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Abstract

The main purpose of this paper is to compute the decomposition matrix of the projective characters of the

symmetric group S; modulo 7, by using the method of (r, 7) —inducing.

1. Introduction

A group representationof a groupGover a field
Kis a homomorphism T:G — GL(n,K), if the
characteristic ofKis zero then the representation
is called ordinary representation, and if K has
finite characteristic then the representation is
called modular representation®.The ordinary
character of a representation Tis the trace of
T(g), g € G. The irreducible ordinary characters
of the symmetric group S, are labeled by
partitions of n @ The covering group of a
group G is a groupG if and only if there is a
homomorphism from G to Gsuch that the kernel
of this homomorphism is contained in the center
of G®. Schur® showed that the symmetric group
S, has a representation group S, and showed
that S,, has a central subgroup Z = {—1,1} such
that S,/Z=S, ™ the representations of S,fall into

two classes:
1) The representations which have Zin
their Kkernel; these are called the

representations of S,,.

2) The representations which do not

have Z in their kernel; these
representations are called the
projective  (spin)  representations
ofS,,.

The projective (spin) characters of the projective
(spin) representations of S,, are labeled by the

distinct parts of the partitions of n ® .The spin
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characters of the symmetric group S, are
distributed into blocks ®.The decomposition
matrix for the spin characters of the symmetric
group S, is the relationships between the
irreducible spin characters and the irreducible
modular spin characters of S,,. There is a method
called (r,7) —inducing ® to generate principle
spin characters of the symmetric group S,, from
the principle spin characters of the symmetric
group S,,_,. It is more difficult to find the
decomposition matrix of the spin characters for
S,, than finding the decomposition matrix for the
ordinary characters of S,,; because of the little
known information about the spin characters and
coefficients of their decomposition matrix as
compared with theorems about ordinary
characters of S, and the coefficients of their
decomposition matrix, for example the form of
the decomposition matrix of ordinary characters
of S,, is known for all primes @,but the form of
the decomposition matrix for spin characters is
not known in general. There is no general method
for finding the decomposition matrix for spin
characters of S,,, and for nincrease the problemis
complicated. The decomposition matrices to spin
characters of S,, for a prime number p=7,v 7
<n< 13 are found by Yaseen®, for n= 14 is
found by Yaseen and Taban®, and for n= 16, 17,

18 are found by Taban(®910)
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The main object of this paper is to determine the
decomposition matrices for the spin characters of

S19modulo 7.

2. Spin Blocks of S19

The group Syohas 59 (7, & )-regular classes,so
there are fifty nineSrlgeducible modular spin
characters (i.m.s.) to S;5®. There are eleven 7-
blocks of S;,five of these blocks of defect
Oare <13,6>, <13,6>', <10,6,3>* , <10,5,3,1>,
<10,5,3,1>'and these characters are i.m.s.have
the degrees 2558976, 2558976, 891376646,
72930816, 72930816 respectively®. The blocks

B, B.: B,of defect 102and the other spin
blocks of S,qare B3, Bz, B, of defect 2¢2.

The block 86 has 7-bar core <6,4,2>and

contains the characters<13,4,2>*,<11,6,2>* ,
<9,6,4>*  <7,6,4,2>,<7,6,4,2>".The block 85

has 7-bar core <8,3,1> and contains the
characters <15,3,1>*, <10,8,1>* , <8,7,3,1> ,

<8,7,3,1>'" , <8,5,3,2,1>*The block 84

contains the characters <16,2,1>* , <9,8,2>%*,
<9,7,2,1>, <9,7,2,1>', <9,4,3,2,1>* with 7-bar

core <9,2,1>.The block B3 contains the

characters <17,2> , <17,2>' , <16,3> , <16,3>",
<10,7,2>*,<9,7,3>* , <10,6,2,1> , <10,6,2,1>",
<9,6,3,1>,<9,6,3,1>',<10,4,3,2>,<10,4,3,2>',
<9,5,3,2>,<9,5,3,2>", <14,32>* , <13,3,2,1>,
<13,3,2,1>" |, <8,63,2> , <86,32>" ,
<7,6,3,2,1>* , <10,9> , <10,9>" with 7-bar core
<3,2>.

