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Abstract

The main result of this paper is to find (if exist) the spin blocks of defect zero to
thedecomposition matrix ofthe spin characters of the symmetric group S,,0n a field with
characteristic p = 3, also to find the general formula of the spin blocks of defect zero
(if exist) to the decomposition matrices of the spin characters of the symmetric group

Sy on fields with characteristic p = 5,7.

1. Introduction

The group G is called a representation
group (covering group) to the groupG if
and only if there is a homomorphism
from G to G such that the kernel of this
homomorphism is contained in the
center of GO,

Schur showed that the symmetric group
S, has a representation group S, and
showed that S,, has a central subgroup
Z ={-1,1}such that S, /Z = S,®.

Where the representations of S, fall
into two classes:

1. The representations which have
Z in their kernel; theseare called
the representationsof S,, .

2. The representations which do
not have Z in their kernel; these
are called the spin
representations of S, .

The spin characters of the spin
representations of S,, are labeled by the
distinct parts of partitions ofn. The spin
characters of S, are distributed into
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blocks® this blocks are determined by
the p—core of characters (partitions) .
If the p—core of a character equal to its
corresponding  partition then the
character has defect zero®The
decomposition matrix of the spin
characters of Sn 5 a
relationshipsbetween the irreducible
spin characters and the irreducible
modular spin characters of S, .In this
paper we concentrate on blocks of
defect zero, such that Theorem(3.1) is
finding (if exist) the spin blocks of
defect zero to the decomposition matrix
of the spin characters ofS,,whenp = 3.
Theorems (3.2), (3.3),are finding the
general formula of the spin blocks of
defect zero (if exist) to the
decomposition matrix of the spin
characters of S,, whenp =5,7.

2. Preliminaries

Definition(2.1)®:A sequence A = (4,,
Ay, ..., A )Of positive integers numbers
is called distinct partition to n and
denoted by M—nif Ay > 21, > >
Ay >0and Y A; = n.
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Theorem(2.2 )O):Let
(A4, 45, ..., A )»—n,then there is:

A=

I. A self-associate (double) spin
character for the symmetric
group S, denoted by (1)" if n —
kis even.

. A pair of associate spin
characters for the symmetric
group S, denoted by (1),(1)’ if
n — k is odd.

Definition(2.3)":, p.37) There are two
kinds of bars to A=
(A1, 42, ..., A) >— n with distinct
parts:

i. (i,1), —bar wherei <h <k
, consists of A; + A,nodes in
the i;pand hyy, rows.

ii.  (i,j))o — bar consists of
(i,j) — node together with
A; — j nodes to the right of it.

Definition(2.4):® The p—core of the
partition A is the remaining diagram
after removing all p —bars from the
diagram of 4 and denoted by A(p).

Examples:

1. () =(10,7,2,1) ",
103) = (4,1)

2. {A)=(1591)" , p=5,
AB)=( ) empty

3. M=(421)" , p=7,
A7) =(9,4,2,1)

4.41) = (13,8,3,5) ,

A(11) = (5,2)

p=3,

p=11,

Definition(2.5)® If the p—core of a
character equal to its corresponding
partition then the character has defect
zero.

138

Theorem(2.6 )®):The spin characters
(A1), (A,) are in the same p — block of
Sy ifand only if A, (p) = A, (p).

I. The associate spin
characters (4),(A)’ belong
to the same p — block of S,
if (1) #A(P), (1) and (1)’
each form a p — block of
defect zero on their on if

(4) = 2(P).

3. Number of spin blocks of
defect zero

This paper was on the spin blocks of
defect zero to the decomposition
matrices of the spin characters of S,, on
the fields with characteristics (p) =
3,5,7, ; equivalently, the spin
characters which is corresponding
partitionshave no bars(”) this characters
are irreducible modular spin and
principle indecomposable modular spin
characters.The main result which was
presented in this paper is findingthe
spin blocks of defect zero (if exist) to
the decomposition matrix of the spin
characters of the symmetric groupS,,on
a field with characteristic p = 3, also
the general formula of the spin blocks
of defect zero (if exist) to the
decomposition matrices of the spin
characters of S, on the fields
withcharacteristics(p) = 5,7.

And the results will be as below:
Theorem(3.1):

Let t#0,teN ,re{l1,2},m=3t+
r, then there is (if exist) one spin block
of defect zero(m,m —3,m —6, ...,r)"
to the decomposition matrix of the spin
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charactersof the symmetric group S,,,
where n = Y!_,(m — 3i) ,for aprime
number p =3, if n—(t+1) even
number or there aretwo spin
blocks (m,m-—3,m-—
6,..,r),(imm-—-3,m—6,..,r)ifn—
(t + 1)odd number.

