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Abstract
In this paper, the k -sets in the projective line of order nineteen up to k =10are classified
and their stabilizer groups also computed. Also, the projective line spilt into five tetrads of
type harmonic, equianharmonic and neither harmonic nor equianharmonic. Finally, the
applications of these sets into error-correcting codes are given.
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1- Introduction
Let V(n+1q) be then+1 dimensional

vector space over the Galois field F,.
Consider the equivalence relation on the
elements of V \{0} whose equivalence
classes are the  one-dimensional
subspaces of VvV with zero removed.
Thus,if

X =(Xgree X, )Y =(Yoreor Vo) €V \{O},
then X isequivalentto Y if X =ty for
some t in F,\{0}; that is, y, =tx; for all
i. Then the set of equivalenceclasses is
the n-dimensional projective space over
F, and is denoted by PG(n,q). The
elements of PG(n,q)are called points;
the equivalence class of the vector X is
the point P(X). Two projective spaces
Q,,Q,of
equivalent

dimension n they

Q =Q,if there exist a

are
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bijection map 7 given by a non-singular
(n+2)x(n+1) matrix A such that
P(X)=P(X)r <tX'= XA,

where teF \{0}. This map called
projectivity and denoted by 7=M(A).
Definition 1.1M: A (k;r)-arc with
k>r+1is a set ofk points of a projective
geometry PG(n,q) such that some r, but
no r+1 of them are collinear. On
PG(LQq), a (k;1) -arc is just an unordered
set of k distinct points simply called a k
-set. A 3-set is called a triad, a 4-set a
tetrad, a 5-set a pentad, a 6-set a hexad, a

7-set a heptad, an 8-set a octad, a 9-set a
nonad, a 10-set a decad.

Theorem1.2®: (The Fundamental
Theorem of Projective Geometry)
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@it {kr,....P ,}and {F,,....P ,,} are
both PG(n,q) of
cardinality n+2suchthatno n+1 points
chosen from the same set lie in a
hyperplane, then there exists a unique
projectivity 3 such that P'=P3J for
i=01...,n+1.For simplifies:
there is a wunique projectivity of
PG (1, q) transforming any three distinct
points on a line to any other three.
Definition 1.3% 3 :A projective linear
codeC, [n,k,d],-code, is a subspace of
V(n+Lq), where k=dimC,
d=dC)=min{|{i|x = y,}} and any
two columns of a generator matrixG are
linearly independent, where G isa k xn
matrix having as rows the vectors of a
basis of C. If d=n—-k+1, then C is

called maximum distance separable
codes (MDS code).

subsets  of

n+1,

A code C with minimum distance at least
d =2e+1 cancorrectup to e errors. This
type of code is called an e-error
correcting code.

Some groups that occur in this work are
listed below™.

z, = cyclic group of order n;

V,= Klein 4-group which is the direct
product of two copies

of the cyclic group of order 2;

S, = symmetric group of degree n;

A, = alternating group of degree n;

D =

n

=<r,s

dihedral group of order 2n

r' =s? =(rs)’ =1>.
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2-The Cross-Ratio and Stabilizer
Group of a Tetrad
Definition 2.1®M: The cross-ratio

A={P,P,,R, P} of four ordered points
R,R,, R, P, e PG(1,q) with

t b, ot s

coordinates

— . _ . _ (tl _ts)(tz _t4)
=R PP PE b b} =

The cross-ratio is invariant under a
projective group of order four, given by

{1, (RR)(RF). (RR)(RR).(RR)(RR)}2V,

Thus, under all 24 permutations of
{P.,P,;R,,P,} the cross-ratio takes just
the six values

AYA,A-2),YA-2),(A-D/ 1,2/ (A-D).
1.2M: On PG(q), a
projectivity between any two tetrads is
determined by the images of three points.
Therefore there exists a projectivity
7=M(A) suchthat Q =PA, 1=1234
if and only if the cross-ratios of the two

sets of four points in the corresponding
order are equal.

Lemma

Definition 2.3Y: Let T be a tetrad with
cross-ratio 4. Then T is called
(1) harmonic, denoted by H , if 1=1/1
or A=4/(A-1) or A=(1-4);
(2) equianharmonic, denoted by E, if

A=1/@1-A)or equivalently,
A=(A1-1/1;
(3) neither harmonic nor

equianharmonic, denoted by N, if the
cross-ratio is another value.
The cross-ratio of any harmonic tetrad

has the values —1,2,1/2. The cross-ratio
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of a tetrad of type E satisfies the

equation

A2 —-A+1=0. (1)

So, equianharmonic tetrads exist if and
only if 2*+1=0 has three solutions in
F,or A=-1is aunique solution of (1)
in F,.