And the block contains the

B.

characters<9,5,4,1> , <9,5,4,1>' |, <8,54,2> ,
<8,5,4,2>',<12,4,2,1>,<12,4,2,1>",<11,5,2,1>
, <11,5,2,1>', <1143,1> , <11431> |,
<8,6,4,1> , <8,6,4,1> , <18,1> , <18,1>' ,
<154> <154>' , <14,4,1>* <11,8>,<11,8>',
<11,7,1>* , <8,7,4>* , <7,5,4,2,1>* with 7-bar
core <4,1> .Finallythe characters <19>*, <14,5>
, <14)5>' | <135/1>* |, <12,7> , <12,7>' |
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<12,6,1>* ,<12,5,2>* , <12,4,3>* , <11,5,3>*,
<10,5,4>* , <8,6,5>* , <7,6,5,1> , <7,6,5,1>" ,
<7,5,4,3>, <75,4,3>" , <6,5,4,3,1>* are in the

principal spinblock Blwith 7-bar core <5> .
3. Spin Blocks (of defect 1) B,
B. B:

All the irreducible modular spin characters in the

decomposition matrices for the spin blocks B4

- Bs + B

<A>=<A>' o 0 «
classes.Then by®™on a blocks of defect 1and the

are  self-associate®?,

)-regular

7-decomposition matrix for S18 we can find the

decomposition matrices for the blocks B4, B5

B

Lemma (3.1)

The Brauer tree for the block B4 is:
<16,2,1>* —=<9,8,2>* —<9,7,2,1> =
<9,7,2,1>'—=<9,4,3,2,1>*

Proof :Sincedeg<16,2,1>* =deg{<9,7,2,1> +
<9,72,1>}=14

deg<9,8,2>* =deg<9,4,3,2,1>* = 14

By (2,6)-inducing of p.is. D, D, D..

of Sl8 (see the Appendix) to Slggives
<16,2,1>* + <9,8,2>* = C1
<9,8,2>* +<9,7,2,1> +<9,7,2,1>' = C2

<9,7,2,1>+<9,7,2, 1> +<9,4,3,2,1>* = C3

respectively
And since on (7, & )-regular classes:
1. <9,7,2,1>=<9,7,2,1>'
2. <9,7,21>=<9,8,2>*+<9,4,3,2,1>* —
<16,2,1>*
which are given the Brauer tree of the block

B.
Lemma (3.2)

The Brauer tree for the block B5 is:

<15,3,1>*—<10,8,1>*

<8,7,3,1>—<8,5,3,2,1>x

<8,7,3,1> =




Basrah Journal of Science (A)

Vol.34(3), 120-136, 2016

Proof : Sincedeg<15,3,1>* =deg{<8,7,3,1> +
<8,7,3,1>}=7
deg<10,8,1>* =deg<8,5,3,2,1>* = -7

By (35)-inducing of p.is. Dy, Dayr Das

of 818 (see the Appendix) to Slggives
<15,3,1>* + <10,8,1>* = Cl
<10,8,1>* + <8,7,3,1> + <8,7,3,1>' = C2

<8,7,3,1> +<8,7,3,1>' + <8,5,3,2,1>* = C3

respectively
And since on (7, & )-regular classes :
1. <8,7,3,1>=<8,7,3,1>
2. <8,7,3,1>=<10,8,1>* + <8,5,3,2,1>*
—<15,3,1>*
which are given the Brauer tree of the block

B
Lemma (3.3)

The Brauer tree for the block B6 is:

<13,4,2>*—<11,6,2>*
6,4,2>=<7,6,4,2>'
Proof : Since deg<13,4,2>* =deg<9,6,4>*= 21
deg<11,6,2>* =deg{<7,6,4,2> + <7,6,4,2>} = —
21

By (4,4)-inducing of p.is. [, & (6,2)-

<9,6,4>*— <7,

inducing of p.is. D, D,.0f Sls(see the

Appendix) to S, _gives

. DS, =C,
2 DS, =C,
3 DeT7Su=C,
4 DTS, =C.
5. DT 7S, Ce

From @,we can divide 2C, by 2toget C6 :

Now we will discuss the case:C7¢ C5

suppose C,— C,
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<13,4,2>* + <11,6,2>* = C.
<11,6,2>* + <9,6,4>* = C,

2<9,6,4>* + 2<7,6,4,2> +2<7,6,4,2>'= )(,
respectively .

From @we can divide 2C,by 2to get C3

And since on (7,a)-regular classes :
1. <7,6,4,2>=<7,6,4,2>'
2. <7,6,4,2>=<9,64>*+<13,4,2>* -
<11,6,2>*
which are given the Brauer tree of the block

B:
4. Principal SpinBlock B,

All the irreducible modular spin characters in the
decomposition matrix forthe principal spin block

Bl are self-associate , - 5 -3 on (7,
a )-regular classes. Then by using the 7-

decomposition matrix for 518 we can find the

decomposition matrix for the block B1'

Lemma (4.1)

The decomposition matrix for the spin block
@
B.is D19,7 :

Proof : Using (r, ) -inducing of p.i.s. for

S, ¢ (see the Appendix) to S gives

. DS, = 2C,
7 DuT""Su=C,
5. DT S.= C.
o. D,T"7"S,=C,

But (Cs_ C7) \11(5,3)818=
D7‘|‘ Ds‘l‘ D11+ D12_D13_ D14

(see the Appendix)
is not p.s. for Sis

~Crz Cs
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Nowon (7, & )-regular classes :
1. <14,5> = <14 5>

2 <12,7> =<12,7>'

3 <7,6,5,1> =<7,6,5,1>'

4. <7,5,4,3>=<7,5,4,3>'

5 <19>* =<12,6,1>* + <12,4,3>* —
<12,5,2>* — <12,7>

6. <14,5>=<12,7> +<7,5,4,3> -
<7,6,5,1>

7. <10,5,4>* =<11,5,3>* + <7,5,4,3> —
<6,5,4,3,1>* — <12,4,3>*

8. <13,5,1>* =<12,6,1>* + <6,5,4,3,1>*
+<7,6,5,1> — <8,6,5>*

N _ @ )
The approximation matrix ngj contains at

most 17 columns since the number of the i.m.s.
is equal or less than the numberof the spin

characters.