Proof:

To prove the spin character (m, m —
3,m—6,...,r) form 3- block of defect
zero to the decomposition matrix(D,,)
of the spin characters of the symmetric
group S, where n = ¥f_,(m — 3i)(by
using definitions (2.3) , (2. 4) &(2.5)):

1- -+ 3 tm (from assumption )
= 3 (m — 3i) ,Vi€{0,1, ..., t}
2- ~312m

= 2m—3(+j) %0 mod

3vi, je{0,1, ..., t}

=(m — 3i) + (m — 3j)%0 mod
3vi, je{0,1, ..., t}

3- «if (m-3i)—3>
0,i € {0,1,...,t—1} = 3 |j
€{0,1, ..., t}

s(m—3i)—3=m-—3j

Then from the above and by using
theorem (2.6), (m,m—-3,m-—
6, ..., r)form 3- block of defect zero.

Now suppose there is another spin
character, ([, , ..., [,,), form 3-block of
defect zero to D,, of S,,.

if, -3>0,i € {1,..,v} = 3je
{1,..,v}a;-3=1 (since
(ly , ..., L,), 3-block of defect zero)
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If ;-3>0 =3ke{l,..,v}>l—
3:lk

1,< 3, hefl, ..., v}

Alsoif I —3 >0, fe{l,..,v}=>3e €
{1,..,v}al,-3=1, (since
(ly , ..., L), 3-block of defect zero)

If [,—3>0=3z€¢{l,..,v}3l,—
3=1,

[,<3,ue{l, ..., v}

Then (l; , ..., l,)can be written as in the
form (lil lf: l]’ lel "'Ith lu) 3 lh ;lu €

{1,2}
but ; + [; 0 mod 3 Vi, je{l,..., v}

=contradiction ( since (I, ,...,1,),
form 3-block of defect zero to D,, of

Sn)

~(ly , ..., L,)must be written as ([, ,l; —

3,[1_6,...,l1_3(17—1)), E] ll_
3(v—1)<3

m=3t+r , L=3n+1r , re
{1,2} , t,n, #0,t,n,g eN
(since Ly, ... L), (mm-—-3,m-—

6,..,7) , are spin blocks of defect
zeroto S,,))

Now if [, >m

> L+ -D++(4 -3w-
1))>m+(m—3)+---+r

> L+ -N++(4 -3w-
1))>n

:l1+lz++lv>n
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=contradiction ( since 1. For m=16=>m = 3x5+
(l ,..,1,) correspond a distinct 1=
partitionto n ) (16,13,10,7,4,1) :
(16,13,10,7,4,1)', are the
If [y <m .
spin blocks of defect zero
>4L+ 0 —3)+ - toDg, of S5, for p = 3.

+(l1 _3(17_1)) 2. For m=11=>zn=3><3+
2 =(11,8,5,2,) is the spin
block of defect zero to Dy
of S, for p = 3.

<m+(m—3)+--
+r

> 1 L=3)++( —3(v—-

1 =3+ (L =30 Theorem(3.2):
1)) <n
Let m;,t; = 0, T € {0,1,2,3,4} ym; =
5t;+1;, 5 tm,i={12}, n+nr#
—contradiction 5 then there is (if exist) at least one spin

(‘since (ll,...,lv)correspondadistinctpartitt?!)%'éong_f_ defect _ zero o the
decomposition matrix of the spin

Wl =m characters of the symmetric group
S, where n=3¥1 (m —5))+

$11+l2+"‘+lv<n

$l1+(l1_3)+"‘

+ (I 3w - 1)) Y2 (m, — 5k), for a prime number
=m+(m—3)+ - p = 5and these blocks areinthe form
+r (m;,m,, my —5, m,—5, m; —

10,m, — 10, ..., 11, 13).
s>v—1=t
Proof:
=>L=m-3(—-1)Vie{2..,v} _
To prove the spin character

Al L)y=(mm—3,..,7) (m;,m,, m;y —5, m,—5, m; —
10,m, — 10, ...,r;,1,) form 5-
block of defect zero to the
decomposition matrix (D,) of the
spin characters of the symmetric

group S,,, where n = 3t (m; —

Then (m,m —3,m —6, ...,r) "isthe 3-
block of defect zeroto D,, if n— (t +
1) even number or (m,m —3,m —
6,..,r),(mm-—3,m-—6,..,r) are
the3-blocks of defect zero toD,, if n —
(t+1) odd number, where n= 5)) + Xio(m, — 5k) ( by using
t_,(m — 3i), from Theorem(2.2).And definitions (2.3) , (2. 4) &(2.5)):
when n # Y!_(m — 3i), then there are
no spin blocks of defect zero toD,, of
S, .