Lemma 240 :0nPG(Lq),q=p",
where p is a prime integer and h positive
integer,
(1) the number of harmonic tetrads
n, and the stabilizer group G of

each one are as in the following
table:

N, G
q(g*-1)/24 | S,
q(g*-1/8 | D,

p=3

p>3

(i) the number of harmonic tetrads n

and the stabilizer group G of each one are
as in the following table:

ne G
p=3 a(@®*-1/24 | S,
p=3(mod 3) | q(d’-D/12 | A,

When the tetrad T of type N, there only
four permutations of T amongst the 24
permutations which are projectively
equivalent as follows
L(RR)(RPR,).(RR)(RR,).(RR)(RP).
These permutations form a group
isomorphic to the Klein 4 -group V, ®.
The aims of this research are to answer
the following questions in PG(1,19):
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1- How many projectively inequivalent k-
sets in PG(L19) are there and what is the
stabilizer group of each one?

2- Are D, and Df equivalent? What is
the group of projectivities of PG(1,19) of
the partition? where D, is 10-set and Dy
its complement.

3- Does the projective line PG(1,19) split
into five disjoint harmonic tetrads, five
equianharmonic tetrads, and five tetrads
of type N, or five tetrads of type N,?

Also, the relation between a projective
MDS codes of dimension two and k -sets
on PG(119) is given.

3-The Algorithm For Classification of
The K -Sets in PG(1,Q)

On PG(Lq),a k-setcan be constructed
by adding to any (k —1)-set one point
the other g—k+1 points.
According to the Fundamental Theorem
of Projective Geometry, any three distinct
points on a line are projectively
equivalent; so choose a fixed triad R . A
4-set is formed by adding to R one point
from the other q—2points onPG(1,q);

that is, fromPG(@,g)\R=%R". From
Lemma 2.1, there is a unique tetrad of
type H and unique tetrad of type E but
the tetrad of type N might be divided into
subclasses. A 5-set is formed byadding to
any tetrad Tin y,one point from the

from

other g —3 points on PG(L,q).The group

G, fixes Tand splits the other q-3
points into a number of orbits; so,
different 5-sets are formed by adding one
point from each different orbit.
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Theprocedure can be extended to
1
construct 6,7,...,(q—;rl)- sets or @H-

setsin PG(L Q). The(n—1) -subsets of an

n-set are classified according to their
projective type.

Let K and K’. be two pentads. To check
they are equivalent the following stepsare
used.

(1) Classify tetrads in both pentads.

(2) If the classifications of K and K'. are
different then they are projectively
inequivalent.

(3) If the classifications of K and K'. are
the same, then transformation matrices
A, are constructed from a tetrad T with

highest recurrence in the
algebraicstructure of K to tetrads T, in

K" with same types of T.
(4) If the action of one A on the

remaining points of K are equal to the
remainingpoints of K’ then K and K’
are projectively equivalent. If not, it
means theyare projectively inequivalent.
This procedure can be extended to check
the equivalence between k -sets,

k=6,7,..., L;l)- sets or L;l)ﬂ-

sets, and also can be used to calculate the
stabilizer group of each k -sets™®).,

During this research a  k-sets
K={a,a,,...,a} are partitions by the
way:{a,,a,,...,&, ,},
{a,a,,...,84_,,8.},...{a,,a,,...,8,_,, &}

following
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4-Classification of The Projective Line
PG(L119)
On PG(119), the projective line over

Galois field of order 19, there are 20
points. The points of PG(119) are the

elements of the set

F o U{oc} ={00,0,4+1,+2,+3,+4,+5,4+6,+7,+8,+9}

A tetrad is of type H if the cross-ratio is
-12 or Y2=-9. It is of type E if the
cross-ratio is —7 or8, and it is of type
N if the cross-ratio is —2; 3;-3;
-2,3-34,-45-56,—6,7,-8 or 9. As a
tetrad of type N has six possible values
of its cross-ratios so, there are two tetrads
of type N, one with cross-ratios
—-2,3,-6,7,—8,9denoted by N, and the
other with —3,4,-4,5,-5,6 denoted by
N,. Hence there are four classes of
tetrads:

2, ={the class of H tetrads}>{x,0,1 a}

for a=-1,2,-9;

%, ={the class of E tetrads}>{x,0,1,b}
for b=-7.8;

7, ={the class of N, tetrads}>{,0,1,c}
for c=-2,3,-6,7,-8,9;

x,={the «class of N, tetrads}
3{0,0,1,d}for d =-3,4,-4,5,-5,6.

From Lemma24, |y |=855, | 7, |=570,
| s H 2, [F1710.

Theorem4.16) On PG(119),

number of inequivalent k -sets are

(1) Four projectively distinct tetrads.

(2) Five projectively distinct pentads
(3) Thirteen projectively distinct hexads

the
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4) Eighteen projectively distinct
heptads.
(5) Thirty one projectively distinct
octads.
(5) Thirty three projectively distinct
heptads.
(6) Forty four projectively distinct
decads.
These k-sets, k=1...10and their

algebraic structures with its stabilizer

group types are given in Tables 1, 2, 3, 4,

5,6,7.