@ @
D19,7 = R19,7

D178, = K,
D..1""S.= K.
DTS, = C.
D..T*"S.= C.

D..1""S,= K,
6. D..7""S,= K.

From @we can divide 2K, by2toget K.

A

Now on (7, & )-regular classes :

1. <10,7,2>* =<17,2> + <17,2>' +

<10,6,2,1> + <10,6,2,1>' + <10,9>

+<10,9>' - <10,4,3,2> —
<10,4,3,2>'

2. <9,7,3>* =<16,3> + <16,3>' +
<9,6,3,1> + <9,6,3,1>' — <9,5,3,2>
—<9,5,3,2>'-<10,9> — <10,9>'

3. <14,3,2>*=<10,7,2>* +
<7,6,3,2,1>* —<9,7,3>*
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5. SpinBlock(of defect2) B,
All the irreducible modular spin characters in the

decomposition matrix forthe block 83 are non
self-associate (non double)®
<A>#<A>'0n (7, & )-regular classes.

Notes :
1. The symbol e refers to main topicand
the symbol orefers to inclusive topic.
2. If we want to emphasize the number of

the irreducible modular spin characters

say N inacharacter <> .Wwe shall

write </TL>.
Theorem (5.1)

The decomposition matrix for the spin block

Proof :Using (r,F)-inducing ofpis.for § .
(see the appendix) to S, gives

7. D.TSs= C.,
8. D.T""S,=C.
9. DTS, K,
10. D, 7" S, = Cus
11. DTS, = C.e
12. D, 178, = 2K,

4. <7,6,3,2,1>*=<9,6,3,1> +
<9,6,3,1>' +<16,3> +<16,3>"
+<14,3,2>* - <10,7,2>* —
<9,5,3,2>-<9,5,3,2>"-<10,9> —
<10,9>'

The approximation matrix contains at most
22 columns since the number of the i.m.s. is
equal or less than the number of the spin
characters .

Butcontains at most 18 columns since there
are4 equations corresponding the spin

characters of Slgin B3.
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e Since <17,2>%<17,2>' on (7, « )-regular
classes.
Then either Klsplits or there are another
two columns®. Suppose that there are

another two columns, we will try to describe
these columns.

Now since : 1
1
1
2
= <9,7,2> +

wrzelg,
5

+ <10,7,1> +
4
= <8,7,3> +

<9’7’3>*\L818 )
2

+ <9,7,2> +

Then we can take the columns Y“ Y2 (see

able 1(REY))

X=0 (when X =0 we get

contradiction with assumption )
~ X =1, thenwhen Y = 0=<16,3>
=<16,3>'

Then K, mustsplittoget C,, C,
(<15,3>* —<17,1>*) isms.for G, (see
the Appendix )

26) ~ .
But (<15,3>* — <17,1>%) ’[‘ S,,is not

m.s. for Slg

~Yy#0=y=1
But <16,3> — <17,2>%<16,3>' — <17,2>'on

(7, & )-regular classes

Then K, mustsplitto get C,, C,

(see table 1( ng)y) )

But <10,9> + <17,2> — <16,3>#<10,9>" +
<17,2>'—<16,3>'on (7, & )-regular classes.

1Then the existence of the two columns lead
<kb-E3ntradiction.

<1"5'?:l><*1 must splitto get C,, C,

1 Therefore 9 correspond withi.mzs.
<13,3,2> + Cl<’1 1> o+ <1431
1 respectively.
,  @<17,2>,p<17,2>' TP -

<9-’7’%>ince <1LG,3>¢<<1£)6?32>'> on (?L, a )-rgg:;Ll(J)raﬁl’2>

classes
<10’Z+ﬁen either K2 sEIits or there are anozther
<8,7,3f0 colutns, <9.6,3> + <9,6,3>'

2Suppose that there are another two
<9,7,2slumns,we will take the previous two

columnswhen X =U = O ( see table
(3)

I( R19,7) )

Y # O (when Y = O we get
contradiction with assumption)

.. Y =1thenwhen z=0

(<14,3,1> + <17,1>* — <15,3>*) ism.s.
for S, , (see the Appendix)

But (<14,3,1> + <17,1>*— <15,3>%*)

