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Abstract 
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1. Introduction 

 
In 1912, Bernstein defined a sequence of 

linear positive operators called the Bernstein 

polynomials as: (1) 

𝛽𝑛(𝑓; 𝑥) = ∑ 𝑏𝑛,𝑘(𝑥)𝑛
𝑘=0 𝑓 (

𝑘

𝑛
) ,

𝑤ℎ𝑒𝑟𝑒  𝑏𝑛,𝑘(𝑥) = (𝑛
𝑘

)𝑥𝑘(1 − 𝑥)𝑛−𝑘,    𝑥 ∈

[0, 1]. (1.1)       

In 1932, Voronovskaya showed that the 

convergence of 𝛽𝑛(𝑓; 𝑥) to 𝑓(𝑥) as 𝑛 → ∞ is 

slow but sure. (2) 

In 1950, Szasz generalized the Bernstein 

operators to infinite interval[0, ∞), which is 

calledSzasz-Mirakyan operators defined 

as:(3) 

𝑆𝑛(𝑓(𝑡); 𝑥) = ∑ 𝑧𝑛,𝑘(𝑥)𝑓 (
𝑘

𝑛
) ,

∞

𝑘=0

    (1,2) 

where𝑧𝑛,𝑘(𝑥) =  
𝑒−𝑛𝑥(𝑛𝑥)𝑘

𝑘!
 .          

In 1962, Schurer , developed the 

Bernstein operators  from [0,1] to [0, c+1] 

define as:(4) 

𝛽𝑛,𝑐(𝑓; 𝑥) = ∑ 𝑏𝑛+𝑐,𝑘(𝑥)

𝑛+𝑐

𝑘=0 

𝑓 (
𝑘

𝑛
) ,       

𝑥 ∈ [0, 1],   𝑐 ∈ ℵ.(1.3) 

We used the notation [n] instead  [𝑛]𝑞 

where q is value or sequence and we need the 

following definitions: (5), (6) 

For 𝑛 ∈ 𝑁0  , 𝑁0 = {0, 1, 2, 3, … }.   The 

q-analogue is defined as: 

[𝑛] = {

1 − 𝑞𝑛

1 − 𝑞
𝑖𝑓    𝑛 ≠ 0  ,     𝑞 ∈ ℝ+/{1}

0𝑖𝑓𝑛 = 0    .                        

 

For 𝑛 positive integer we can write    

[𝑛] = 1 + 𝑞 + 𝑞2 + 𝑞3 + ⋯ + 𝑞𝑛−1 ; 
The 𝑞- factorial is defined as: 

[𝑛]!= {
[1][2][3] … . [𝑛]   ; 𝑛 ∈ 𝑁

1                                    ; 𝑛 = 0.  
 

The 𝑞-derivative, when 𝑞 ≠ 1, of a function 

𝑓(𝑥) is define as: 

(𝐷𝑞𝑓)(𝑥) =
𝑓(𝑞𝑥) − 𝑓(𝑥)

(𝑞 − 1)𝑥
  , 𝑥 ≠ 0. 

The formula for the 𝑞-derivative of a product 

of two functions is define as:  

𝐷𝑞(𝑢(𝑥)𝑣(𝑥)) = 𝐷𝑞(𝑢(𝑥))𝑣(𝑥)

+ 𝑢(𝑞𝑥)𝐷𝑞(𝑣(𝑥)),   
and 

𝐷𝑞
𝑛𝑓 = {

𝐷𝑞
𝑛−1(𝐷𝑓);    𝑛 ≠ 0

𝑓  ;                  𝑛 = 0
 

The 𝑞-analogue of (𝑡 − 𝑥)𝑛 is define by: 

(𝑡 − 𝑥)𝑞
𝑛 = (𝑡 − 𝑥)(𝑡 − 𝑞𝑥) 
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(𝑡 − 𝑞2𝑥) … (𝑡 − 𝑞𝑛−1𝑥). 

The 𝑞-Taylor’s formula defined as: 

𝑓(𝑡) = ∑
(𝑡 − 𝑥)𝑞

𝑘

[𝑘]!
𝐷𝑞

𝑘𝑓(𝑥)

∞

𝑘=0

. 

The q-exponential function define as: 

𝑒𝑞(𝑥) = ∑
𝑥𝑘

[𝑘]𝑞!

∞

𝑘=0

 . 