Table 1: Distinct tetrads on PG(119)

Type | The tetrad Stabilizer
H | {0,01-1 | D.=(@+1)/@-1),t+D/-1)

E | {«,01-7} A, =((t+7)/(8),1/(@))
N, | {~01-2} V, =(-2/t,(t-1)/(9t-1))
N, | {»,01-3} V, =(-3/t,(t-1)/(6t-1))

Table 2: Distinct heptads on PG(1,19)

Type The tetrad Types of tetrads Stabilizer
P | {»01-12} HHN,N,N, Z, =(@-1))
P, {0,01,-1,4} HN,N,EN, I =(t)
P, |{x01-7-2} EN,N,N,E . =((1-8t),t/(9t-1))
P, | {»01-2-3} N,N,N,;N,N, Z,=(—(t+2))
P, | {»01-34} N,N,N,N,N, | Dy =((t—4)/(5t—4),(t+3)/(5t-1))
Table 3: Distinct hexads on PG(1,19)
Type | The hexads Types of Stabilizer
pentads
& |{001-12-2 | RPPAPP, V, = (-t,-2t)
&, | {001-12,-3} | PRP,P,P,P, = (t)
& | {»,01-12-4} | PP,P,PP,P, Z, ={(2t+2)/(t-2))
& | {»,01-12,-5} | PP,PP,P,P, Z, ={(1-1)/(1+91))
& | {»01-12-7} | RP,R,P,P,P, I=t)
& | {0,01-12,-8} | PP,PP,P,P, Z, ={(t-2)/(t-D)
& | 1001-22-9} | RRPPPP | D, =(+1)/(2-1),(2t-1)/(t-2))
& | {~01-14,-4} | PPPPPP, V, =(-t,4/t)
S | 100L-145} | PRRRRP, | V,=((t-4)/(4t-1),(t-5)/(5t-1))
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&, | {0,01-14,-5} | P,PP,P,PP, Z,=(-1t)

&, | {»01-147} | PPPPPP, S, =((4t+3)/t,—(t+1)/(8t+1))
&, | {©01-14,-7} | P,PPP,PP, Z,=((t-4)/(t-1)

&y | {»01-2-36} | PRPPPP, | S, =(({t+2)/(6t+2),(+3)/(t-1))

Table 4: Distinct heptads on PG(1,19)

Type The heptads Types of hexads Stabilizer
T, | {»001-12-2-3} C16251555255513 Z,=(-(t+1))
T, | {»01-12-26} $164526254510510 Z,=(-2/t)
T, | {»x01-12,-2-4} EEEEEEE, I =(t)
T, |{~01-12-2-5 $15453565555512 I=(t)
T, {0,0,1,-1,2,-3,9} EEEELEE ED I =(t)
T, | {~01-12-38} EEEE s Z, ={(t+1)/(6t-1))
T, | {»01-12,-34} EEEEL Ells Z,=(1-1)
T, | {»01-12-35} $263528851053510 Z,=((t+3)/(t-1))
Ty | {~01-12-37} 2526366585125 I=(t)
Ty [ {001-12-3-T} | &£&88,85606:8 I=(t)
T, | {»01-12-3-4} 2535550525955 Z,=(-(t+3)/(9t+1)
T, |{001-12-4-8| CE&EEEES Z, =(t/(Tt+7))
Ty | {001-12-4-5} | &&6EES 4, I=(t)
T, | {001-12-5-T} | &&8.68:8:8 Z, =((1-1)/(4t+1)
T | {»001-12-79} C55656505551250 Z, =(~1/(t+1))
T | {00L-12-78 |  &&&EELEL Z,=(1-1)
T, | {~01-12-7,-9} EEEEEEE Zs=((2t-1)/(t+1))
Ty [{001-14-5-T} | &8.8.8:88060 Z,=(8/(t+7))
Table 5: Distinct octads on PG(1,19)
| Type | The octads | Types of heptads | Stabilizer
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0, | {»01-12-2-3-4} | TTLT,TT.T.T.T, Z,={-(t+2))

0, | {»01-12-2-34 | TTTTT.T.T. . I =(t)

O, | {»01-12-2-35 | TTTTLTT.T.T; I =(t)

0, | {»01-12-2-36} | TTTTTT,T,T, Z,={(1-t)/@+1))
O, | {~01-12-2-37} | TTITTTTT,T., Z,=(-2/t)

O, | {»,01-12,-2-38} TTTTTTTT, Z,=(—(t+2)/(Tt+1))
0, | {©01-12-2-39} TTTTT.T.T.T, Z,=(-(t+1)

0O, | {~01-12-2,6-4} T,T.T.TT,.T.T.T. Z, =(—(t+1)/(5t +1))
O, | {»01-12-26,4} T,T.TL L LTT.T, I =(t)

O, | {»01-12-265 | T,TT.T,T..TT.T: I =(t)

0, | {©01-12-26-5 | TTT.TT T s I =(t)

O, | {»01-12-266} T,T,T.T.LT.T.T, V, =(2/t,- 2/t)

