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Abstract 

 In this paper, the k -sets in the projective line of order nineteen up to 10k are classified 

and their stabilizer groups also computed. Also, the projective line spilt into five tetrads of 

type harmonic, equianharmonic and neither harmonic nor equianharmonic. Finally, the 

applications of these sets into error-correcting codes are given. 

 

Key words and phrases:Projective line, coding theory. 

 

1- Introduction 

Let ),1( qnV   be the 1n  dimensional 

vector space over the Galois field qF . 

Consider the equivalence relation on the 

elements of  }0{\V  whose equivalence 

classes are the one-dimensional 

subspaces of V  with zero removed. 

Thus,if  

}0{\,,,,, 00 VyyYxxX nn   , 

then  X  is equivalent to Y if tYX   for 

some t  in }0{\qF ; that is, ii txy   for all 

i . Then the set of equivalenceclasses is 

the n -dimensional projective space over 

qF  and is denoted by ),( qnPG . The 

elements of ),( qnPG are called points; 

the equivalence class of the vector X  is 

the point . Two projective spaces 

21, of dimension n  they are 

equivalent 21  if there exist a 

bijection map  given by a non-singular 

)1()1(  nn  matrix A  such that 

XAXtXPXP  )()( , 

where }0{\qFt . This map called 

projectivity and denoted by )(AM . 

Definition 1.1(1): A );( rk -arc with 

1 rk is a set of k points of a projective 

geometry ),( qnPG  such that some r , but 

no  1r  of them  are collinear.  On 

),1( qPG , a )1;(k -arc is just an unordered 

set of k  distinct points simply called a k

-set. A 3-set is called a triad, a 4-set a 

tetrad, a 5-set a pentad, a 6-set a hexad, a 

7-set a heptad, an 8-set a octad, a 9-set a 

nonad, a 10-set a decad. 

 

Theorem1.2(1): (The Fundamental 

Theorem of Projective Geometry) 

)(XP
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(i) If  },,,{ 10 nPP   and },,,{ 10 


nPP   are 

both subsets of  ),( qnPG  of             

cardinality 2n such that no 1n   points 

chosen from the same set lie in a 

hyperplane, then there exists a unique 

projectivity   such that  ii PP  for 

.1,,1,0  ni  For 1n , simplifies: 

there is a unique projectivity of 

),1( qPG transforming any three distinct 

points on a line to any other three. 

Definition 1.3(2, 3) :A projective linear 

code C , qdkn ],,[ -code, is a subspace of 

),1( qnV  , where  Ck dim ,  

|}}|{min{|)( ii yxiCdd   and any 

two columns of a generator matrix G  are 

linearly independent, where G  is a nk   

matrix having as rows the vectors of a 

basis of C . If 1 knd , then C  is 

called  maximum distance separable 

codes (MDS code). 

 

A code C  with minimum distance at least  

12  ed  can correct up to e  errors. This 

type of code is called an e-error 

correcting code. 

 

Some groups that occur in this work are 

listed below(4).  
nZ  = cyclic group of order n ;  

4V = Klein 4-group which is the direct 

product of two copies 

of the cyclic group of order 2; 

nS  = symmetric group of degree n ; 

nΑ  = alternating group of degree n ; 

nD  = dihedral group of order n2

1)(, 22  rssrsr n . 

 

2-The Cross-Ratio and Stabilizer 

Group of a Tetrad 

Definition 2.1(1): The cross-ratio  

},,,{ 4321 PPPP  of four ordered points 

),1(,,, 4321 qPGPPPP  with coordinates  

3321 ,,, tttt  is 

))((

))((
},,;,{},;,{

3241

4231
43214321

tttt

tttt
ttttPPPP




  

The cross-ratio is invariant under a 

projective group of order four, given by 

4324142314321 V)})((),)((),)((,{ PPPPPPPPPPPPI

.
 

Thus, under all 24 permutations of 

},;,{ 4321 PPPP  the cross-ratio takes just 

the six values 

).1(,)1(,)1(1),1(,1,    

Lemma 1.2(1): On ),1( qPG , a 

projectivity between any two tetrads is 

determined by the images of three points. 

Therefore there exists a projectivity 

)(AM  such that APQ ii  , 4,3,2,1i  

if and only if the cross-ratios of the two 

sets of four points in the corresponding 

order are equal. 

 

Definition 2.3(1): Let T  be a tetrad with 

cross-ratio  . Then T  is called  

(1) harmonic, denoted by H , if  1

or )1(    or )1(   ; 

(2) equianharmonic, denoted by E , if 

)1(1   or equivalently, 

 )1(  ; 

(3) neither harmonic nor 

equianharmonic, denoted by N , if the 

cross-ratio is another value. 