In 1987, Lupas generalized the Bernstein 

polynomials involving q-integers which 

defined as: (7)  
𝛽𝑛(𝑓, 𝑞𝑛; 𝑥) 

= ∑ 𝑏𝑛,𝑘(𝑞𝑛, 𝑥)

𝑛

𝑘=0 

𝑓 (
[𝑘]

[𝑛]
),          (1,4) 

 

where 

𝑏𝑛,𝑘(𝑞𝑛, 𝑥) = [
𝑛

𝑘
] 𝑥𝑘(1 − 𝑥)𝑞𝑛

𝑛−𝑘 , 

𝑥 ∈ [0, 1], 𝑞𝑛 ∈ (0,1), 𝑞𝑛 → 1 𝑎𝑠𝑛 → ∞. 
In 2007,Delen and Tuncaintroduced 

certain linear positive operators of Bernsten –

Szaszin two dimension defined as: 

(8)𝐿𝑛,𝑚

𝛼𝑖𝛽𝑗(𝑓(𝑡, 𝑠); 𝑥, 𝑦) 

= ∑ ∑ 𝑧𝑛,𝑘(𝑥)

𝑚

𝑝=0

∞

𝑘=0

𝑏𝑚,𝑝(𝑦) 

×𝑓 (
𝑘+𝛼1

𝑛 + 𝛽1
,

𝑝+𝛼1

𝑚 + 𝛽1
).       (1.5) 

In 2010, Mahamudovintroduced another 

type of q-Szasz-Mirakyan operators defined 

as: (9)  

𝐴𝑛(𝑓, 𝑞; 𝑥) 

= ∑ 𝑧𝑛,𝑘(𝑞; 𝑥)𝑓 (
[𝑘]𝑞

[𝑛]𝑞
) ,

∞

𝑘=0

  (1.6) 

where 

𝑧𝑛,𝑘(𝑞; 𝑥) 

=
1

𝑞𝑘(𝑘−1) 2⁄

[𝑛]𝑞
𝑘

𝑥𝑘

[𝑘]𝑞!
𝑒𝑞 (−[𝑛]𝑞

𝑥

𝑞𝑘
) 

 

and𝑞 > 1. 

In 2011,  Muraru introduce a 

generalization of the Bernstein-Schurer 

operators based on q-integers define as: (10) 

𝛽𝑛,𝑐(𝑓, 𝑞; 𝑥) = ∑ [
𝑛 + 𝑐

𝑘
]

𝑛+𝑐

𝑘=0 

𝑥𝑘(1

− 𝑥)𝑞
𝑛+𝑐−𝑘𝑓 (

[𝑘]

[𝑛]
) , 𝑥

∈ [0, 1].  
(1.7) 

In 2012, Ghadhban introduces a new 

modification define as:(11)  

𝐵𝑛(𝑓(𝑡), 𝑞𝑛; 𝑥) 

= [𝑛]𝑞𝑛
∑ 𝑧𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥) 

× ∫ 𝑓(𝑡)

[𝑘+1]𝑞𝑛 [𝑛]𝑞𝑛⁄

[𝑘]𝑞𝑛 [𝑛]𝑞𝑛⁄

𝑑𝑞𝑛
𝑡 , 

 (1.8)   

𝑞𝑛 ∈ (0,1)𝑎𝑛𝑑𝑞𝑛 → 1 𝑎𝑠𝑛 → ∞. 

In this paper, we define and study the 

following  operators : 

For𝛼 > 0 , the space of all continuous real-

valued functions on the are [0, 𝑐 + 1]×[0, ∞)    

such that    |𝑓(𝑡, 𝑠)| ≤ 𝐴𝑒𝑞
𝛼(𝑡+𝑠)

   for some 

constant 𝐴 > 0. 
Suppose that  𝑞𝑛, 𝑞̌𝑛 ∈  (0,1);   𝑞𝑛, 𝑞̌𝑛 →
1 𝑎𝑠 𝑛 → ∞, ,   and    𝑓 ∈ 𝐶𝛼([0, 𝑐 +
1]×[0, ∞))𝑥 ∈ [0,1], 𝑦 ∈ [0, ∞), 𝑐 ∈ ℵand 

for𝑞𝑛
𝑛 = 𝑎, 𝑎 < 1and (𝑞̆𝑛 − 1) =

𝑜([𝑛]−2)we define:   

𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛, ; (𝑥, 𝑦)) = [𝑛 + 1][𝑛] 

× ∑ ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)