T(Z'G) Slg is not m.s. for Slg

2#z0=>z=1
Since (<8,7,3> + <14,3,1> — <10,7,1>) is

m.s. for Sl8

. (<8,7,3> +<14,3,1> - <10,7,1>)

T(Z'G) Slg is m.s. for Slg

Then W  must be such that
W & {0, 1} (see tavle L(RG)))
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And since <1O'7’2>*~LS N <14.3.2>* e Since <10,9>%<10,9>" on (7, & )-regular
18
classesand
\L 818: 6 ofi.m.s. (see the Appendix ) 2
<10,9> =
~w=low=z=y=1 \LS <10,8>*
18

Then the existence of the two columns lead

to split K, -

K2 must Sp“t to get C3| C4

Therefore C,, C, correspond with

K4 must split to get Cg, ClO.Therefore

C,, C,, correspond with i.m.s.

»<10,9>,<10,9>' respectively.

i.m.s. p<16,3>,0<16,3>" respectively.

3)
1Rys7)
<17,2> 1 X
<17,2>' 1 X

<16,3> 1 1 y

<16,3>' 1 |1

<14,3,2>* 2 [1 1
Z |z

<13,3,2,1> 1 1
<13,3,2,1>' 1 |1
<10,9> 1 1
<10,9>'
<10,7,2>* 2 |2 |1 |1 2 |1 |1

[EEN
[EEN

<10,6,2,1> 1
<10,6,2,1>' 1
<10,4,3,2>
<10,4,3,2>'
<9,7,3>* 2 2 |1 |1 1 |1 ulu

<9,6,3,1> 2 |1
<9,6,3,1>' 2 1
<9,5,3,2>
<9,5,3,2>'
<8,6,3,2> 2
<8§,6,3,2>' 2

<7,6,3,2,1>*
Kl Kz Cs Ce Ks K4 C11 Clz Ks C15 ClG Ke Y1 Y2

PR
R

Rl

NN R

R
R

xe{01},y €{0,1},z {01}, C,s, C,, correspond withi.m.s.

Now when CS, C6 correspond withi.m.s. _
¢<9,6,3,1>,(0<9,6,3,1>' respectively .

e Since <10,4,3,2>#<10,4,3,2>' on (7, )-

ithi regular classes.
Cll, Clzcorrespond withi.m.s. 9

p<133,21>,¢0<133,2,1>" respectively,

<10,6,2,1>,¢0<10,6,2,1>" respectively,
125
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Then either ( Ksor KS) splits or there are

another two columns.Suppose that there are
another two columns,we will try to describe
these columns.

Now 2 1
since :
<13,3, = <1232 + <1332
2,1> 1>* >
3S.
2 4 2
<106, = <9,62, + <1052 + <106
2,1> 1>* 1>* 2>

IS,

1 2
<104, = <943, + <1043
3,2> 2>* A>*

IS,

Then we can take the columns Y., Y,

(see table 2(R$,))

Z #= 0 (whenZ =0 we get

contradiction with assumption)
nz=1
Since (<10,7,1> + <10,4,3,1>* —
<10,5,2,1>*) is m.s. for 818 (see the

Appendix )
.. (<10,7,1> +<10,4,3,1>* — <10,5,2,1>*)

T(Zvﬁ) Slg is m.s. for 819
-y {01}

And since <133,2,1> |, S N <106,21>
3 S, = 3 ofims.
—=>X=y=1l=x=y=z=1

= K, issplits

=The second probability lead to the first
probability. Then either K, or KK splits

(see table Z(Rl(g,)7) )

Suppose K, splitsand get C,, C,,

Therefore C,,, C,, correspond withi.m.s.

<10,432> p<10,4,3,2>" respectively.
And since <9,5,3,2>#<9,5,32>" on (7, )-
regular classes. Then either K6 splits or there
are another two columns .If there are another

two columns X X,

Then we get
Cu"'a C61 K31C9"'-1 Cle; K51 X11 X2

(18 columns)

But <8,6,3,2>%<8,6,3,2>' on (7, & )-regular
classes.

Then either K6 splits or there are another two
columns.

But with the two cases we get contradiction

with the number of columns.

If K, splitand get C,,, C,, then we get

C,....C.K,C,,...,C, @7

columns)

But <8,6,3,2>%#<8,6,3,2>' on (7, & )-regular
classes.

Then we must find another two columns, But
the number of columns becomes19,which leads
tocontradiction

- K5 mustsplitand get C.,, C,

Therefore C_, (C, correspond withi.m.s.

<10,4,32>,0<10,4,3, 2> respectively.

2(R¥)

<17,2>

126
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<17,2>'

<16,3>

<16,3>'

<14,3,2>*

<13,3,2,1>

<13,3,2,1>'

<10,9>

<10,9>'

<10,7,2>*

<10,6,2,1>

<10,6,2,1>'

<10,4,3,2>

<10,4,3,2>'

<9,7,3>*

<9,6,3,1>

<9,6,3,1>'

<9,5,3,2>

<9,5,3,2>'

i

<8,6,3,2>

<8,6,3,2>'

N R

<7,6,3,2,1>*

C1 Cz C3 C4 C5

C.

