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Abstract

Our aim in this work is to give the general form for finding the general
solution to the differential equation which has the form y"+p (x) y'+ Q
(x) y =0 and its proofs by using the assumption Y — el#00 which
changes the above equation to Riccati equation which has the form

Z'+722+p (x) Z+ Q(x)=0.

Introduction

Many researchers in the field of differential equations and others, may face
the problem of solving some differential equations whose solutions are
difficult to find by using the simple methods . Therefore , they are trying to
solve these equations by the power series or the Frobenius method [7] .
Mohammed [4] faced difficulties in solving equations with the following
forms

x2y"—2 pxy'+[ p(p+1) —bzszy =0

x2y"—2 pxy'+[ p(p+1)+ bzxz}y =0,
By using usual simple methods. So, he tried to solve these two equations
which have a regular singular point at x=0, where p is a constant , by using
the Frobenius method. Another researcher faced a difficult , in solving the
equation 4xy"+2y'+y=0
By using known methods, therefore, he applied the Frobenius method for
solving this equation.
In this work, we will give a method for solving the above equations and
which like it. This method depends on finding a function Z(x) such that the
assumption y=e“®% gives the general solution of the differential
equations.

1- Riccati Equation [5]:-
The general form of Riccati equation is written as

y'=f(x) +8(x) y+h(x) y°... (1)
Where f(x), g(x) and h(x) are given functions of x (or constants). We can
solve it, if one or more particular solutions of (1) can be found by inspection
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or otherwise. And the general solution of (1) is easy to be obtained by the
following conditions:
i-if y1 a particular solution is known, then the general solution can be
obtained by the assumption:-
U=y-y,

Then (1) transformed into Bernoulli equation

U (x)+ (g + 2hy,)U = hU?
So, the general solution of (1) is given by

g + 2hy, Jdx

(y = y)le—[h(x)z(x)dx]=2(x) ;Z(X)=ej( )

it —if two particular solutions y; and y, are known, then the general solution
of (1) can be found by the assumption

U(y-y2) =y,
Then the general solution is given by:-
() (¥, = y,)dx

y=y,=C(y—-vy,)e
Where C is an arbitrary constant.
[II-if three particular solutions are known, say y1 ,y» and ys3, then the general
solution of equation (1) is given as:
(y = ¥)(Y; - ¥,)
(Y3 =¥y =)
Where C is an arbitrary constant.
2- Some Types of Second Order Differential Equations Reduced to the
First Order Differential Equation [3]
The general formula of the second order differential equation is
F(x vy y")=0..(2)
Some of these equations can be reduced to first order equations as follows
i-if x is missing, we assume

- w_ dp dp
- :> - _— = _—
a J dx P dy
Then the equation (2) becomes of first order equation with variables y and p,
and we can solve it by simple methods.
ii-if y is missing, we assume that
Wl — =, AP
—_ —_ : —_
y=p Yy=p =3

Then the equation (2) becomes of the first order equation with variables x
and p, and we can also solve it by simple methods.
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iii-if x and y are not missing, then the solution of the equation (2) will be
shown in the last section.
3-How to find the general solution for the second order differential
equations which have the standard form
y"+p(x) y+Q(x) y=0.
In this section, we discuss a method for solving some of the second order
differential equations, which have the general form
y"+p(x) y+Q(x) y =0... (3)
Where p(x) and Q(x) are functions of x. In order to find the general solution
of this equation, we search a new function Z(x), such that the assumption
I Z(x)dx
y=e ..(4)
Represents, the general solution of the equation (3). This assumption will
transform the equation (3) to the first order differential equation through
finding y, y" from equation (4) where as,
[Z (x)dx
y'=Z(x)e

Z(X)eIZ(X)dX [ Z (x)dx

[Z (x)dx N

y'=Z"'(x)e z =(Z'(X) +Z22(x))e

And by substituting (y, y, y") in equation (3), we get

(2' 0+ 2200)! “OY 4 pooz el FPOP

Since eJ 2l #0

Q(x)ejz (x)dx _0

Z'(x)+Z° (x)+ P()Z(X) +Q(x) =0...(5),
(5) is an equation of the first order which is similar to Riccati equation.
In order to find the solution of (5), we go back to the form of the functions
P(x) and Q(x). Now
i-if p(x) and Q(x) are constants say p(x) =a andQ(x) =b then the
equation (5) becomes

Z'(x) +Z2(x) + aZ(x) +b=0

And the solution of (3) is given by:-

a)

ay
2 2

y=e 2 Acoswfb—a—x+ BsinW/b—a—x
4 4
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2

if b¢a7,where Aand B are arbitrary constants

aa

b 2 (x+c)|

Y — Ae

2
if b= aT ,where A and C are arbirary constants.