∞

𝑝=0

𝑛+𝑐

𝑘=0

𝑧𝑛,𝑝(𝑞̌𝑛; 𝑦) 

× ∫ ∫ 𝑓

[𝑝+1]𝑞̌𝑛
[𝑛]𝑞̌𝑛

[𝑝]𝑞̌𝑛
[𝑛]𝑞̌𝑛

(

[𝑘+1]𝑞𝑛
[𝑛+1]𝑞𝑛

[𝑘]𝑞𝑛
[𝑛+1]𝑞𝑛

t, s)𝑑𝑞̌𝑛
𝑠𝑑𝑞𝑛

𝑡.   (1.9) 

We prove the convergence of 𝐹𝑛 by applying 

the Korovkin theorem, and establish 

Voronovskaja-type asymptotic formula for 

this operator. 

 

2. Preliminaries and results. 
Here we will give some of the lemmas 

and theorems, which we used in our work.  
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Lemma (2.1):(11) 

For the function𝑧𝑛,𝑘(𝑞𝑛; 𝑥) we have: 

(𝑖) ∑ 𝑧𝑛,𝑘(𝑞𝑛; 𝑥) = 1;

∞

𝑘=0

 

(𝑖𝑖) ∑[𝑘]𝑧𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥) = [𝑛]𝑥 ;  

(𝑖𝑖𝑖) ∑[𝑘]2𝑧𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥) = [𝑛]2𝑥2 + [𝑛]𝑥 ; 

(𝑖𝑣) ∑[𝑘]3𝑧𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥)

= [𝑛]3𝑥3 + (2 + 𝑞𝑛)[𝑛]2𝑥2

+ [𝑛]𝑥 . 
(𝑣) 𝑥 𝐷𝑞𝑛

𝑧𝑛,𝑘(𝑞𝑛; 𝑥) 

= ([𝑘] − [𝑛]𝑥)𝑧𝑛,𝑘 ,     
(𝑣𝑖)Suppose that   

𝜑𝑛,𝑚(𝑞𝑛; 𝑥) = ∑[𝑘]𝑚𝑧𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥), 

then 

𝜑𝑛,𝑚+1(𝑞𝑛; 𝑥) =  𝑥𝐷𝑞𝑛
𝜑𝑛,𝑚(𝑞𝑛; 𝑥) 

+[𝑛]𝑥𝜑𝑛,𝑚(𝑞𝑛; 𝑥).          

Theorem(2.1)(Korovkin theorem):(12) 
If𝑀𝑛,𝑚(𝑓(𝑡, 𝑠); 𝑥, 𝑦)be a sequence of 

linear positive operators of 2 dimensional 

space with the norm ‖. ‖ and the four 

conditions are hold: 

(𝑖) lim
𝑛,𝑚→∞

‖𝑀𝑛,𝑚(1; (𝑥, 𝑦)) − 1‖ = 0; 

(𝑖𝑖) lim
𝑛,𝑚→∞

‖𝑀𝑛,𝑚(𝑡; (𝑥, 𝑦)) − 𝑥‖ = 0; 

(𝑖𝑖𝑖) lim
𝑛,𝑚→∞

‖𝑀𝑛,𝑚(𝑠; (𝑥, 𝑦)) − 𝑦‖ = 0; 

(𝑖𝑣) lim
𝑛,𝑚→∞

‖𝑀𝑛,𝑚(𝑡2 + 𝑠2; (𝑥, 𝑦))

− (𝑥2 + 𝑦2)‖ = 0. 

Then 

‖𝑀𝑛,𝑚(𝑓(𝑡, 𝑠); (𝑥, 𝑦)) − 𝑓(𝑥, 𝑦)‖

= 0  𝑎𝑠𝑛, 𝑚 → ∞. 
For𝑚 ∈ 𝑁0, the 𝑚-th order 𝑞-moments 

(𝑇𝑛,𝑚)
2

(𝑞𝑛; 𝑥) for the operators(1.8)are 

defineas:(11) 

(𝑇𝑛,𝑚)
2

(𝑞𝑛; 𝑥) = 𝐵𝑛((𝑡 − 𝑥)𝑞𝑛
𝑚 , 𝑞𝑛; 𝑥) 

= [𝑛] ∑ 𝑆𝑛,𝑘

∞

𝑘=0

(𝑞𝑛; 𝑥) 

× ∫ (𝑡 − 𝑥)𝑞𝑛
𝑚

[𝑘+1] [𝑛]⁄

[𝑘] [𝑛]⁄

𝑑𝑞𝑛
𝑡 .    