1-+ 5 +tm; , i={12} (from
assumption )

SUi) ,VUiE{O,l, ey ti}a l:{l,Z}

Examples: 2- w1y +1,#5 (from assumption

)
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=>m; + m,% 0 mod 5

:>m1+m2_5(vl+172) * O
mod 5vv,€{0,1, ..., t; }, v,€{0,1, ..., t,}

= (my —5v;) + (M, — 5v,) %

0 mod 5V v, € {01,..,t} ,
v,€{0,1, ..., t;}
3- if( m; —5v;) — 5 >

0,v;€{0,1,...,t; — 1} ,ie{1,2}

= Elgl € {0,1, ...,ti} =] ( m; —
5v;) =5 =m; — 59,

Then from the above and by using
theorem  (2.6), (m;,m,, m; —5,
m, —5, my —10,m, — 10, ...,7,13),
form spin block of defect zero.

Now suppose there is another spin
character (hq, h,, ..., h;)form 5- block
of defect zero to D,, of S,, not in the
form (my,m,, m; —5, m, —5,
my; —10,m, — 10, ..., 1, 13,).

if h; —5>
0,ie{1,...,l}=3j¢{1,..,l} > h; — 5 =
hi  (since (hy,hy, ..., h;), 5- block of
defect zero)

5=hk

hy<5,ye{l,..., 1}

And if hf —5>0 :
fe{l,..,l}=>3ee{l,..,1} 3 hyf —5 =
h. (since (hy, h,, ..., h;), 5- block of
defect zero)

If h, -5>0=>3z€{1,...,l} 32 h, —
5=h,
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h,<5,ve{l, ..., 1}

alsoif h, —5>
oowef{l,..,l}=>3de{1, .., 1} > h, —
5 = hy (since {(hq, h,, ..., h;), 5- block
of defect zero)

If h—-5>0=30€{1,..,1}>h; —
5=h,

h,<5ue{l, ..., 1}

Then (hq, h,, ..., h;) can be written as in
the form
(hi, he, hyy, by, he, by, ooy By, by, by ) 3
hy,hy,hy€(1,2,3,4}

Buth; + hj 20 mod5 Vi, je{l,..,1}

= Contradiction (since
(hy, hy, ..., hy), form5- block of defect
zero to D, of S,)

s (hq, hy, ..., hy) must be in the form
(m;,m,, my —5, m,—5, m; —
10,m, — 10, ...,11, 1)

Then there is at least one spin block of
defect zero to D, of S,,, when n =
Yito(my = 5)) + N2 o(m, —5k)
this block is in the form (m;,m,,
m1 _5, mz _5, m1 - 10,m2 -

10, ...,1y,7,) ,and there are no spin
blocks of defect zero to D,, of S,,, when
n# XL (my — 5)) + Bz o(m, —
5k) .

Examples:

1. For m=11 , m, =
8 = my =2x54+1,m, =
1x5+ 3 = (11,8,6,3,1)" is
a spin block of defect zero to
D,q Of S,q for p =5.
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2. For m=14 , m,=
2 > my=2X54+4m, =
0x5+ 2 = (14,9,4,2) :
(14,9,4,2) are a spin blocks
of defect zero to D,q4 Of S,q
for p = 5.

Theorem(3.3):

Let m;,t; =0, €{0,1,2,3,4,5,6},m; =
7t +71,7 tmy, i ={123} , n+
1 # 7,Vi,j € {1,2,3}, then there is (if
exist) at least one spin block of defect
zero to the decomposition matrix of the
spin characters of the symmetric group
S, , where n=Y1 (my —7k)+
o(my = 7h) + X24(ms = 70)
for a prime number p = 7 ,and these
blocks are in the form (m,,m,, ms,
my —7,my—7, my—
7, e, T, 12, T3 ).

Proof: To prove (m;,m,, my, my —
7,my, —7, mg—7,..,1,1,,13) form
7- Dblock of defect zero to the
decomposition matrix of the spin
characters (D,,) of S, , where n=
Tiso(my = 7k) + Tpko(my — 7h) +
Y3 ,(ms —71) (by using definitions
(2.3), (2.4) & (2.5))

1-~7tm; i ={1,23} (from
assumption )

=74
7v;) Vv;€{0,1, ..., t;}, i={1,2,3}

(m; —

2- w1 7V € {1,2,3} (from
assumption )

=m; + m;# 0 mod 7Vi,j € {1,2,3}

>m+m—7(v+v) % 0
mod 7V i,j e {1,23}
UiE{O,]., . ti},vjE{O,l, ey t]}
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=>(ml- - 7Ul') + (mj - 717]) %0
mod 7 Vi,j € {1,2,3}