The cross-ratio of any harmonic tetrad 

has the values .21,2,1  The cross-ratio 
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of a tetrad of type  E  satisfies the 

equation 

012  .          (1) 

So, equianharmonic tetrads exist if and 

only if  013   has three solutions in 

qF or  1  is a unique solution of (1) 

in qF . 

Lemma 2.4(1) :On hpqqPG ),,1( , 

where p is a prime integer and h  positive 

integer,  

(i) the number of harmonic tetrads 

Hn and the stabilizer group G of 

each one are as in the following 

table: 

 

 
Hn  G  

3p  24)1( 2 qq  4S  

3p  8)1( 2 qq  4D  

 

(ii) the number of harmonic tetrads En

and the stabilizer group G of each one are 

as in the following table: 

 

 
En  G  

3p  24)1( 2 qq  4S  

3p  (mod  3 ) 12)1( 2 qq  4A  

 

When the tetrad T of type N , there only 

four permutations of T amongst the 24 

permutations which are projectively 

equivalent as follows 

))((),)((),)((,I 324142314321 PPPPPPPPPPPP . 

These permutations form a group 

isomorphic to the Klein 4 -group 4V (3). 

The aims of this research are to answer 

the following questions in )19,1(PG : 

1- How many projectively inequivalent k-

sets in )19,1(PG  are there and what is the 

stabilizer group of each one? 

2- Are iD  and c

iD  equivalent? What is 

the group of projectivities of )19,1(PG  of 

the partition? where iD  is 10 -set and c

iD  

its complement.  

3- Does the projective line )19,1(PG  split 

into five disjoint harmonic tetrads, five 

equianharmonic tetrads, and five tetrads 

of type 1N  or five tetrads of type ?2N  

Also, the relation between a projective 

MDS codes of dimension two and k -sets 

on )19,1(PG  is given. 

 

3-The Algorithm For Classification of 

The K -Sets in ),1( qPG  

On ),1( qPG , a  k -set can be constructed 

by adding to any  )1( k -set one point 

from the other  1 kq  points. 

According to the Fundamental Theorem 

of Projective Geometry, any three distinct 

points on a line are projectively 

equivalent; so choose a fixed triad . A 

4-set is formed by adding to   one point 

from the other 2q points on ),1( qPG ; 

that is, from cqPG \),1( . From 

Lemma 2.1, there is a unique tetrad of 

type H  and unique tetrad of type E but 

the tetrad of type N might be divided into 

subclasses. A 5-set is formed byadding to 

any tetrad T in i one point from the 

other 3q  points on ),1( qPG .The group 

TG fixes T and splits the other 3q

points into a number of orbits; so, 

different 5-sets are formed by adding one 

point from each different orbit. 
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Theprocedure can be extended to 

construct 
2

)1(
,,7,6

q
 - sets or 1

2

)1(


q
- 

sets in ),1( qPG . The )1( n -subsets of an

n -set are classified according to their 

projective type. 

 

Let K  and K . be two pentads. To check 

they are equivalent the following stepsare 

used. 

(1) Classify tetrads in both pentads. 

(2) If the classifications of K  and K . are 

different then they are projectively 

inequivalent. 

(3) If the classifications of K  and K . are 

the same, then transformation matrices

A are constructed from a tetrad T  with 

highest recurrence in the 

algebraicstructure of K  to tetrads T in 

K  with same types of T . 

(4) If the action of one A on the 

remaining points of K  are equal to the 

remainingpoints of K  then K  and K  

are projectively equivalent. If not, it 

means theyare projectively inequivalent. 

This procedure can be extended to check 

the equivalence between k -sets, 

2

)1(
,,7,6




q
k  - sets or 1

2

)1(


q - 

sets, and also can be used to calculate the 

stabilizer group of each k -sets(1). 

 

During this research a k -sets 

},,,{ 21 kaaaK   are partitions by the 

following way: },,,{ 121 kaaa  , 

},,,,{ 221 kk aaaa  , },,,,{, 132 kk aaaa 

. 