K,

C.

ClO C11C12 KS KG Yl Y2

x e{0,1},z €{0,1},
y €{0,1,2,3,4}

Since <9,5,3,2>%<9,5,3,2>'
regular classes
Then either (K, or Ke) split or there are

on (7,&)-

another two columns ®), Suppose that there are
another two columns,we will try to describe
these columns,now since:

6 3 2 2

<9,6,3,1> =<8,6,3,1>* + <9531+ <9,6,2,1>* +

>*
\L SlS
2 1 3
<9,5,3,2> =<85,3,2>* + <9432 + <95,3,1>
>* *
U
2 2 6
<8,6,3,2> = <7,6,3,2>* + <85,3,2 + <8,6,3,1>
ls > *

Then we can take the columns Y“ Y2 (see

table 3(R5y))
o Since (<8,6,3,1>* — <8,5,3,2>*) is ms.

for S, (see the Appendix)

<9,6,3>

128

(2,6) .
(<8,6,3,1>* - <8;5:312>*) T 819 1S

m.s. for 819

X2V
And since (<8,7,3>+<8,7,3>'+<8,5,3,2>*
— <8,6,3,1>%)ism.s. for SlB
(<8,7,3> + <8,7,3>'

<8,6,3,1>*) T(Z'G) S,eis msfor S (see

+ <8,53,2>*

table 3(R1(3,)7))

Y = X(©)

— X =Y (from (1)&(2))

o Since (<9,6,3> + <9,6,3>'
<7,6,3,2>*)  ism.s. for S (see the
Appendix)

(<9,6,3> + <9,6,3>'

T(Ol)slg is m.s. for Slg

X =Z@3)

- <7,6,3,2>%)
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And since (<8,6,3,1>* + <10,4,3,1>* —
<9,5,3,1>*) ism.s. for Sl8
. (<8,6,3,1>* + <10,4,3,1>* — <9,5,3,1>%)

(2,6) .
T Slgls ms. for S o
2=y
Andsince X =Y — Z = X (4)
—> Z = X (from (3)&(4))
—> X=Y =2 # 0 (Since
X #= O from assumption )
= K, is splits
Therefore Cm C18 correspond with

LMs. 5<95,3,2>,0p<9,53,2>'

respectively.

Then we get

Cu---1C121 K51C151 C161 Cl7l C18

(17 columns)

But <8,6,3,2>#<8,6,3,2>' on (7, & )-regular
classes

Then we must find another two columns,
But the number of columns become19

,which lead to contradiction
- K mustsplitand get C_,, C,,

Therefore C ,, C,, correspond withi.m.s.

0<9,5,3,2>,0<9,5,3,2>' respectively.

Since <8,6,3,2>#<8,6,3,2>' on (7, )-
regular classes.
Then either K splits or there are another

two columns®
If there are another two columns then we get
19columns,which lead to contradiction.

K6 must split to get Cm Cls.

Therefore C,,, C,, correspond

withi.m.s. ¢<8,6,3,2>,¢0<8,6,32>'

respectively.

3(RE,

<17,2> 1

<17,2>' 1

<16,3> 1 1

<16,3>' 1 1

<14,32>* 1111

<13,3,2,1> 1 1

<13,3,2,1>' 1 1

<10,9> 1

<10,9>' 1

<10,7,2>* 111|111

<10,6,2,1> 1 1

<10,6,2,1>' 1 1

<10,4,3,2> 1

<10,4,3,2>' 1

I

<9,7,3>* 111

<9,6,3,1>

[EEN
[EEN
>

<9,6,3,1>'

<9,5,3,2>

<9,5,3,2>'

<8,6,3,2>

<8,6,3,2>'

<7,6,3,2,1>*
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C.C.

C.

C.

Cs

C.

C,

Cs

C9 ClO CllClZ KS ClSCl KG Yl Y2

Then we get the columns C,, C,, ..., C,;Which are linearly independent and C— Cj is not p.s.

for §,, V1< < j <18 then the decomposition matrixfor the block B, is :

Degree

Spin
character

34560

<17,2>

34560

<17,2>'

169728

<16,3>

169728

<16,3>'

2889216

<14,3,2>*

2728704

<13,3,2,1>

2728704

<13,3,2,1>'

1244672

<10,9>

1244672

<10,9>'

55644160

<10,7,2>*

48372480

<10,6,2,1>

48372480

<10,6,2,1>'

21829632

<10/4,3,2>

21829632

<10,4,3,2>'

70946304

<9,7,3>*

94595072

<9,6,3,1>

94595072

<9,6,3,1>'

58046976

<9,5,3,2>

58046976

<9,53,2>'

58046976

<8,6,3,2>

1

1 111

58046976

<8,6,3,2>'

1

[N
[EEN

1

18191360

<7,6,3,2,1>*

d28

d29

d30

d31

d32

d33 d34 d35 d36d37 d38 d39 d40 d41d42 d43

d44

d45

6. SpinBlock (of defect 2) B,

The decomposition matrix forthe spin block B2

must have 18 columns since we found 41 i.m.s.

characters in the decomposition matrices for the

other blocks. All the irreducible modular spin

characters in this matrix are non self-associate
(non double)®,and <A>z< > on (7,

Q )-regularclasses.