Proof:
a) Since Z (x) +Z2(x)+ aZ(x) +b=0, so

?Z +dx=0=| d22 :—x+C;d2:b—a—
(2+3) % (03] v ’
zZ+— | +b——— z+— | +d

2 4 2
:>%tanl[z+Ta/2J=—x+c:>z:dtan(f—dx)—%;f=dc

In cos(f —dx) —2x+g
e 2

[ [d tan( f — dx) — a}dx
y=e 2

y=Ae

y=e (Acos 1/b——x+ Bsin q/b—xJ where A=A cos f and B=A sin f

N (D

cos(f —dx); A =eg

PIf b=2 — +dx=0
o "")
zZ +

1
= — a_C Cx=z4+ 2= ;,C =—-0C,

>4+ 2 2 x+C

2

i [z 00dx (G2 K
Since Yy = :>y=e( 2
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In( x—|—c)—%x+C2

_a, C
y=Ae °(x+c) ;A=e

2

U

ii — If Q(X) =0,then the general solution of(3)is given by : 1

y = Ajeijpdxdx+ B

where A and B are arbitrary constants
Proof:-since
zZ" )+ z2(X)+ pz(xX) +Q =0 —

zZ'+z22 +pz=0— z2'"+ pz=—2°

This is similar to Bernoulli equation, to solve it, we put

It =t=t'-pt=1

—[ p(x)dx - p(x)dx
=e —e

- d - d
ILF = )e fpe) de:e fp() de

dt — p(x
eiI p(x)dx

- d

- p(x)dx
=[e

dx = Z

e_I p(x)dx

I dx
L 1o PO,

dx
y=e dX+C1=Afeffp(x)dxdx+B ,A:ec1
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i —if p(x)=2,/Q(x),thenthe equation (5) can be solved by the

assumption u=Zx)+/Q(x) ,
since 2'+22 +pz+Q=0=2+22+2,/Q+Q=0

= 2'+(z+./Q) =0

to solve this equation, let

u=Z+\/6:>Z':u'—i=u'—g

2,/Q p
:>u'—2+u2 =0=u'+u? _Q
p p
This is Riccati equation ,with f (x)=1,g(x)=0 and k(x):g

p
Now ,there are many cases

1—if u, is knownsolution tothelast equation ,thenthe general

) o Pro
solution is given by

_[(Ul _ ’—Q(x) )dx — 2[ u, dx
y = Ae Je dx

of :-
The assumption d =u—u, transforms the equation to Bernoulli ~equation

which has the form d'+d 2 +2u 1 d=0=d' +2u1d ——d2
to solve it ,we put

-2 -2
d =t=-d d=t=d d=-t'=1t-2ut=1, thisis linear equation ,
and its integrating factor is given by:-

—[2u,dx
I.f =e ,so0the general solution of the last equation is given by:—
—[2u,dx —[2u,dx o ~J2u,dx —[2u,dx
e t=[e dx = —g - fe dx
— [ 2u,dx —[2u,dx
Su—u = y=C 4y
1 —[2udx ~ —[2u,dx 1
[e dx [e dx
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~[2u,dx ~[2u,dx
e e
Z = 227 —
=Z+,Q(x) ~2u,dx +U, = f2u,dx +U, —/Q(X)

1

fe dx [e dx

—quldx
I.f=e ,S0the general solution of the last equation is given by:—
—[2ugd
—IZuldx —J'2uldx e I e —_[2u1dx
t=e dx = ] =[e dx
- _[ 2u,dx - J 2u,dx
Su-u=C" o oy=% 4y
1 ,'[2u1dx - ,J'Zuldx 1
je dx _[e dx
~[2u,dx ~[2u,dx
~ e e ~
fe dx [e dx

~[2u,dx
j{e +u, — JQ(X)JdX
X

e—jzuldxd
=y=e
Inje_Izuldx dx-+{ (u, —/Q(X) )dx+c
=y=e
j(ul —W/Q(x))dx ~[2u,dx
=y=Ae I dx ;A=e’

We can also get the above general formula by the

assumption u=u, + i

2—if u, and u, are two known soluti ons ,then the general
solution of the last equat ion is given by ;—