 

4-Classification of The Projective Line 

)19,1(PG  

On )19,1(PG , the projective line over 

Galois field of order 19, there are 20 

points. The points of )19,1(PG  are the 

elements of the set 

}9,8,7,6,5,4,3,2,1,0,{}{19 F  

A tetrad is of type H  if the cross-ratio is 

2,1  or 921  . It is of type E  if the 

cross-ratio is  7  or8 , and it is of type 

N  if the cross-ratio is −2; 3;−3;  

8,7,6,6,5,5,4,4,3,3,2   or 9 . As a 

tetrad of type N  has six possible values 

of its cross-ratios so, there are two tetrads 

of type N , one with cross-ratios 

9,8,7,6,3,2  denoted by 1N  and the 

other with 6,5,5,4,4,3    denoted by 

2N . Hence there are four classes of 

tetrads: 

1 {the class of H  tetrads} },1,0,{ a

for ;9,2,1 a  

2 {the class of E  tetrads} },1,0,{ b

for ;8,7b  

3 {the class of 1N  tetrads} },1,0,{ c

for ;9,8,7,6,3,2 c  

4 {the class of 2N  tetrads}

},1,0,{ d for .6,5,5,4,4,3 d  

From Lemma ,4.2 ,855|| 1  ,570|| 2 

.1710|||| 43    

 

Theorem4.1(5) : On )19,1(PG , the 

number of inequivalent k -sets are 

(1) Four projectively distinct tetrads.  

(2) Five projectively distinct pentads 

(3) Thirteen projectively distinct hexads 
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(4)  Eighteen projectively distinct 

heptads.  

(5) Thirty one projectively distinct 

octads.  

(5) Thirty three projectively distinct 

heptads.  

(6) Forty four projectively distinct 

decads.  

These k -sets, 10,,1k and their 

algebraic structures with its stabilizer 

group types are given in Tables 1, 2, 3, 4, 

5, 6, 7.  

 

Table 1: Distinct tetrads on )19,1(PG  

Stabilizer   The tetrad Type 

)1()1(,)1()1(D4  tttt }1,1,0,{  H 

)8(1),8()7(A4 ttt  }7,1,0,{  E 

)19()1(,2V4  ttt }2,1,0,{  
1N 

)16()1(,3V4  ttt }3,1,0,{  
2N 

 

Table 2: Distinct heptads on )19,1(PG  

Stabilizer  Types of tetrads  The  tetrad Type 

)1(Z2 t 211 NNHHN }2,1,1,0,{  
1P 

tI 122 ENNHN }4,1,1,0,{  
2P 

)19(),81(S3  ttt ENNEN 111 }2,7,1,0,{  
3P 

)2(Z2  t 12121 NNNNN }3,2,1,0,{  
4P 

)15()3(,)45()4(D5  tttt 22222 NNNNN }4,3,1,0,{  
5P 

 

 

 Table 3: Distinct hexads on )19,1(PG  

Stabilizer Types of  

pentads 

The  hexads Type 

tt 2,V4  441111 PPPPPP }2,2,1,1,0,{  
1 

tI 423211 PPPPPP }3,2,1,1,0,{  
2 

)2()22(Z2  tt 221221 PPPPPP }4,2,1,1,0,{  
3 

)91()1(Z2 tt  244121 PPPPPP }5,2,1,1,0,{  
4 

tI 544221 PPPPPP }7,2,1,1,0,{  
5 

)1()2(Z2  tt 222121 PPPPPP }8,2,1,1,0,{  
6 

)2()12(,)2()1(D6  tttt 111111 PPPPPP }9,2,1,1,0,{  
7 

tt 4,V4  332222 PPPPPP }4,4,1,1,0,{  
8 

)15()5(,)14()4(V4  tttt 225522 PPPPPP }5,4,1,1,0,{  
9 
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t1Z2  334422 PPPPPP }5,4,1,1,0,{  
10 

)18()1(,)34(S3  tttt 222222 PPPPPP }7,4,1,1,0,{  
11 

)1()4(Z2  tt 424222 PPPPPP }7,4,1,1,0,{  
12 

)1()3(,)26()2(S3  tttt 444444 PPPPPP }6,3,2,1,0,{  
13 

 

Table 4: Distinct heptads on )19,1(PG  

Stabilizer Types of hexads The  heptads Type 

)1(Z2  t 13525121  }3,2,2,1,1,0,{  
1T 

t2Z2  101042241  }6,2,2,1,1,0,{  
2T 

tI 4276231  }4,2,2,1,1,0,{  
3T 

tI 12556341  }5,2,2,1,1,0,{  
4T 

tI 1011812262  }9,3,2,1,1,0,{  
5T 

)16()1(Z2  tt 512212352  }8,3,2,1,1,0,{  
6T 

t 1Z2 1310105522  }4,3,2,1,1,0,{  
7T 

)1()3(Z2  tt 103108232  }5,3,2,1,1,0,{  
8T 

tI 41286322  }7,3,2,1,1,0,{  
9T 

tI 52106452  }7,3,2,1,1,0,{  
10T 

)19()3(Z2  tt 5929532  }4,3,2,1,1,0,{  
11T 

)77(Z3  tt 31163663  }8,4,2,1,1,0,{  
12T 

tI 111255943  }5,4,2,1,1,0,{  
13T 

)14()1(Z2  tt 5131341254  }7,5,2,1,1,0,{  
14T 

)1(Z2  tt 91259665  }9,7,2,1,1,0,{  
15T 

t 1Z2 910108855  }8,7,2,1,1,0,{  
16T 

)1()12(Z6  tt 5555575  }9,7,2,1,1,0,{  
17T 

)7(8Z3  t 10101312121210  }7,5,4,1,1,0,{  
18T 

 