L DlT(M) 819: Cl

2. DzT(O’l) 819: Cz

3. D3T(OV1)819:K Kl

4' DST(OVI) 819: CS

129

Theorem (6.1):

The decomposition matrixforthe

. (2)
block B, is Doz .
proof :Using (0,1)-inducing of p.i.s. for S (see

the Appendix)

to Slggives

D. 1S, =C.
DS, =C,
D.T*"S.= C.
D.1"S,= K,
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9. DuT"S,=C.
10. D,1"S,=C.,
11. D,S,=Cs
12. "S- C.

e Since <15,4>#<154>' on (7,a )-regular
classes.

Then either Klsplits or there are another two

columns ©.

Suppose that there are another two columns,we

will try to describe these columns.

Now since: 4
<15,4>\L SlS = <14,.4>* +
4
<14,4,1>*\L Sls = <14,4>* +
2
+ <14,3,1>'
2
<11,8>\L SlS = <10,8>* +
6
<11,7,1>*\L Sls = <11,7>* +
6
+ <11,6,1>'

Then we can take the columns Yl’ Y )

(see table 1( Rl(g,)7 )

Since (<10,8>* + <12,32,1>* -

<14,3,1>) is m.s. for 818 (see the
Appendix)
o (<10,8>% + <12321>% — <14,3,1>)

T(M) Slgis m.s. for Slg

~12Y @
And since (<14,3,1> + <8,7,3> — <10,8>*) is

m.s. for Sl8
o A
- (<14,3,1> + <8,7,3> - <10,8>%) T S.

is m.s. for Slg

13 DlST(OYl) 819: C15
14 DlﬁT(O’l) 819: ClG
15 D17T(011) SlQ = KS

SY=2Z (2
= Y=Z( from (1)&(2)
REN))

o Since (<10,7,1>-<10,8>*) is m.s. for

(see table

818 (see the Appendix)

@8 o
2 o (<107.1> <1089 G is ms.
<15,3>*

for Slg
2 2
<134,1>W >Z (3x134,1>'  +
And since (<10,8>* + <17,1>* +

<10,5,2,1>* — <10,7,1>) is m.s. for Sl8

2
<14,3,1>

<11 7% (S10,85% + <17,1>% + <10,5,2,1*

(4.4) .
i <10,7,1>)T Slg is m.s. for Sl$

<10,7,1'? 7 Z+W (4)<10,7,1>' + <11,6,1>
= Z = W (from (3)&(4))
= Z=W=Y

o Since (<15,3>* +<12,3,2,1>* — <14,3,1>)
is m.s. for 818 (see the Appendix )
o (<15,3>* +<12,3,2,1>* — <14,3,1>)

TM'A)Slgis m.s. for S

L X2 Y5

And since (<14,3,1> + <17,1>* — <15,3>%)
isms. for S .

oo (<14,3,1> + <17,1>* — <15,3>%)
T(M)Slg ism.s. for §

Y =X (6)

—> X =Y (from (5)&(6))

= X=Y=Z=W=0 (since

X # 0 from assumption)
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Then the existence of the two columns lead

tosplit KK, -

K, mustsplitsto get C,, C,

Therefore C ,, C,, correspond with i.m.s.

@<15,4>,p<15,4>" respectively.

(2)
1(R19,7
<18,1> 1
<18,1>' 1
<15,4> 1011 X
<15,4>" 1011 X
<14,4,1>* 11211 yly
<12,4,2,1> 1 1
<12,4,2,1>' 1 1
<11,8> 1011 1 YA
<11,8>" 1011 1 Z
<11,7,1>* 3(3|2|1/1 2 11 W (W
<11,5,2,1> 1 1 1 1
<11,5,2,1>' 1 1 1 1
<11,43,1> 1 1
<11,4,3,1>' 1 1
<954,1> 1 1 1
<9,54,1>' 1 1 1
<8,7,4>* 2 [ 2 2 [1]1 112
<8,6,4,1> 11 2 [ 1 2 [ 1] 2
<8,6,4,1>' 11 2 1 122
<854,2> 111
<8,5,4,2>' 111
<754,2,1>* 112
Cl CZ Kl CS C6 C7 CS KZ Cll C12 C13 C14 C15 C16 K3 Yl YZ

Since <11,8>%<11,8>" on (7, « )-regular

classes.