05 | {©001-12-2-4,-5} | T.T,T.T,T.T.T.T;, I =(t)

O, | {©01-12-2-48 | T,T,TT.T,LT.T, I =(t)

O, | {©01-12-2,-49} T.LT,TT,LT.T, S, =((t—2)/(t+4),2/t)
Oy | {»01-1,2-2-4-9} | TTLTTTTT.T, V, =(-2/t,(2-t)/@1+1))
O, | {»01-12-2-55} | T,T,T,T,T.T.T..T; Z,=(-t)

O, | {©01-12-2-58 | T,T,T,T,T,T.T.Tss Z,=(-2/t)

O, | {©01-12,-2,-5-8} | T,T,T,T.T.T.T.Ts ,=(t-2)/(t-1),(2t-2)/(t-2))
O, | {»01-12-394} T ToToTeTo T e I =(t)

0,, | {~01-12-39-4} | T.T,.T,T.T:T.T.T, I =(t)

0,, | {»01-12,-395} T.T,T,T.T,T.T,T, Z, =(-(t+3)/(2t+1))
0,, | {©01-12-39-5} | T.T,TTTT.T..T, I =(t)

0,, | {»01-12-39-6} T.TT.T.TT.T.T, s =((t-D/t+D,(2t+1)/(t-2))
0,; | {0,01-12-39-7} | T,T, TcTTcheTeTie Z,={(t+7)/(t-1)
O, | {001-12-39-8 | T.T,T.T.T.TT.Ts I =(t)

0,, | {»01-12-34,5} TITTTTTT Z,=((t—4)/(4t-1))
0, | {001-12-3-7-4} | T, T, LT s Z, =(—(t+7)/(t+1))
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O | {001-12-4-5-T} | T L LT L Llls |V, =((t-1)/@t-1),(2t+2)/(t-2))
O, | {0,01-12-78-9} | T, .1, T,cTeTeTieTis D, =((L+1)/(2-1),t/(t -1))
Oy | {0,01-14,-5-7,-8} | TTioliaTiglislishiolis | S; =((L+1)/(L—1),(t—4)/(t 1))
Table 6: Distinct nonads on PG(1,19)
Type The nonads Types of octads Stabilizer

7 | {»01-12-2-3-43} | 00,0,0,0,0,:0,,0,:0,, Z,=(-(t+1)

7, |{»01-12-2-3-44}| 00,0,0,0,0,0,0,0; I =(t)

7s | {»01-12-2-3-45} | 00,0,0,,0,0,.0,0,,0, I =(t)

7o | {001-12-2-3-46} | 00,0,0,0,0,:0.0,0,;, I =(t)

7e | {0,01-12,-2-3-4,7+ | 00,0,0,0,0,,0,00, Z,=((7-1)/(1+5t))

7e | {©01-12-2-3-48 | 00,0,0,0,0,0.0.0, I =(t)

7, | {001-12-2-345} | 0,0,0,0,,0,0,/0,:0,:0, I =(t)

7 | {0,01-12-2,-34,-5} 0,0,0,0,0,0,0,0,0, Z,=(-(t+1)

Ve | {0,01-12,-2,-34,-6} | 0,0,0,0,.0,,0,,0,/0,:0,, I =(t)

7 | {001-12-2-347} | 0,0,0,0,:0,40,:0,.0,,0, I =(t)

7, | {001-12-2-34-7} | 0,0,0,0,0,0,0,0,0,, I =(t)

7, | {001-12,-2,-348} 0,0,0,,0,,0,,0,0,0,,0, I =(t)

7 | {001-12-2-349 | 0,0,0,,0,0,,0,0,:0,0, = (t)

7u | {001-12,-2-356} | 0,0,0,0,0,0,,0,:0,:05 Z,=((t+3)/(t-1))

7 | {001-12-2,-35-6} | 0,0,0,,0,.0,,0,00,.0,:0,; Z,=(-(t+1)

76 | {0,01-12-2-357} | 0,0,0.0,.0,0,0,,0,,0,, Z,=((2t)/(t-2))

75 | {©,01-12-2-35-7} | 0,0,0,0,0,0,0,0,0,, I =(t)

7 | {001-12,-2,-358} 0,0,0,,0,:0,0,,0,,0,,0, I =(t)

76 | {0,01-12,-2,-35-8} | 0,0,0,.0,,0.0,:0,,0,:0, Z,=(-(t+3)/(t+1)

Voo | {201-12-2-359} | 0,0,0,0,,0.,0,,0,0,0, I =(t)

Y | {001-12-2-38-9 | 0,0,0,0,0,0:0,00 |S,=(-(t+1),(t+3)/(2t+3))

7, | {20L-12-2,6-45} | 0,0,,0,0,:0,0,,0,0,:0, Z,=((t+2)/(4t-1))

203




Basrah Journal of Science (A)

Vol.34(3), 196-211, 2016

V23 {=,01,-1,2,-2,6,—4,—6}

0501,0,0,60,40,:0,50,,0,

I =(t)