 

 

Table 5: Distinct octads on )19,1(PG  

Stabilizer Types of heptads The  octads Type 
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)2(Z2  t 141131511131 TTTTTTTT }4,3,2,2,1,1,0,{  
1O 

tI 141010174731 TTTTTTTT }4,3,2,2,1,1,0,{  
2O 

tI 18135162841 TTTTTTTT }5,3,2,2,1,1,0,{  
3O 

)1()1(Z2 tt  7101071221 TTTTTTTT }6,3,2,2,1,1,0,{  
4O 

t2Z2  1414944911 TTTTTTTT }7,3,2,2,1,1,0,{  
5O 

)17()2(Z2  tt 16343641 TTTTTTTT }8,3,2,2,1,1,0,{  
6O 

)1(Z2  t 7135133531 TTTTTTTT }9,3,2,2,1,1,0,{  
7O 

)15()1(Z2  tt 7135133532 TTTTTTTT }4,6,2,2,1,1,0,{  
8O 

tI 1084391032 TTTTTTTT }4,6,2,2,1,1,0,{  
9O 

tI 516911101342 TTTTTTTT }5,6,2,2,1,1,0,{  
10O 

tI 187141061442 TTTTTTTT }5,6,2,2,1,1,0,{  
11O 

tt 2,2V4  88333322 TTTTTTTT }6,6,2,2,1,1,0,{  
12O 

tI 1361715111343 TTTTTTTT }5,4,2,2,1,1,0,{  
13O 

tI 1093125443 TTTTTTTT }8,4,2,2,1,1,0,{  
14O 

ttt 2),4()2(S3  3331221233 TTTTTTTT }9,4,2,2,1,1,0,{  
15O 

)1()2(,2V4 ttt  33399333 TTTTTTTT }9,4,2,2,1,1,0,{  
16O 

t2Z 61115159944 TTTTTTTT }5,5,2,2,1,1,0,{  
17O 

t2Z2  15151312121344 TTTTTTTT }8,5,2,2,1,1,0,{  
18O 

)2()22(),1()2(V4  tttt 131313413444 TTTTTTTT }8,5,2,2,1,1,0,{  
19O 

tI 1858610975 TTTTTTTT }4,9,3,2,1,1,0,{  
20O 

tI 1013913612115 TTTTTTTT }4,9,3,2,1,1,0,{  
21O 

)12()3(Z2  tt 8125991285 TTTTTTTT }5,9,3,2,1,1,0,{  
22O 

tI 16138699105 TTTTTTTT }5,9,3,2,1,1,0,{  
23O 

)2()12(),1()1(D5  tttt 55555555 TTTTTTTT }6,9,3,2,1,1,0,{  
24O 

)1()7(Z2  tt 16516151015105 TTTTTTTT }7,9,3,2,1,1,0,{  25O 

tI 1813161471595 TTTTTTTT }8,9,3,2,1,1,0,{  
26O 

)14()4(Z2  tt 781616111187 TTTTTTTT }5,4,3,2,1,1,0,{  27O 

)1()7(Z2  tt 1511101513131110 TTTTTTTT }4,7,3,2,1,1,0,{  
28O 
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)2()22(),18()1(V4  tttt 1314141413141313 TTTTTTTT }7,5,4,2,1,1,0,{  
29O 

)1(),2()1(D6  tttt 1616161616171716 TTTTTTTT }9,8,7,2,1,1,0,{  
30O 

)1()4(),1()1(S3  tttt 1818181818181818 TTTTTTTT }8,7,5,4,1,1,0,{  
31O 

 