L cu e.[(ul—uz)dx
1 2
I L eJ'(ul—uz)dx

y=e

—J/Q |dx

;C = constant
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proof : —From Riccati equation we get

u, —u, oXx
J( 1 Zb ;C is any arbitrary constant

I(ul —Uz)jX

U= u, —Cu,e
.[(ul —Uz)dX

_[(ul —u, )dX

)dx VQ ja¢

u-u,=C(u-u,)e

1-C e

u,—Cu,e
(ul —Uu,

[
1-C eI
= y=¢

3—if u,,u, and u, arethree knowr solutions  then the
general solution of the last equation is given by;—

I(ljll_—%]\l(();))uz ) m)dx
y=e ;J(x):(HJ :C =cons tant

u, —u,

Proof: - From Riccati equation we get:

—u u,—u : :
L = C(QJ ;C is any arbitrary constant
u-—u, u, —u,
oA 16 ;J(x):[—US —ulj
u-—u, s —Uu,
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u, —CJ(X)u,
1-CJ(x)

=u—u =CI X)u—CIX)u, = u =

_u —CJ (X)uz .
2= ciy YR™

J.[Ul —CJ (X)U2 _mjdx

1-CJ(x)
—y=e ;J(X):[%j

u3 2

Note: - some of these equations can be transformed into
variable separable equations and don't need the above formula to find the
general solution
Example (1):- for solving the differential equation
Yy 2xy+x’y =0 ; P(X)=2x,Q(x)=x*
by using the equation (5) we get

Z'+Z? +2xXZ +%x?> =0

Z'+(Z+x)? =0

let
Z+X=t=7Z"=t'-1

=t —1+t° :O:>1dtt2 —dx=0=tanh™t =x+C =t =tanh(x+C)
= z=tanh (x+C)—x
Since
[Z(x)dx
y=e
[(tanh(x +C)—x)dx
=>y=e
In cosh (x+C) —1x2+a
—y=e 2
1.
—=X?+a
= y=e 2 cosh (x +C)
1.
-=X
= y=e 2 (Acoshx+Bsinh x) ;A=ecoshC,B=e®sinh C
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iv)if P(x)and Q(x)are not any one of the above cases ,then

the eqution Z'+Z 2, P(x) Z + Q(x)=0 issimilar to Riccati equation.
As a result then there arethree cases : —
1-if Z1is known solution to it, then the general solution of (3) is given by:-

[Z,dx  -[(p+2Z,)dx
y=Ae fe dx ;A=¢e?

the assumption Z=2Z, +u ,transforms the equationto Bernolli

1
equation whichhasthe form:—
u'+(p+221)u+u2 =0

to solveit ,we assume u—l—t
:>t'—(P+221)t:1 ,thisisalinear equation ,and itsintegrating

factor isgivenby: —

[(P+2Z,)dx
I.LF=e
-[(p+22,)dx  -[(P+2Z,)dx
=t.e =[e dx
~[(P +2Z, )dx
e
== ~[(P +2Z, )dx tZ,
fe dx
e{(P +2Z, )dx
J Ie_j(P+221)dde+zl o
=>y=e
" —[(P+2Z, )dx
[e dx [Z,dx+a
—>y=e e
oA ejZl dxje—j(p+221)dxdx N
Note: - we can get the above formula in 1 by using the assumption
1
z :Zl+a'
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2—1If Z and Z, are two known solutions of it, thenthe general
solution of this equationis givenby : —

Z, —Z,)dx
Izl_czzeju N
1— CeI(Zl - Zz )dX
y=¢ ; C = constant

proof :—From Riccati Equation,we can write

Z,-CZge

(Zl - Zz )jX
I[zl _czel ] "

=7

=y=e
3-1If Z,,Z,and Z, arethree known solutions of it ,then the
general solution of this equation is given by :—

I(Zl—cmm]dx

1-CJ(¥) ~

y=¢ ;C = constantand J (x) = %
37 42

proof : —From Riccati equation ,we can write
Z-2, _C(zg -z

J ;C be any arbitrary constant

zZ-2, \Z,-Z,

Z-Z Z, -7
= L=CJx) ;JXx)=—"—-
Z-7, Z,-Z,

=7Z-7Z, =CJIX)Z-CJIX)Z,
7 _ Z -CJ(x)Z,
1-C J(x)
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I(Zl ~CJ(X)Z, )dx
1-C J(x)

—y=e
Example(2): — For solving the differential equation

w2, 2
y+—y-—y=0,
X~ X

we use the general formin the above formula ,which s

zdx —[(p+2z )dx

1, ... . . . N
now let Z, = =(which is a particular solution of Riccati
X

equation)
1 4
=dx -|—d
y:Ae'[X Xje IX de

Inx, 41In -x73
y=Ae XJ.e de:Ax( ; +C1j=—§XZ+BX;B=AC1

Note : — when the eqution i  transformed into Riccati equation ,we
must know at least one particular solution in order to find

its general solution .so the assumption (4 ) may not be useful

to find the general solution when at least one particular solutrion

of Riccati equation is unknown.

