (1.3) exists.                                                                                                                                               

□ 
 

 

       The following example is a generalization to the example given in 

[5]: 

Example 2.1. Let m  be any positive integer and let !)( 






 


m

mn
mnan . 

Then  

.
22

)(
mn

mn

m

mn

a

a
nw

n

mn




   

Hence ,2)( mnna   .)( mnnc   The constant polynomial 1)( nx  is a 

solution for the equation 
.)()()2( mnnmxmnxmn   

Therefore, according to equation (2.10), !)( 









m

n
mnsn .                                                         

□ 
 

3. Generalization of the Algorithm Hyper 

 
Let 0K  be a field of characteristic zero and K  an extension field of 0K . In 

this section we generalize the algorithm Hyper to find m -

hypergeometric solutions ns  over K  for the recurrence (1.5). We assume 

that there exist algorithms for finding integer roots of polynomials over 

K  and for factoring polynomials over K  into irreducible factors over K . 

Now we consider the second-order recurrence 

 

.0)()()( 0122   nmnmn snpsnpsnp                                          (3.1)       

 

Assume that ns  is an m -hypergeometric solution of (3.1). Then there is a 

rational function )(nR  such that nmn snRs )( . Substituting this into (3.1) we 

obtain 
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.0)()()()()()( 012  npnRnpnRmnRnp  

 

Write )(nR  in m GP representation 

.
)(

)(

)(

)(
)(

nc

mnc

nb

na
znR


  

Then 

 
.0)()()()()()()()()2()()()( 012

2  ncnbmnbnpmncnamnbnzpmncnamnanpz   

(3.2) 

 

From this equation we immediately get that )(na  )(0 np  and that )(nb  

)(2 mnp  . We can cancel )()( mnbna   from the coefficients of (3.2) to 

obtain 

 

.0)()(
)(

)(
)()()2()(

)(

)( 0

1

22 


ncnb
na

np
mncnzpmncmna

mnb

np
z                 (3.3)  

 

To determine the value of z , we consider the leading coefficient of the 

left-hand side in (3.3) and find z  that satisfies a quadratic equation with 

known coefficients. So given the choice of )(na  and )(nb , there are at 

most two choices for z . When we choose )(na , )(nb , and z , we can use 

the algorithms in [1,2,8] to determine any non-zero polynomial solution 

)(nc  of (3.3). If yes, we have found an m -hypergeometric solution of 

(3.1). If (3.3) has no non-zero polynomial solution for every choice of 

)(),( nbna  and z , then (3.1) has no m -hypergeometric solution.                  

□ 

 
 

       The above algorithm can be easily generalized to recurrences of 

arbitrary order 

 

Example 3.1. Let 2m  and let 
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.0)1(2)23()1( 2

2

4   nnn snnsnnsn  

 

 

Then 1)(2  nnp , )23()( 2

1  nnnp , )1(2)(0  nnnp . The monic factors of 

)(0 np are 1, n , 1n  and )1( nn  and those of )2(2 np  are 1 and 3n . 

Taking 1)()(  nbna  yields 02  z . The recurrence (3.3) is 

 
,0)()1()2()23()4()1(2 2  ncnnncnnncn  

 

with polynomial solution 1)( nc . This gives 2)( nR  and 22
n

ns   .                                       

□ 

 
 

4. Generalization of Petkovšek’s Approach 

 

In [9], Petkovšek generalized Gosper’s algorithm to find hypergeometric 

solutions for the recurrence (12). In this section we generalize that 

approach to find m -hypergeometric solutions ns  for the recurrence (1.6). 

Given an m -hypergeometric term na  and suppose that there exists an m -

hypergeometric solution ns  of equation (1.6). Then the left hand-side of 

(1.6) can be written as a rational function multiple of ns . Let 
n

n

a
s

ny )( . 

Then )(ny  is a rational function of n . Substituting nany )(  for ns  in (1.6) to 

obtain 

 

 







d

i

i

j

i mjnwminynp
0

1

0

,1)()()(                                              (4.1)      

 

where 
n

mn

a
a

nw )(  is a rational function of n . Hence the problem of 

finding m -hypergeometric solutions of (1.6) is reduced to the problem of 

finding rational solutions of (4.1). Write )(nw  in m -Gosper representation 
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,
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)(

)(

)(
)(

nc

mnc

nb

na
nw


                                                       (4.2)       

and 

,
)()(

)(
)(

ncng

nf
ny                                                           (4.3) 

 

where )(nf  and )(ng  are two unknown relatively prime polynomials. 