Table 6: Distinct nonads on )19,1(PG  

Stabilizer Types of octads The  nonads Type 

)1(Z2  t 29281328213211 OOOOOOOOO }3,4,3,2,2,1,1,0,{  
1 

tI 11109133271221 OOOOOOOOO }4,4,3,2,2,1,1,0,{  
2 

tI 2628725427931 OOOOOOOOO }5,4,3,2,2,1,1,0,{  
3 

tI 11211426510841 OOOOOOOOO }6,4,3,2,2,1,1,0,{  
4 

)51()7(Z2 tt  511617617651 OOOOOOOOO }7,4,3,2,2,1,1,0,{  
5 

tI 21215187131461 OOOOOOOOO }8,4,3,2,2,1,1,0,{  
6 

tI 2623253010271332 OOOOOOOOO }5,4,3,2,2,1,1,0,{  
7 

)1(Z2  t 524294922 OOOOOOOOO }5,4,3,2,2,1,1,0,{  
8 

tI 112520131726832 OOOOOOOOO }6,4,3,2,2,1,1,0,{  
9 

tI 291110131926752 OOOOOOOOO }7,4,3,2,2,1,1,0,{  
10 

tI 1141121111642 OOOOOOOOO }7,4,3,2,2,1,1,0,{  
11 

tI 5209214111462 OOOOOOOOO }8,4,3,2,2,1,1,0,{  
12 

tI 2621231314201672 OOOOOOOOO }9,4,3,2,2,1,1,0,{  
13 

)1()3(Z2  tt 20102027431043 OOOOOOOOO }6,5,3,2,2,1,1,0,{  
14 

)1(Z2  t 3126202611201133 OOOOOOOOO }6,5,3,2,2,1,1,0,{  
15 

)2()2(Z2  tt 11292331123553 OOOOOOOOO }7,5,3,2,2,1,1,0,{  
16 

tI 207823129643 OOOOOOOOO }7,5,3,2,2,1,1,0,{  
17 

tI 32114109231963 OOOOOOOOO }8,5,3,2,2,1,1,0,{  
18 

)1()3(Z2  tt 262822263221853 OOOOOOOOO }8,5,3,2,2,1,1,0,{  
19 

tI 202124108221473 OOOOOOOOO }9,5,3,2,2,1,1,0,{  
20 

)32()3(),1(S3  ttt 613131313131366 OOOOOOOOO }9,8,3,2,2,1,1,0,{  
21 

)14()2(Z2  tt 82316109239108 OOOOOOOOO }5,4,6,2,2,1,1,0,{  
22 
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tI 922151414169128 OOOOOOOOO }6,4,6,2,2,1,1,0,{  
23 

tI 21231713212813109 OOOOOOOOO }5,4,6,2,2,1,1,0,{  
24 

)2(4Z3 t 202011920119119 OOOOOOOOO }5,4,6,2,2,1,1,0,{  
25 

tI 25221814172314109 OOOOOOOOO }8,4,6,2,2,1,1,0,{  
26 

tI 202726282326171110 OOOOOOOOO }5,5,6,2,2,1,1,0,{  
27 

t91Z2  252521282821181010 OOOOOOOOO }8,5,6,2,2,1,1,0,{  
28 

t91Z2  262629212129181111 OOOOOOOOO }8,5,6,2,2,1,1,0,{  
29 

tI 282713182119181413 OOOOOOOOO }8,5,4,2,2,1,1,0,{  
30 

tI 202322212322272120 OOOOOOOOO }4,4,9,3,2,1,1,0,{  
31 

)21()2(Z2 tt  262520232523262420 OOOOOOOOO }6,4,9,3,2,1,1,0,{  
32 

)1(),2()4(D9 ttt  272727272727272727 OOOOOOOOO }4,5,4,3,2,1,1,0,{  
33 

 

 

 

Table 7: Distinct decads on )19,1(PG  

Stabilizer Types of nonads The  decads Type 

t2Z 29282424772121  }4,3,4,3,2,2,1,1,0,{  
1D 

)1()5(Z2  tt 101103828231  }5,3,4,3,2,2,1,1,0,{  
2D 

tI 2928302710249341  }6,3,4,3,2,2,1,1,0,{  
3D 

tI 163132712911451  }7,3,4,3,2,2,1,1,0,{  
4D 

tI 1024630132112561  }8,3,4,3,2,2,1,1,0,{  
5D 

ttt 21)1(),1(V4  13030306306661  }9,3,4,3,2,2,1,1,0,{  
6D 

t4Z2  27273714332732  }5,4,4,3,2,2,1,1,0,{  
7D 

tI 1018121061417842  }6,4,4,3,2,2,1,1,0,{  
8D 

)2(Z2  t 11717219717922  }6,4,4,3,2,2,1,1,0,{  
9D 

tI 16422241827171052  }7,4,4,3,2,2,1,1,0,{  
10D 

tI 15142591527171132  }7,4,4,3,2,2,1,1,0,{  
11D 

)51()2(Z2 tt  1220236202231262  }8,4,4,3,2,2,1,1,0,{  
12D 

tI 252223131731231242  }8,4,4,3,2,2,1,1,0,{  13D 
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tI 92426301831231362  }9,4,4,3,2,2,1,1,0,{  
14D 