Lemma (2.2):(11) 

        For the function(𝑇𝑛,𝑚)
2

(𝑞𝑛; 𝑥)we 

have: 

(𝑖)(𝑇𝑛,0)
2

(𝑞𝑛; 𝑥) = (𝑞𝑛 − 1)[𝑛]𝑥 + 1; 

(𝑖𝑖)(𝑇𝑛,1)
2

(𝑞𝑛; 𝑥)

=
𝑞𝑛

2 + 𝑞𝑛 − 2

[2]
𝑥 +

1

[2][𝑛]
; 

(𝑖𝑖𝑖)(𝑇𝑛,2)
2

(𝑞𝑛; 𝑥) =
2𝑞𝑛

2 − 𝑞𝑛 − 1

[3]
𝑥2 

+ 
𝑞𝑛

3 + 2𝑞𝑛
2 + 2𝑞𝑛 − 2

[3][𝑛]
𝑥 +

1

[3][𝑛]2
; 

(𝑖𝑣)(𝑇𝑛,3)
2

(𝑞𝑛; 𝑥) 

=
−2𝑞𝑛

5 + 𝑞𝑛
4 + 2𝑞𝑛 − 1

[4]
𝑥3 

+
𝑞𝑛

4 + 4𝑞𝑛
3 + 𝑞𝑛

2 − 4𝑞𝑛 − 2

[4][𝑛]
𝑥2 

+
𝑞𝑛

4 + 3𝑞𝑛
3 + 5𝑞𝑛

2 + 3𝑞𝑛 − 2

[4][𝑛]2
𝑥 +

1

[4][𝑛]3
 . 

 

3. Main results 
We need to know some properties of the 

restriction operators 

𝑄𝑛(𝑓(𝑡), 𝑞𝑛; 𝑥) 

≡ 𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦))|𝑠=0 

in the study of the operators 𝐹𝑛. We do not 

find a study give as this object, so, we firstly 

study the operators 𝑄𝑛 as follows:  

𝑄𝑛(𝑓(𝑡), 𝑞𝑛; 𝑥) = [𝑛 + 1]𝑞𝑛
 

× ∑ 𝑏𝑛+𝑐,𝑘

𝑛+𝑐

𝑘=0

(𝑞𝑛; 𝑥) 

× ∫ 𝑓(𝑡)

[𝑘+1]𝑞𝑛 [𝑛+1]𝑞𝑛
⁄

[𝑘]𝑞𝑛 [𝑛+1]𝑞𝑛⁄

𝑑𝑞𝑛
𝑡. (3.1) 
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Lemma(3.1):    
For the weight functions 𝑏𝑛,𝑘(𝑞𝑛; 𝑥), 

we have: 
(1) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐

𝑘=0 = 1; 

(2) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐
𝑘=0 [𝑘] = [𝑛 + 𝑐]𝑥; 

(3) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐
𝑘=0 [𝑘]2 

= [𝑛 + 𝑐]𝑥 

+𝑞𝑛[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2; 
(4) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐

𝑘=0 [𝑘]3 

= [𝑛 + 𝑐]𝑥 + (2 + 𝑞)𝑞[𝑛 + 𝑐] 
×[𝑛 + 𝑐 − 1]𝑥2 

+𝑞3[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 
×[𝑛 + 𝑐 − 2]𝑥3; 

(5) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐
𝑘=0 [𝑘]4 

= [𝑛 + 𝑐]𝑥 + (3𝑞𝑛 + 3𝑞𝑛
2 + 𝑞𝑛

3) 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

+(3𝑞3 + 2𝑞4 + 𝑞5)[𝑛 + 𝑐] 
×[𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

+𝑞6[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2] 
×[𝑛 + 𝑐 − 3]𝑥4; 

(6) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐
𝑘=0 [𝑘]5 

= [𝑛 + 𝑐]𝑥 

+(4𝑞𝑛 + 6𝑞𝑛
2 + 4𝑞𝑛

3 + 𝑞𝑛
4) 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

+(6𝑞𝑛
3 + 8𝑞𝑛

4 + 7𝑞𝑛
5 + 3𝑞𝑛

6 + 𝑞𝑛
7) 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

+(4𝑞𝑛
6 + 3𝑞𝑛

7 + 2𝑞𝑛
8 + 𝑞𝑛

9) 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2] 
×[𝑛 + 𝑐 − 3]𝑥4 

+𝑞𝑛
10[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2][𝑛 + 𝑐 − 3] 
×[𝑛 + 𝑐 − 4]𝑥5. 