Vou | {001-12-2,6,45}

09 OlOOl 302 802 101301702 302 1

I =(t)

]/25 {wiolll_lzi_216!4)_5}

09 Ol 109 Ol 102009 Ol 1020020

Z,=(4/(2-)

726 {001011,_1,2,—2,6,4,—8}

040,60,402801:0,40,60,:0;5

I =(t)

7/27 {w10111_1121_216151_5}

Ol Ool lol 702 602 302 802 602 702 0

I =(t)

Vos | {0,01-12-2,6,5-8}

Ol Ool OOl 802 102 802 802 102 502 5

7/29 {00!01]1_1;2;_2,6,_5,8}

Ol lol lol 802 902 102 102 902 602 6

= )
t

Z
Z,- (o)

730 {Ooaoal,_l,Z,—Z,—4,—5,8}

0140140,60,602101801{0,/05

I =(t)

731 {00’0111_112’_3,9,4,_4}

C)2 002 102 702 202 302 102 202 302 0

I =(t)

732 {0010,1,_:L 2,—3,9,4,—6}

02 002 402 602 302 502 302 002 502 6

Z,=((2-t)/@1+2t))

Vas | 10,01-12,-34,5-4}

0,70,102/0,/0,70,,0,,0,,0,;

D, =((4+1)/(2—1),(1-1))

Table 7: Distinct decads on PG(1,19)

Type The decads Types of nonads Stabilizer
.| {001-12-2-3-434} VY VY V171V 24 247 267 29 Z,=(-t)
, | {»01-12-2,-3-435} Y157 27s¥ VY 3V10" V10 Z,=((t-5)/(t-1))
D, {0,01,-1,2,-2,—3,—4,3,6} ViV a3V oY 24V 10V 27750V 257 26 I =(t)
D, | {»01-12-2-3-437} ViV aV11VoV1V 27%15) Vs I=(t)
D, {0,01,-1,2,-2,—3—4,3,8} VYV V1oV 2 raV sV 6¥ 24V 10 I =(t)
D {=,01,-1,2,—2,-3,-4,3,9} Y6V 6V 30 6V 20V 3072071 V, = <— (t+1),1-t)/1+ 2t>
D, | {~01-12-2-3-445} VoV e¥oVashaV o Vs 1Y o1 Z, = (4/t)
D, {=,01,-1,2,-2,-3,—4,4,6} VoV aVeV17V1aY 6V 1012718V 10 | = <t>
D, | {~01-12-2-3-44-6} Vol ¥ s¥irVe¥e¥ oV ¥ 170 Z,=(-(t+2))
Dy, | {»01-12-2-3-447} VaYshioVi¥ ortas 2a¥ 22¥ a¥re =(t)
D, | {»01-12-2-3-44-7} VoY sV aV17¥ 21V oY 25V14V1s I =(t)
D, | {»01-12-2-3-448} VoY 6Y12Y 23 oY 2067 25V 20712 Z, =((2-1)/(1+5t))
Dy | {001-12-2-3-44-8} | 1,01 asVasi¥1sV o 22 25 I=(t)

204




E.Bakr Al-Zangana®J. Hirschfeld Classification of The Projective...

N
o

D, | {©01-12-2-3-4,49} VaYsV15V 253116730 267 247 I =(t)

Dy | {~01-12-2-3-44,-9% VoYY 24V a1V 20V 18V 26V | =(t)

D, | {»x01-12-2-3-456} VaVaVraV ooV VeV 2V15Y 24 o I =(t)

D, | {~01-12-2,-3-45-7} VsV aVsVsViaViaViVai¥ sV so V, =(=(t+1),(6-1)/(1+1))
Dy | {»01-12-2-3-458} VsoV16V187 175V 28767 26 7 Z, =((t+1)/(ot-1))

Dy | {001-12-2-3-45-8} |  y3y.19Va6V3001aY a2V 20V 287 27 I =(t)

Dy | {001-12-2-3-459% | y.ye¥a0V2a¥sitar¥os? ¥ ¥ I=(t)

D,, | {»01-12-2-3-467} YaVsVeV2V 26V12V eV 23V 6V12 I =(t)

D,, | {»01-12-2-3-4,6:8} VYY1V a¥roY10Y 26¥6Y 26711 Z,=(-(t+D)/(5t+1))
D,, | {©01-12-2-3-4,6,-8} VYoV al 2oV 20V aV15Y 20 20Vas V, =(-(t+2),1-t)/L+1))
D,, | {»01-12-2-3-4,7-9} VoVsVsVsVsVsVsVsVsVs Dy, =(2/(t+2),-2/t)
Dys | {*01-12-2-3-489} YeVolii¥ash sV iro¥ as1e) s Z,=(-(t+2)

D,s | {*01-12-2-3-4,5-6} VaValisVol eV a1V VsV s2Vns Z,=((t-1)/(5t-1))