Corollary : —=The assumption

JEa
y=e
is useful to solvethe differenti al eqution ,
x2y"+axy' +by =0...(6),

where a and b are constants.

@dx
X

]
=e

proof : —sin ce y
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SO

()

y2

by substitution (7) and (7) in equation (6) ,we get

(x) (x) 0
X2 {Z(X)}Z J'idx _{XZ'(X)_Z(X)J ejz)z(dx Z(X) jﬂdx J‘@dx

7(x) z(x)
% [Z(X)fefdeJXZ'(X)_Z(X)JJXdX...(ES) |

+ax] —~e X +he X =0
X

J.M dx
since el X -0,

=Z?°(X)+xZ'X)—-2)(X)+aZ(X)+b=o0

=20 +12%(x) +(a—_lj(x) w209

X X X

This is similar to Riccati equation. Now, there are many cases:-
1-1f Z, is aknownsolution toit ,thenthe assumption
Z =7, +u transformsthe equation tothe Bernolli
equation as follows : —

u'+Zl'+1(u2 +2uZ, + Zf)+[a_1j(u +2Z) +P2 0
X X X

= u'+1u2 _|_[a_1_|_221ju =0
X X

, (a_1+221j 1,
u+ ——— u=—=u
X X
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this is similar to Bernolli equation .To solveit ,

-1

we assume u - =t =

-1+27 - . . i . .
t'—(LJt = l,thls is a linear equation ,and its Integrating
X

X
J.[a—1+ zzljdx
I.F=e X

is factor givenby:—

the general solution of the last equation is given by : —

_I(a 1+ 27, jdx . ‘I(a_“Zledx
te X = X dx

X

e

— U= a—-1+2z,
L T e
x
j[a—lﬂzljdx
X
=7=— a—1+2z tZ
_ a T eh dx
X
_ J‘Z(X)dx
since y=e X
(a 1+27 jd
X
¢ +Z,/x |dx

Note — we can also get the above general formula by the

assumption Z =27, + 1
u
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2—1If Z, and Z, aretwo known solutions of it ,then the general
solution of the aboveequation can be got ,as follows : —

Z,-2,)d
z-zFC(Z—zZ)eI( 1~ Z2)

SO

(by using case (2)of Riccati equation

[ [@-z, )dx] [(Z,~2,)dx
Z |1-Ce =2,-CZ,e

s c7 ej(Zl—Zz)dx
_ 4~ 2

1-C eJ‘(Zl - Zz )dX

(2,2, )dx
J.[ZICZZe('[Z _Z) /dex

=Z

1—Ce-[
y:

3-1If Z,—Z,and Z, are three known solutions of it ,thenthe
general solution of the aboveequationis givenas follows : —

Z-27, _C£z3—zl

j ;C be an arbitrary constant

z-7, \z,-Z,
474 ¢ JX) ;)= =2,
Z-2, Z.-2,
=7Z-72,=CJXx)Z-CJx)Z,
S Z,-CIX)Z,
1-C J(x)
| 2,-CINZ,, |y
1-C J(x)

Note : — some types of these kinds of differential equations of
the above formula need not find its general solution to know
any particular solution and we can solve themby a simple
method.
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Example(3):— for solving the differential equation
X2y +xy'—y=0
from the formula(9) we get
—xZ'—(1—Z 2)=0

2_
AX“+1
C
= y= X+— ; =AC
y=~ApX+ A

Example (4):— for solving the differenti al equation
2 i1}

X2y —2pxy‘+[p(p+1)+b2x2]y=0
We would divide by x° to get the equation in the standard form
L2p ., +1) +b*x?
V—pr{p(p X)Z }VZO,

now, by using the assumption (4) we get

2,2
Z'+zz—ﬂz+[p(p+l)+b X }:o

X x?2

which is Riccati equation

Now y = AJ'e-[(221 " I:))dxdx .e-[ZldX

3

where Z, = Pt ibis known particular solution
X

= y = x”(Acos bx + Bsin bx)

Where A and B are constants
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