Proof: 

We can get (1), (2) by using the direct 

computation, 

(3) ∑ 𝑏𝑛+𝑐,𝑘(𝑞𝑛; 𝑥)𝑛+𝑐
𝑘=0 [𝑘]2 

= ∑
[𝑛 + 𝑐]!

[𝑘]! [𝑛 + 𝑐]!
𝑥𝑘(1 − 𝑥)𝑞

𝑛−𝑘

𝑛+𝑐

𝑘=1

[𝑘]2 

= ∑
[𝑛 + 𝑐]!

[𝑘 − 1]! [𝑛 + 𝑐]!
𝑥𝑘(1 − 𝑥)𝑞

𝑛−𝑘

𝑛+𝑐

𝑘=1

 

×(1 + 𝑞[𝑘 − 1]) 

= ∑
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]!

[𝑘 − 1]! [𝑛 + 𝑐]!
𝑥𝑘(1 − 𝑥)𝑞

𝑛−𝑘

𝑛+𝑐

𝑘=1

 

+ ∑
[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]!

[𝑘 − 1]! [𝑛 + 𝑐]!

𝑛+𝑐

𝑘=2

 

= [𝑛 + 𝑐]𝑥 ∑ 𝑏𝑛+𝑐−1,𝑘(𝑞𝑛; 𝑥)

𝑛+𝑐−1

𝑘=0

 

+𝑞[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

× ∑ 𝑏𝑛+𝑐−2,𝑘(𝑞𝑛; 𝑥)

𝑛+𝑐−2

𝑘=0

 

= [𝑛 + 𝑐]𝑥 + 𝑞[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2; 

By the same way we get (4), (5) and (6). 

Lemma (3.2): 

For 𝑥 ∈ [0, 𝑐 + 1]the following conditions 

are holds 
(1)𝑄𝑛(1, 𝑞𝑛; 𝑥) = (𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥 + 1 

→ 1  𝑎𝑠  𝑛 → ∞ ; 

(2)𝑄𝑛(𝑡, 𝑞𝑛; 𝑥) =
1

[2][𝑛 + 1]
 

+ 
𝑞𝑛

2 + 2𝑞𝑛 − 1

[2][𝑛 + 1]
[𝑛 + 𝑐]𝑥 

+
(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

→ 𝑥  𝑎𝑠  𝑛 → ∞ ;               

(3)𝑄𝑛(𝑡2, 𝑞𝑛; 𝑥) =  
1

[3][𝑛 + 1]2
 

+ 
𝑞𝑛

3 + 3𝑞𝑛
2 + 3𝑞𝑛 − 1

[3][𝑛 + 1]2
[𝑛 + 𝑐]𝑥 

+
𝑞𝑛

5 + 2𝑞𝑛
4 + 3𝑞𝑛

3 − 𝑞𝑛
2 − 2𝑞𝑛

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 
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+
𝑞𝑛

3(𝑞3
𝑛

− 1)

[3][𝑛 + 1]2
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2]𝑥3 →   𝑥2  𝑎𝑠  𝑛 →   ∞ ; 

(4)𝑄𝑛(𝑡3, 𝑞𝑛; 𝑥) =   
1

[4][𝑛 + 1]3
 

+
𝑞𝑛

4 + 4𝑞𝑛
3 + 6𝑞𝑛

2 + 4𝑞𝑛 − 1

[4][𝑛 + 1]3
[𝑛 + 𝑐]𝑥 

+
𝑞𝑛

7+3𝑞𝑛
6 + 7𝑞𝑛

5 + 8𝑞𝑛
4 + 3𝑞𝑛

3 + 3𝑞𝑛
2 − 3𝑞𝑛

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

+
𝑞𝑛

9 + 2𝑞𝑛
8 + 3𝑞𝑛

7 + 4𝑞𝑛
6 − 𝑞𝑛

5 − 2𝑞𝑛
4 − 3𝑞𝑛

3

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

+
𝑞𝑛

6(𝑞𝑛 − 1)

[4][𝑛 + 1]3
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2][𝑛 + 𝑐 − 3]𝑥4 ; 