D,, | {»01-12-2-3-457} Y1116V 16Y10Y1Y10Y 7Y 1V16V10 V, =((t—4)/(4t-1),2t/(t-2))
D,y | {»01-12-2-3-458} V1¥i2Vr8V 3oV 1Y a6Y 21Y 26Y 31)1s I=(t)

Dy, | {»01-12-2-3-459} VoVrY atisl sV 2o¥ 7Y a2V sV 2 Z,=((t+2)/(t-1)

Dy | {0.01-22-2-3-4-5-T} | yerietioinloshio?isVahsz Z,=((t—4)/(6t+6))
Dy | {»01-12,-2,-3-4,-67} YoY10716 207167307307 207710 Z,=((t-7)/3t-1)

Dy, | {001-12-2-3-4,-68} |  yo11.018V 207207 267107257326 I=(t)

D,; | {0,01-12-2-3-4,-6,9} VoY1V 20V 25V 35V 26V 24 31) 28) 27 | = <t>

Dy, | {001-12-2-3-478} |  nontiatidishetidieh i Z, =(-(t+2)/(7t+1))
Dy | {001-12-2-3-479} | yionsriohiatar¥aolsol sV a2 Z,=(-2/t)

Dy | {001-12-2-356-T} |  ruitiaiahishin¥ s oo 2?1 Z, =(1-1)/@+1))

Dy, |  {001-12-2-35-67} | rsretiehielai st 1o sV 2e)1s Z,=((2-1)/(+8))

Dy | {001-12-2-35-78 | yipghistiatastosl sl s sV 20 Z,=(2/t)

Dy | {©01-12-2-358-9} VraY16Y 217307 24 247 247 30¥ 30718 Z,=((t+3)/(2t+3))

D

{,01-12,-2,6,-4,59} V22V 23Y 26 23V 261 23V 261 221 267 23 V, = <(t +2)/(4t-1),—(t+4)/(%t +1)>

O

N
-

{»01-12-2,6-4,-6,9 Y 23) 25Y 23 23) 23) 23Y 23) 23V 23V 23 D, = <(2+t)/(9—t),(t —6)/(t —1)>
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O

{=,01,-12,-2,6,4,5,-5} V24 257 277 24Y 277 31) 247 277 317 31 Z,= <4/(2 _t)>

{=,01,-12,-2,6,45,-8} V247 26Y 287 30Y 24Y 307307 30) 267 28 Z, <(t -5)/(5t —1)>

{0,01-12,-3,9,4,-4,5} V3131313130 31 31 31 317 31 Z, <(4+t)/(2_t)>

5-The partition of PG(1,19)
Each decad D, and its complement D; i partition PG(119).The stabilizer G, of the
decad D, also fixes the complement D . In Table 8, all D are listed with their types of
the nonads. Also the projective equation from each D; to its equivalent decad Df is
given®,

Table 8: Classification of the complements of the decads in PG(119)