tI 426183019324652  }9,4,4,3,2,2,1,1,0,{  
15D 

tI 92413787221443  }6,5,4,3,2,2,1,1,0,{  
16D 

t)(1t)(51),(tV4  3232171717173333  }7,5,4,3,2,2,1,1,0,{  
17D 

)19()1(Z2  tt 72862837181863  }8,5,4,3,2,2,1,1,0,{  
18D 

tI 272820321431261943  }8,5,4,3,2,2,1,1,0,{  
19D 

tI  261731232063 }9,5,4,3,2,2,1,1,0,{  
20D 

tI 126239122617854  }7,6,4,3,2,2,1,1,0,{  
21D 

)15()1(Z2  tt 1129629101041164  }8,6,4,3,2,2,1,1,0,{  
22D 

)1()1(),2(V4 ttt  1520201542020444  }8,6,4,3,2,2,1,1,0,{  
23D 

tt 2,)2(2D10  5555555555  }9,7,4,3,2,2,1,1,0,{  
24D 

)2(Z2  t 81323191713231766  }9,8,4,3,2,2,1,1,0,{  
25D 

)15()1(Z2  tt 1532327272791597  }6,5,4,3,2,2,1,1,0,{  
26D 

)2(2),14()4(V4  tttt 1016771071016107  }7,5,4,3,2,2,1,1,0,{  
27D 

tI 1931262726273018127  }8,5,4,3,2,2,1,1,0,{  
28D 

)1()2(Z2  tt 323132720311320137  }9,5,4,3,2,2,1,1,0,{  
29D 

)66()4(Z3  tt 12811122511128118  }7,5,4,3,2,2,1,1,0,{  
30D 

)13()7(Z2  tt 109203030192019109  }7,6,4,3,2,2,1,1,0,{  
31D 

tI 632251026292018129  }8,6,4,3,2,2,1,1,0,{  
32D 

tI 2728312426322220139  }9,6,4,3,2,2,1,1,0,{  
33D 

)17()2(Z2  tt 10151813181513121210  }8,7,4,3,2,2,1,1,0,{  
34D 

t2Z2  29292730302713101310  }9,7,4,3,2,2,1,1,0,{  
35D 

)1()1(Z2 tt  31202031171818141714  }7,6,5,3,2,2,1,1,0,{  
36D 

)81()2(Z2 tt  15293119293116191615  }7,6,5,3,2,2,1,1,0,{  
37D 

t2Z2  20202322232218171817  }8,7,5,3,2,2,1,1,0,{  38D 

)32()3(Z3  tt 18303024242430211818  }9,8,5,3,2,2,1,1,0,{  
39D 

)19()4(),14()2(V4  tttt 23262226232623262322  }9,5,4,6,2,2,1,1,0,{  
40D 

)1()6(),9()2(D5  tttt 23232323232323232323  }9,6,4,6,2,2,1,1,0,{  
41D 
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)2(4Z2 t 31312724312724272524  }5,5,4,6,2,2,1,1,0,{  
42D 

)15()5(Z2  tt 28263030302430282624  }8,5,4,6,2,2,1,1,0,{  
43D 

)2()4(Z9 tt  31313131313131313131  }5,4,4,9,3,2,1,1,0,{  
44D 

 

5-The partition of )19,1(PG  

Each decad iD , and its complement c

iD i partition )19,1(PG .The stabilizer  
iDG  of the 

decad iD  also fixes the complement c

iD .  In Table 8, all c

iD  are listed with their types of 

the nonads. Also the projective equation from each jD  to its equivalent decad c

iD  is 

given(1). 

 

Table 8: Classification of the complements of the decads in  )19,1(PG  

Projective equation 
jD Types of nonads 

i
cD 

)14()6(  tt 
35D 29291010272713133030  1

cD 

)43()5(  tt 
22D 2910291111410466  

2D 

)14()7(  tt 
3D 1029274928133024  3D 

)17()7(  tt 
4D 271113943121615  

4D 

)14()7(  tt 
5D 1310301612245621  5D 

)17()7(  tt 
6D 30630306130616  6D 

)43()7(  tt 
37D 29291615161519313119  7D 

)41()9( tt  
8D 10161112414817182  8D 

)62()5( tt  
34D 10151012181513121318  9D 

)14()6(  tt 
10D 2761041821722245  10D 

)14()1(  tt 
11D 27151114152172593  

11D 

)32()7( tt  
25D 13196813171723236  

12D 

)18()1(  tt 
13D 133141712222523223  13D 

)18()1(  tt 14D 30316181324923226  
14D 

)41()9( tt  
15D 301942185362326  15D 

)65()9(  tt 
32D 2916925122010322618  16D 

)35()8(  tt 
23D 4154201542020204  17D 

)69()3( tt  
31D 101930109920192030  18D 

)18()5(  tt 
19D 431283214272019326  19D 



E.Bakr Al-Zangana&J. Hirschfeld                   Classification of The Projective… 