Then either K2 split or there are another

two columns® Suppose that there are
another two columns,we will try to describe

these columns.
Now since:

<8,7,4>* \L Sl8
<8641>], S,,

<8,6,4>

8

6

<7,6,4,1>*

Then we can take the columns Yl’ Y2

(see table 2( Rl(s,)7 ) )

Such that Z = W from table l(Rl(;)7).

the Appendix)

o Since(<8,6,3,1>* + 2<17,1>* + <9,5,3,1>*

—<8,7,3>-<87,3>)isms. for G (see

.(<8,6,3,1>* + 2<17,1>* + <9,5,3,1>* —

8
+ <8,6,4>'

1
+  <854,1>*

+

+

4

<8,7,3>

6
<8,6,3,1>*

4
+ <8,7,3>'

8
+  <864>

(4.4) .
<8,7,3>—<8,7,3>) T Slg is m.s. for

Sis
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. 2y>2h

=Yy=>hq

And since (<8,7,3>+<8,7,3>' +
<9,5,3,1>* — <8,6,3,1>*) is m.s. for Sl8

- (<8,7,3> +<8,7,3>' + <9,5,3,1>* —

<8631>) P"YG isms. for G,
- 2h>2y
= Yy >hgs

= Yy = h(from (7)&(8))

o Since (<8,7,3>+<14,3,1> - <10,7,1>) is
m.s. for Sl8 (see the Appendix )
o (<8,7,3> +<14,3,1> - <10,7,1>)

(4,4) .
T Slg is m.s. for Slg
~h>w (@
And since (<10,7,1> +<75,3,2,1> —
<8,7,3>) ism.s. for 818

.~ (<10,7,1> +<7,5,3,2,1> — <8,7,3>)

T(M)Slg is m.s. for Slg

= W = h (from (9)&(10))
—z=w=h=y

Then the existence of the two columns lead to
split |, -

- K, must split and get Cg, Clo

Therefore Cg’ Clo correspond withi.m.s.

»<11,8>,¢p<11,8>' respectively .

e Since <8,5,4,2>#<8,54,2>" on(7,X )-
regular classes.

Then either Kssplits or there are another

two columns.

If there are another two columns X L X )

then we get the columns
Cl!"'!ClBl Kgsxla X2(19

columns).which lead tocontradiction
- K gmustsplitand get C,,, C,,

Therefore C, ., (C,,correspond withi.m.s.

- W= h(0) (<85,4,2>,¢<8,5,4,2>" Tespectively.
(2)
2(R19,7
<18,1> 1
<18,1>' 1
<15,4> 1111
<15,4>" 1] 1 1
<14,4,1>* 111|111
<12,4,2,1> 1 1
<12,4,2,1>' 1 1
<11,8> 1111 1 Z
<11,8>' 11 1 1
<11,7,1>* 3 13|11 (|1]1 21111 W
<11,5,2,1> 1 1 1 1
<11,5,2,1>' 1 1 1 1
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<11,4,3,1>

<11,4,3,1>'

<9,54,1>

<9,54,1>'

<8,7,4>* 2|2

<8,6,4,1> 1|1

N
[EEN
N |-
[EEN

<

<

<8,6,4,1>' 1|1

<8,5,4,2>

<8,5,4,2>'

<7,54,2,1>*

A

Rk N

NlR(R NN
<

C.C.C.C.Cs Ce

C,

C.

KZ Cll C12 C13 C14 C15 Cl6 KS Yl

Now we will discuss the cases:
Case (1) :
Suppose Cais not subtracted from Cl.

—(<15,4><18,1> — <18,1>') is m.s.
for S "

But (<154><18,1> - <18,1>) |, G is

not m.s. for Sl8 (see the Appendix)

which lead tocontradiction

C'l: Cl_ C3 then when
C'z= Cz_ C3 (since Cl’ C2 are

associate columns ®9)
=(<15,4>"' —<18,1> — <18,1>") is m.s. for

Sio

But (<15,4>'<18,1>-<181>) |, G, is
notms. for S, (see the Appendix)

. 1

- C 2= Cz_ C4

Now suppose that C10 is not subtracted

from C'l,then C o is not subtracted from

C', (ince C'“ C'z are associate

columns (C. Bessenrodt)) .
=(<8,6,4,1> + <8,6,4,1>" — <8,7,4>*) is

m.s. for Slg

But (<8,6,4,1> + <8,6,4,1>' — <8,7,4>%)

‘L(4 4)818 is not ms. for S (see the

Appendix)
which lead to contradiction

C'=C—-C, ,C"=C—-C,

Case(2) :

133

Suppose that C18 is not subtractedfrom

Ce

=(<8,7,4>* —<8,5,4,2>) is m.s. for Slg
But (<8,7,4>*—<8,5,4,2>)\L(4‘4)Slg is

not m.s. for S18 (see the Appendix)

which lead tocontradiction

S Cle=Cu— Cy then when
C|15= ClS_ ClS (since C151 C16 are

associate columns M) = (<8,7,4>* —

<8,5,4,2>) ism.s. for 819

But (<8,7,4>* - <8151472>|) ¢(4 4) SlS is

not m.s. for Sl8 (see the Appendix)

C|15: C15_ Cl?