D¢ Types of nonads D, Projective equation
D | Vao¥30V13V137 277277107107 267 29 D5 (t+6)/(4t-1)
D, V66V 4Y10Y 410117 207107 29 D,, (t+5)/(3t+4)
D, Y 2a¥ 30Y3¥1Y 26V 0¥ a¥ 277 26710 D, (t+7)/(4t-1)
D, VsV 16V12V sV aV sV 15011V 27 D, (t+7)/(7t-)
Ds V217 6YsY 247127 6717 30710713 D (t+7)/(4t-1)
De V617630717 6730730V 67 30 Ds (t+7)/(7t-1)
D; | %6Vs/s 1071571671516 267 29 D, t+7)/3-4)
Ds V2Y18Y177814Y 4¥12Y11716V10 D, O-1)/+4)
Dy | 7e1V1271715%187 1271015710 D., (5-1)/(2+6t)
Dio | VsVoaV2aV17¥2V16YaV10V sV 27 Dyo (t—6)/(4t-1)
Dii | 73V asia?oVisVial i asY o7 D, (t-1)/(4t-1)
Di, | VeVasVosh17017715VeY 610713 D,s (7+1)/(2-3t)
Dis | 72502V 25V 257 22V127177 4V 31013 D (t-1/@6t-1)
Dy | Va6¥2V2aVoV24713V18Y 6731730 D, t-1)/(8t-1)
Dis Y267 237 6V aYsY18Y 27 4¥197 30 Dis (9-1)/(L+41)
Dis | 7187267320107 20712V 25V sV 16V 29 D., (t+9)/(5t+6)
D | VaVaoVaoV ¥ aVisV 207 aV15V 4 D,, (t—8)/(5t-3)
Dis | 7307207187 2079787107 307187 10 D, (3-1)/(9+6t)
Dio | Va6VaV16V20Y 217147 327 267317 a D, ~(t+5)/(8t+1)
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Do | 7237320V 20718177 26 24731V 6 Dy, ~(t+5)/(8t+1)
D, VsY6V17Y8Y 26V 23V 12V12Y Yo D,, (9-1)/(L+41)
D, YV10Y 2V 3V Vs 21V 10¥s D, (t—6)/(4t+5)
D.s VirVaV sV 32 17¥17Y 3V a2V 1773 D, (t-9)/(8t+6)
D, VsVsVsVsVsVsVsVsVsVs D,, (4-1)/(3+2t)
Dos | 712V 2V20V12V 2572V 6¥ 207 2376 D, (t-3)/(2t+7)
Dos | VoVasVorVaVisV VeV 32V 15V 21 D6 (t+5)/(8t-1)
D, Y10¥777Y1%10Y1V107 66V 10 D,, (t+5)/(2t-6)
Dos | VoVt 261677717127 26167 27 D, (9-1)/(L+5t)
Do | 720V7731015V77 327 32 20731 1 D, (t-8)/(3t-1)
Ds, VaV12V 110012V eV 25V eV 12V 11011 Ds, (t-6)/(4t-1)
Ds, VY28V 3Y7Y3VeY18Y Y187 28 D (t-7)/(4t-5)
D;, V24¥ 22 4Y14Y77sY 0¥ 7715 3 D ~(t+8)/(4t+3)
Dis | Va1Ve¥207 277267 267 20V 32Y137 24 Dy, (t-7)/(8-1)
Ds, VoV oYl 2V 1V1¥17¥7V177 0 D, (7+1)/(9-3t)
D;s Y2aY 7Y 2Y1Y 267 207 2Y 77 2471 D, ~(t+5)/(3t+4)
Dis | 7iaVstVo0¥17716Y1a7177 20718V 1 Dss —(t+4)/(2t+1)
D, Y2VsVaaV 1Y 21Y2¥ 27¥s¥171a D, (t+5)/(8t-1)
Dis | 7167207237 22V177177 257 20187 22 Dy —(t+4)/(2t+1)
Dig | 7187307187247 210187 247 307 307 24 Ds, (t+8)/(8-1)
Dio | 7287267207237 23V 25V 267 227 26 26 Do (t+8)/(8t-1)
Duy | 7237237257237 237 23V 257 237 257 23 D, (t-8)/(4t+7)
Dio | VatVaoaV 24V 24Y 217317 277 25V 27 D,, (t+6)/(2t-1)
Dis | 7267267307307 267307 247 247 26V 30 D, —(t+9)/(2t+)
Dya 731/33/317'31/317'31/31/'31/31/'31 Dy (t—7)/(8t-1)

Amongst the 44 decads D, there are sixteen of them which are not equivalent to their

complements as shown in Table 8. So, the followings are deduced.
Theorem 5.1®): The projective line PG(1,19) has

(1) twenty eight projectively distinct partitions into two equivalent decads;
(i) sixteen projectively distinct partitions into two inequivalent decads.
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They are given in Table9and Table 10with their stabilizer groups in PGL(2,19) and the

number of partitions of that type.

Table 9: Partition of PG(119) into two equivalent decads

{D,,D%} Stabilizer of the partition Number
{D., D} Z,=((t+7)/(4t-1)) 3420
{D..D;} Z,=(t+7)/(7t-D) 3420
{D,, D5} Z,={(t+7)/(4t-1)) 3420
{D,,D:} D, =((t+7)/(7t-1),~(t +1)) 855
{Dg, D5} Z,={((9-1)/(L+4t)) 3420
{D.0, Dic} Z,=((t-6)/(4t-1)) 3420
{D.,,D;}} Z, =((t-1/(4t-1) 3420
{D.:. D} Z,={(t-1)/(8t-1)) 3420
{D.,, Di,} Z,=((t-1)/(6t-1) 3420
{Dss. Dy} Z,=((9-t)/(1+4t)) 3420
{D.s, Dic} Z,={(—(t+5)/(8t+1)) 3420
{D.0, Dz} Z,={(-(t+5)/(8t+1)) 3420
{D,., D5} Z, ={(9-1)/(1+4t)) 3420
{D.,, Dz} D,, =((4—1)/(3+2t),~ 2/t) 171
{D,6. D5} |V, =((t+5)/(8t-1),(t—1)/(5t-1)) 1710
{D.,, Dy} D, =((t+5)/(2t - 6),2t/(t 1)) 855
{D;s Dz} Z, =((9-1)/(1+5t)) 3420
{Dy. D5} |V, =((t—8)/(3t—1),(t+2)/(t-1)) 1710
{D;, D5} | S, ={(t—6)/(4t—1),(t—6)/(6t+6)) 1140
{D;; D33} Z,=((t-7)/(8t-1)) 3420
{Dss D5} | V, =(~(t-4)/(2t+1),1-1)/@+1)) 1710
{Ds5 D3g} V, =(—(t-4)/(2t+1),2/t) 1710
{Ds, D5} | S, =((t+8)/(Bt-1),(t+3)/(2t+3)) 1140
{D,»,Dio} | D, =((t+5)/(3t+8),(t+2)/(4t-1)) 855
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{D,,D;} | Dy, ={((t-8)/(4t+7),(t-6)/(t-1)) 342
{D,,,D} S, =((t+6)/(2t-1),4/(2—1)) 1140
{D,; D5} | V, =(—(t+9)/(2t+1),(t-5)/(5t -1)) 1710
{D,,D{} | Dy=((t-7)/(8t—1),(4+1)/(2-1)) 380