Using (4.2) and (4.3) in (4.1) gives   

   







 


d

i

d

ij
j

i

j

i mjnamjngminfnp
0 0

1

0

1-d

ij

mj)b(n   )()()()(  

              ,)()()(
1

0 0

 


 


d

j

d

j

mjngmjnbnc                                                              

(4.4) 

 

All terms in (4.4) except the one with 0i  are divisible by )(ng , so  

)(ng   







d

j

d

j

mjnbmjngnp
1

1

0

0 ).()()(                                         (4.5) 

 

Similarly, looking at the term with di   and substituting mdn   for n , we 

find that 

 

)(ng   
 


d

j

d

j

d mjnamjngmdnp
1 1

).()()(                                     (4.6) 

 

Using (4.5) and (4.6), and by the fact that )(0 np  and )(npd  are constant, 

one can show by induction that for every l ℕ, )(ng  divides a product of 

factors of the form )( mjng   and )( minb   where lmj   and 0mi , as well as 

a product of factors of the form )( mjng   and )( mina   where lmj   and 

1mi . Since K  has characteristic zero, there is a large enough l  such that 

)(ng  is relatively prime with )( mjng   where lmj   and for lmj  . From 

the properties of )(na  and )(nb  it follows that )(ng  is a constant. Therefore 

we may write 
)(

)(
)(

nc
nq

ny   where )(nq  is a polynomial satisfying  
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i mjnbncmjnbmjnaminqnp
0

1

0

1 1

0

)()()()()()(                  (4.7)  

                                 

Looking at the term with di   in (4.7) and substituting mdn   for n , we 

find that )(nq  is divisible by )( mnb  , so we seek )(ny  in the form 

)(
)()(

)(
nc

nxmnb
ny


 , where )(nx  is 

a polynomial satisfying 

 

   















d

i

i

j

d

ij

d

j

i mjnbncmjnbmjnaminxnp
0

1

0

2

1

2

0

)()()()()()(                  (4.8) 

 

Finding m -hypergeometric solutions of (1.6) is therefore equivalent to 

finding polynomial solutions of (4.8). The relation between them is that 

if )(nx  is a polynomial solution of (4.8) then 

 

nn a
nc

nxmnb
s

)(

)()( 
  

 

is an m -hypergeometric solution of (1.6), and vice versa.                                                             

□ 

 

 

Algorithm 4.1.  
INPUT   :   ][)(

0
nKnp

d

ii 


 such that )(0 np  and )(npd  are constants and 

)()( nKnw   such that )(nw
a

a

n

mn   for all n ℕ. 

OUTPUT: an m -hypergeometric solution ns  of (1.6) if it exists, otherwise 

“no m -hypergeometric solution of (1.6) exists”. 

(1) Compute the polynomials )(),( nbna  and ][)( nKnc   such that 

)(

)(

)(

)(
)(

nc

mnc

nb

na
nw


  is an m -Gosper representation. 
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(2) If equation (4.8) can be solved for the polynomial )(nx , then return 

nn a
nc

nxmnb
s

)(

)()( 
 , otherwise return “no m -hypergeometric solution of 

(1.6) exists”.                                         □ 

 

 

Example 4.1. Let 2m  and let 

 

.
)72)(52)(32)(12(

521741857811

4

82

4

3 234


















nnnn

nnnn

n

n
an  

Then 

,
)(

)2(

)(

)(
)( 2

nc

nc

nb
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a

a
nw

n

n 
   

where 

.521741857811)(

),6)(5()(

),32)(12(4)(

234 





nnnnnc

nnnb

nnna

 

 

We want find all 2 -hypergeometric solutions of  

 

.48 24 nnnn asss                                                        (4.9)       

 

By (4.8), )(nx  is a polynomial satisfies 

 

).6)(5)(521741857811()()6)(5)(4)(3(4

)2()6)(5)(32)(12(32)4()72)(52)(32)(12(16

234 



nnnnnnnxnnnn

nxnnnnnxnnnn
 

 

Using the algorithm of [1,2,8] it can be shown that the only polynomial 

solution of this equation is 

).2)(1(
12

1
)(  nnnx  

Therefore 














n

n
a

nc

nxnb
s nn

2

)(

)()2(
 

is the only 2 -hypergeometric solution of  (4.9).                                                                             

□ 
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هايبرجيىهتريتال -m  الحلىل 
 

 

* حسام لىتي سعذ  

 

 

قسن الرياضياث ،كليت العلىم، جاهعت البصرة  
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 الخلاصت

 

المعادلات التكرارية الخطية  ،لوعادلاث الفروقاث لهايبرجيىهتريتل الايجاد الحلىاليب في هذا البحث نقذم اس

معاملات متعددات حدود المعادلات التكرارية الخطية الغير متجانسة ذات لات متعددات حدود والمتجانسة ذات معام
 الاول والاخير ثابت.   المعامل بشرط أن يكون
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