Then we get the columns
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i dent and the subtracti f them i
C”l! C”Z! C3l C4l CS! CG! C7l C81 C91 I@?E?n ent an ¢ stbtraction o em 18
Cll’ ClZl C13l C14l C'15

notps.for § .

Then the decomposition matrixfor the spin

C', C,,, C,; which are linearly block B, is:
D(2)
19,7
Degree Spin Decomposition matrix_for the spin block, B
character 2
4352 <18,1> 1
4352 <18,1>' 1
574464 <15,4> 111
574464 <15,4>' 1 1
4299776 <14,4,1>* 1111111
13643520 | <12,4,2,1> 1 1
13643520 | <12,4,2,1>' 1 1
3055104 <11,8> 1 1
3055104 <11,8>' 1 1
21498880 | <11,71>* |1 |1 |1 |1 |1]|1 1]1]1]1
33488640 | <11,52,1> 1 1 1 1
33488640 | <11,5,2,1>' 1 1 1 1
25798656 | <11,4,3,1> 1 1
25798656 | <11,4,3,1>' 1 1
58212352 <9,54,1> 1 1 1
58212352 | <9,5,4,1>' 1 1 1
38697984 <8,74>* | 1|1 1]1]1]1 111
70946304 | <8,6,4,1> 1]1]1 1 111
70946304 | <8,6,4,1>' 111 1 1111
49116672 <8,5,4,2> 1)1
49116672 | <8,5,4,2>' 1 1
1131520 | <7,5,4,2,1>* 111
o PP o PY'o o 9T Yo Yo P PN S0 T P o PYo P o PTo P8 PT0 P[P
Appendix

Decomposition matrices afforded by blocks of Sis modulo 7

The blocks of defect 0 of 818 are B7, BS, Bg, Blo, Bu* B12 which contain the characters
<12,5,1>,<125,1>', <11,4,2,1>*,<10,5,3>, <10,5,3>", <8,5,4,1>* respectively .

Spin
character

<18>
<18>'
<14,4>*
<13,4,1>
<13,4,1>'
<12,4,2>
<12,4,2>'
<11,7>*
<11,6,1>
<11,6,1>'

1

1
1 |1
1 |1
1 |1
1 |1

Decomposition matrix for the principal spin block, B,
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<11,5,2> 1 1
<11,5,2>' 1 1
<11,4,3> 1
<11,4,3>' 1
<9,54>

<9,5,4>'

<8,6,4> 1 |1

<8,6,4>' 1 |1

<7,6,4,1>*

<7,54,2>*

<6,54,2,1>

<6,54,2,1>'

1 1
1 1
1
1
1 1 1
1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1
1

Dl DZ D3 D4 D5 DG D7 D8 D9 DlO Dll D12 D13 Dl4 D15 D16 Dl7

Spin
character

<17,1>* 1
<15,3>* 1 1
<14,3,1>
<14,3,1>' 1 1
<12,3,2,1>* 1 1
<10,8>* 1
<10,7,1>
<10,7,1>'
<10,5,2,1>* 1 1
<10,4,3,1>*
<9,5,3,1>*
<8,7,3>
<8,7,3>' 1
<8,6,3,1>*
<8,5,3,2>*
<7,5,3,2,1>
<7,5,3,2,1>'

D19 DZO D21 D22

Decomposition matrix_for

the spin block, B,

<16,2>* 1

<9,7,2> 1 1

<9,7,2>' 1 1

<9,6,2,1>* 1 1

<9,4,3,2>* 1

D28 D29 DSO

Spin Decomposition matrix Spin

character | for the spin block, B, charactef

135

Decomposition matrix for the spin block, B,

1
1
1 1
1 1 1
1 1 1
1 1 1
2 1 1 2
1 1
1
1
D23 D24 D25 DZG D27
Spin Decomposition matrix_for
character | the spin block, B,
<15,2,1> 1
<15,2,1>' 1
<9,8,1> 1 1
<9,8,1>' 1 1
<8,7,2,1>* 1 1] 11
<8,4,3,2,1> 1
<8,4,3,2,1>'

1
D Ds2 Dsz Dy Dis D

Decomposition matrix_for the spin block,

Bs

PR e

D.s
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<13,5>* 1 <13,3,2> 1
<12,6>* 1 1 <13,3,2>' 1
<7,6,5> 1 1 <10,6,2> 1 1
<7,6,5> 1 1 <10,6,2>" 1 1
<6,5,4,3>* 1 <9,6,3> 1 1
D37 D38 D39 <9’6’3>l 1 1
<7,6,3,2>* 1 1
D40 D41 D42 D43 D44 D45
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