 

207 

 

)18()5(  tt 
20D 631242617132020323  20D 

)41()9( tt  
21D 941212232681765  

21D 

)54()6(  tt 
2D 181012833210  

22D 

)68()9(  tt 
17D 3173231717323317  23D 

)23()4( tt  
24D 5555555555  

24D 

)72()3(  tt 
12D 6232062231220212  25D 

)18()5(  tt 
26D 2715329715727229  26D 

)62()5(  tt 
27D 10661071077710  27D 

)51()9( tt  
28D 271926127718263130  28D 

)13()8(  tt 
29D 133120323271331720  29D 

)14()6(  tt 
30D 11111282581211128  30D 

)54()7(  tt 
18D 28187186373286  31D 

)34()8(  tt 
16D 31379871442224  32D 

)18()7(  tt 
33D 2413322026282722931  33D 

)39()7( tt  
9D 91771711729221  34D 

)43()5(  tt 
1D 12472292812724  35D 

)12()4(  tt 
36D 31182017141817203114  36D 

)18()5(  tt 
7D 14732722773332  37D 

)12()4(  tt 
38D 22182023171722232018  38D 

)18()8(  tt 
39D 24303024182124183018  39D 

)18()8(  tt 
40D 26262226232323222623  40D 

)74()8(  tt 
41D 23232323232323232323  

41D 

)12()6(  tt 
42D 2725271̀3272424243131  

42D 

)12()9(  tt 
43D 30262424302830302826  43D 

)18()7(  tt 44D 31313131313131313331  44D 

 

 

Amongst the 44 decads iD  there are sixteen of them which are not equivalent to their 

complements as shown in Table 8. So, the followings are deduced.  

Theorem 5.1(5): The projective line )19,1(PG has 

(i) twenty eight  projectively distinct partitions into two equivalent decads; 

(ii) sixteen projectively distinct partitions into two inequivalent decads. 
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They are given in Table9and Table 10with their stabilizer groups in )19,2(PGL and the 

number of partitions of that type. 

Table 9: Partition of  )19,1(PG  into two equivalent decads 

},{ c

ii DD  Stabilizer of the partition Number 

},{ 33

cDD  )14()7(2  ttZ  3420 

},{ 44

cDD  )17()7(2  ttZ  3420 

},{ 55

cDD  )14()7(2  ttZ  3420 

},{ 66

cDD  )1(),17()7(D4  ttt  855 

},{ 88

cDD  )41()9(2 ttZ   3420 

},{ 1010

cDD  )14()6(2  ttZ  3420 

},{ 1111

cDD  )14()1(2  ttZ  3420 

},{ 1313

cDD  )18()1(2  ttZ  3420 

},{ 1414

cDD  )18()1(2  ttZ  3420 

},{ 1515

cDD  )41()9(2 ttZ   3420 

},{ 1919

cDD  )18()5(2  ttZ  3420 

},{ 2020

cDD  )18()5(2  ttZ  3420 

},{ 2121

cDD  )41()9(2 ttZ   3420 

},{ 2424

cDD  ttt 2),23()4(D20   171 

},{ 2626

cDD  )15()1(),18()5(V4  tttt  1710 

},{ 2727

cDD  )1(2),62()5(D4  tttt  855 

},{ 2828

cDD  )51()9(2 ttZ   3420 

},{ 2929

cDD  )1()2(),13()8(V4  tttt  1710 

},{ 3030

cDD  )66()6(),14()6(S3  tttt  1140 

},{ 3333

cDD  )18()7(2  ttZ  3420 

},{ 3636

cDD  )1()1(),12()4(V4 tttt   1710 

},{ 3838

cDD  ttt 2),12()4(V4   1710 

},{ 3939

cDD  )32()3(),18()8(S3  tttt  1140 

},{ 4040

cDD  )14()2(),83()5(D4  tttt  855 
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},{ 4141

cDD  )1()6(),74()8(D10  tttt  342 

},{ 4242

cDD  )2(4),12()6(S3 ttt   1140 

},{ 4343

cDD  )15()5(),12()9(V4  tttt  1710 

},{ 4444

cDD  )2()4(),18()7(D9 tttt   380 

 