3- if ( m; —7v;) —7>
Olie{llzig} y vi E{O,l,...,ti -
1}

= 3g9;€{0,1,...,.t;} > ( m; —
7v) =7=m; —7g;

Then from the above and by using
theorem(2.6),
7,my—7, My —7,..,1,15,13)
form spin block of defect zero to D,, of
Sn

(my,my, mg, my —

Now suppose there is another spin
character (cy,c,, ..., cy)form 7- block
of defect zero to D,, of S,, not in the
form (m;,m,, my, my —7,m, —7,

Mg —7,..,1,75,13)

if Ci — 7>
0,ie{l,..,h}=>3je{l,..,h} 3¢, —
7=¢ (since (cy, ¢y, ..., Cp), 7- block
of zero)

If C]—7>O=>3k€{1,,h}3C]—

7=Ck

cy<7 , ve{1, ..., h}

Also if cg—7>0 :
fe{1,..,h}=3ee{l,..,h} > cr—7=
c. (since (cq,cy,...,cp), 7- block of
zero)

If c,—7>0=>3z€{l,..,h}>c, —
7=c¢,

c,<7 , ve{l, ..., h}
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And if Cw— 7>
0,we{l,..,h}=>3de{1,..,h} 3¢, —
7 =c4 (since {cy,cCy,...,cp), 7- block
of zero)

If c;,—7>0=>3le{l,..,h}>c; —
7:Cl

<7 ,ue{l, ..., h}

also if c,—7>
0,be{l,..,h}=>3xe{l,..,h} 3¢, —
7 =c, (since (cy,cy,...,cp), 7- block
of zero)

If c, —7>0>3a€{l,..,h}>3c, —
7 = cq

Co< 7 ,0€{1, ..., h}

Then (cy, ¢3, ..., c) Can be written as in
the
form

(Ci» Cf» Cw» €y €y Ces €y Cxy wov s Cyy Cpy Cypy Co )

/3 Cy,CyiCyy €o€{1,2,3,4,5,6}
Butc; +¢; 20 mod 7vi, je{l, ..., h}

= Contradiction (since {cy, ¢y, ...
7- block of zero to D, of S,,)

’ Ch),

Then (c,, ¢y, ..., c,) must be in the form
<m1,m2 ) m3, m1 - 7,m2 - 7,

m3 - 7, ...,Tl,TZ,Tg )

Then there is at least one spin block of
defect zero to D,, of S,,, when n =
Yo (my — 7k) + X2 (my — 7h) +
Y3 ,(ms —71), this block is in the
form, (m;,m,, my, my —7,m, — 7,
ms —7,..,1,7,,13),and there is no
spin block of defect zero to D,, of S,,,
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n#YL (m —7k)+
—70).

when
2 (m, —7h) + X2 (m;

Examples:

1. Formy=11,m, =9,myg =
8 > m; =1x7+4,m, =
1IX74+2,m; =1x7+1=
(11,9,8,4,2,1),(11,9,8,4,2,1)’
are spin blocks of defect
zero to Dy of S;c for p =
7.

2. For m =15 , m,=
9 = my =2x7+1,m, =
1x7 + 2 = (15,9,8,2,1)” is
a spin block of defect zero to
Dsc of Ssc for p =7.
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Spin blocks of defect zero to D,, of S,, for a prime number p

n |P=3 P=5 p=7
5 [ (4,1),(4,1) — —
6 — (7,2)* —
7 1(52).(5,2) (6,1),(6,1)(4,3),(4,3) | (4,2,1)*
8 — — (6,2)*(5,3)*
9 — (7,2)(7,2)'(6,21)* (6,3),(6,3)',(5,4),(5,4)'(5,3,1)*,
(8,1),(8,1)"
10 — (7,2,1047,2,1)(6,3,1), | (6,4)*(5,4,1)(5,4,1)
(6,31)'
11 — (8,3),(8,3)' (9,2),(9,2)'(6,5),(6,5)'(8,2,1)*,

(6,3,2)*

12 | (7,41)(7,41)

(8,3,1),(8,3,1)'

(9,2,1),(9,2,1)',(6,4,2),(6,4,2)',
(8,3,1),(8,3,1)'

13 —

(9,4),(9,4)'(7,4,2)*

(10,3),{(10,3)',(8,4,1)*

14 —

(10,3,1),(10,3,1)',(8,5,1),(8,5,1)'

(94,2)*,(8,4,3)*

(10,3,2)*,(9,4,2)* (11,4),(11,4)’

15 | (8,5,2)*
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