Tablel0: Partition of PG(1,19) into two inequivalent decads

{D,,D%} Stabilizer of the partition Number
{D,,Df} Z,=(-t) 3420
{D,,D5} Z, =((t-5)/(t-1) 3420
{D,,DS} Z, = (4/t) 3420
{Dy, D5} Z, =(-(t+2)) 3420
{D1.. Di2} Z, =((2-1)/@+5t)) 3420
{D16 D} I=(t) 6840
{D,;,D{-} V, =(=(t+2)(5-1)/1+1)) 1710
{Ds, Dig} Z, =((t+1/(9t-1)) 3420
{D,,, D35} Z, =(-(t+1/(5t+1)) 3420
{D,;, D5} V, =(-(t+2),@1-t)/@+1)) 1710
{D;5, D35} Z, =(~(t+2)) 3420
{D,,;, D5} Z, ={(t-7)/(3t-1)) 3420
{D32, D32} I=(t) 6840
{D34, D3} Z, =(—(t+2)/(7t+1)) 3420
{Dss, Dss} Z, =(-2/v)) 3420
{D,;, D5} Z, =((2-1)/(1+8t)) 3420

6-Splitting PG(1,19) into Five Tetrads
As in Theorem 4.1[i], there are four types
of tetrads H,E,N,,N,onPG(119). The
third aim of this research is to find out if
PG(119) can split into five disjoint
harmonic tetrads, five equianharmonic
tetrads,and five tetrads of type N, or five

tetrads of type N,?
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The answer is yes for each type as given
below. Here the symbol CR(a,) refers to

the cross-ratio of the seta, ©).
M Harmonic
t, ={0,01,-1} CR(t,)) =-1,
t, ={2-2,3-5} CR(t,) =L
t, ={-3,4,-4,~6} CR(t,) = 2;
t, ={5,7,8-8} CR(t,) =2;
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t. ={6,—7,9,-9} CR(t;) =-9.
(i) Equianharmonic

t, ={»,01-7} CR(t) =—7;

t, ={-12,-2,5} CR(t,) =7,

t, ={3-,3-4,7} CR(t;) =8;

t, ={4,89,-9} CR(t,) =8;

t. ={5,6,—6,-8} CR(t;) =—7.

(iif) Tetrads of type N,
t, ={0,01,-2} CR(t,) =—2;
t,={-1234} CR(t,) = ;
t, ={-3,-4,5,-5} CR(t,) =-8;
t, ={6,-6,8,—8} CR(t,) =7;
t, ={7,-7,9,-9} CR(t,) =-8.
(iif) Tetrads of type N,
t, ={»,01-3} CR(t) =3;
t, ={-1,2,-2,3} CR(t,) = 6;
t, ={4,-4,5-5} CR(t;) =4,
t, ={6,-6,8,—9} CR(t,) =6;
t, ={7,—7,-8,9} CR(t;) =6.

7-MDS Codes of Dimension Two
Maximum distance separable codes are at
heart of combinatory and finite
geometries. In their book @ Mac
Williams and Sloane describe MDS
codes as "one of the most fascinating
chapters in all of coding theory". In the
following the relation between finite
geometry and coding theory are
explained® 7).

Let v,,v,,...,v, be the rows of a generator

matrix G for a projective [n,k,d],-code
and for i=12,...,ndefine vectorsu, of
V (k,q) by the rule

210

(ui)j = (Vj)i :

In other words, the jth coordinate of u,
is the i th coordinate of v, ;thatis, u, is
of G. For all

column  vector

k
aeV (k,q)\{0} the vector ) av; has at
-1

most n—d zero coordinates and so, for
i=12,....n,

k

2.2;(v); =0

j=1

has at most n—d solutions. Hence
k

> a;(u); =0.

j=1

So, this gives the following fundamental
theorem.

Theorem 7.1@There exists a projective
[n,k,d], -code if and only if there exists

an (n,n—d)-arcin PG(k-10).

From Theorem 7.1, the following is
deduced.

Corollary 7.2®: If k=2 andn—d =1,
then

(1) there is a one-to-one correspondence
between n-sets in  PG(L19)and

projective [n,2,n—1],,-codes C.
(2)d(C) ofthe code C is equal to
n—k +1, thus the projective code C is
MDS.

In Table 11, the MDS codes
corresponding to the n-sets in PG(119)
and theparameter e of errors corrected
are given.
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Table 11: MDS code over PG(1,19)

n-Set Tetrad | Pentad hexad heptad octad nonad decad
MDS [4,23], | [524], | [6,25], | [7,2,6]), | [827], | [9.28], | [10,2,9],
code
e 1 1 2 2 3 3 4
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