Table10: Partition of )19,1(PG  into two inequivalent decads 

},{ c

ii DD  Stabilizer of the partition Number 

},{ 11
cDD  tZ 2  3420 

},{ 22
cDD  )1()5(2  ttZ  3420 

},{ 77
cDD  tZ 42   3420 

},{ 99
cDD  )2(2  tZ  3420 

},{ 1212
cDD  )51()2(2 ttZ   3420 

},{ 1616
cDD  tI  6840 

},{ 1717
cDD  )1()5)(,2(V4 ttt   1710 

},{ 1818
cDD  )19()1(2  ttZ  3420 

},{ 2222
cDD  )15()1(2  ttZ  3420 

},{ 2323
cDD  )1()1(),2(V4 ttt   1710 

},{ 2525
cDD  )2(2  tZ  3420 

},{ 3131
cDD  )13()7(2  ttZ  3420 

},{ 3232
cDD  tI  6840 

},{ 3434
cDD  )17()2(2  ttZ  3420 

},{ 3535
cDD  )(22 tZ   3420 

},{ 3737
cDD  )81()2(2 ttZ   3420 

 

6-Splitting )19,1(PG   into Five Tetrads  

As in Theorem 4.1[i], there are four types 

of tetrads 21,,, NNEH on )19,1(PG . The 

third aim of this research is to find out if  

)19,1(PG  can split into five disjoint 

harmonic tetrads, five equianharmonic 

tetrads,and five tetrads of type 1N  or five 

tetrads of type ?2N  

 The answer is yes for each type as given 

below. Here the symbol )( iaCR  refers to 

the cross-ratio of the set ia (5). 

(i) Harmonic  

}1,1,0,{1 t ;1)( 1 tCR  

}5,3,2,2{2 t ;1)( 2 tCR  

}6,4,4,3{3 t ;2)( 3 tCR  

}8,8,7,5{4 t ;2)( 4 tCR  
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}9,9,7,6{5 t .9)( 5 tCR  

  (ii)      Equianharmonic 

}7,1,0,{1 t ;7)( 1 tCR  

}5,2,2,1{2 t ;7)( 2 tCR  

}7,4,3,3{3 t ;8)( 3 tCR  

}9,9,8,4{4 t ;8)( 4 tCR  

}8,6,6,5{5 t .7)( 5 tCR  

 

(iii)    Tetrads of type 1N  

}2,1,0,{1 t ;2)( 1 tCR  

}4,3,2,1{2 t ;6)( 2 tCR  

}5,5,4,3{3 t ;8)( 3 tCR  

}8,8,6,6{4 t ;7)( 4 tCR  

}9,9,7,7{5 t .8)( 5 tCR  

(iii)    Tetrads of type 2N  

}3,1,0,{1 t ;3)( 1 tCR  

}3,2,2,1{2 t ;6)( 2 tCR  

}5,5,4,4{3 t ;4)( 3 tCR  

}9,8,6,6{4 t ;6)( 4 tCR  

}9,8,7,7{5 t .6)( 5 tCR  

 

7-MDS Codes of Dimension Two 

Maximum distance separable codes are at 

heart of combinatory and finite 

geometries. In their book (7) Mac 

Williams and Sloane describe MDS 

codes as "one of the most fascinating 

chapters in all of coding theory". In the 

following the relation between finite 

geometry and coding theory are 

explained(5, 7). 

Let kvvv ,,, 21  be the rows of a generator 

matrix G for a projective qdkn ],,[ -code 

and for ni ,,2,1  define vectors iu of 

),( qkV  by the rule 

ijji vu )()(  . 

In other words, the j th coordinate of iu  

is the i th coordinate of  jv ; that is,  iu  is 

column vector of G . For all 

}0{\),( qkVa  the vector j

k

j

jva
1

has at 

most  dn   zero coordinates and so, for 

ni ,,2,1  ,  

0)(
1




ij

k

j

j va  

has at most dn   solutions. Hence  

0)(
1




ji

k

j

j ua . 

So, this gives the following fundamental 

theorem. 

 

Theorem 7.1(2)There exists a projective 

qdkn ],,[ -code if and only if there exists 

an ),( dnn  -arc in  ),1( qkPG  . 

 

From Theorem 7.1, the following is 

deduced.  

Corollary 7.2(5): If  2  k and 1 dn , 

then  

(1) there is a one-to-one correspondence 

between n -sets in )19,1(PG and 

projective 19]1,2,[ nn -codes C .  

(2)  )(Cd ofthe code C  is equal to 

1 kn , thus the projective code C  is 

MDS. 

In Table 11, the MDS codes 

corresponding to the n -sets in )19,1(PG

and theparameter e  of errors corrected 

are given. 
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Table 11: MDS code over )19,1(PG  

n -Set Tetrad Pentad hexad heptad octad nonad decad 

MDS  

code 
19]3,2,4[  19]4,2,5[  19]5,2,6[  19]6,2,7[  19]7,2,8[  19]8,2,9[  19]9,2,10[  

e  1 1 2 2 3 3 4 
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