(5)𝑄𝑛(𝑡4, 𝑞𝑛; 𝑥) =
1

[5][𝑛 + 1]4
 

+
𝑞𝑛

5 + 5𝑞𝑛
4 + 10𝑞𝑛

3 + 10𝑞𝑛
2 + 5𝑞𝑛 − 1

[5][𝑛 + 1]4
 

×[𝑛 + 𝑐]𝑥 

+

{
𝑞𝑛

9 + 4𝑞𝑛
8 + 11𝑞𝑛

7 + 19𝑞𝑛
6 + 25𝑞𝑛

5

+19𝑞𝑛
4 + 9𝑞𝑛

3 − 6𝑞𝑛
2 − 4𝑞𝑛

}

[5][𝑛 + 1]4
 

× [𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

+

{
𝑞𝑛

12 + 3𝑞𝑛
11 + 7𝑞𝑛

10 + 5𝑞𝑛
9 + 16𝑞𝑛

8 + 14𝑞𝑛
7

+15𝑞𝑛
6 − 7𝑞𝑛

5 − 8𝑞𝑛
4 − 6𝑞𝑛

3 }

[5][𝑛 + 1]4
 

× [𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

+

{
𝑞𝑛

14 + 2𝑞𝑛
13 + 3𝑞𝑛

12 + 4𝑞𝑛
11 + 5𝑞𝑛

10

−𝑞𝑛
9 − 2𝑞𝑛

8 − 3𝑞𝑛
7 − 4𝑞𝑛

6 }

[5][𝑛 + 1]4
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2] 
×[𝑛 + 𝑐 − 3]𝑥4 

+
𝑞𝑛

10(𝑞𝑛
5 − 1)

[5][𝑛 + 1]4
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2][𝑛 + 𝑐 − 3][𝑛 + 𝑐 − 4]𝑥5 . 
Proof: 

Using Lemma (3.1), our consequences hold 

immediately.  

       For𝑚 ∈ 𝑁0, we define  the𝑚-th order 

𝑞-moments (𝑈𝑛,𝑚)
2

(𝑞𝑛; 𝑥) for the 

operators(3.1)as: 

(𝑈𝑛,𝑚)
2

(𝑞𝑛; 𝑥) = [𝑛 + 1] 

× ∑ 𝑏𝑛+𝑐,𝑘

𝑛+𝑐

𝑘=0

(𝑞𝑛; 𝑥) 

× ∫ (𝑡 − 𝑥)𝑞𝑛
𝑚

[𝑘+1] [𝑛+1]⁄

[𝑘] [𝑛+1]⁄

𝑑𝑞𝑛
𝑡 .    (3.2) 

 

Lemma (3.3): 

        For the function(𝑈𝑛,𝑚)
2

(𝑞𝑛; 𝑥) ,  we 

have: 

(1)(𝑈𝑛,0)
2

(𝑞𝑛; 𝑥) = (𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥 + 1; 

(2)(𝑈𝑛,1)
2

(𝑞𝑛; 𝑥) =
1

[2][𝑛 + 1]
 

+ (
(𝑞𝑛

2 + 2𝑞𝑛 − 1)

[2][𝑛 + 1]
[𝑛 + 𝑐] − 1) 𝑥 

+ (
(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]

− (𝑞𝑛 − 1) [𝑛 + 𝑐]) 𝑥2; 

(3)(𝑈𝑛,2)
2

(𝑞𝑛; 𝑥) =
1

[3][𝑛 + 1]2
 

+
(𝑞𝑛

3 + 2𝑞𝑛
2 + 3𝑞𝑛 − 1)

[3][𝑛 + 1]2
[𝑛 + 𝑐]𝑥 

−
(1 + 𝑞𝑛)

[2][𝑛 + 1]
𝑥 

+
(𝑞𝑛

5 + 2𝑞𝑛
4 + 3𝑞𝑛

3 − 𝑞𝑛
2 − 2𝑞𝑛)

[3][𝑛 + 1]2
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×[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

−
(1 + 𝑞𝑛)(𝑞𝑛

2 + 2𝑞𝑛 − 1)

[2][𝑛 + 1]
 

×([𝑛 + 𝑐] + 𝑞)𝑥2 

+
(𝑞𝑛

6 − 𝑞𝑛
3)

[3][𝑛 + 1]2
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2]𝑥3 

−
(𝑞𝑛

3−𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥3 

+𝑞𝑛(𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥3; 

(4)(𝑈𝑛,3)
2

(𝑞𝑛; 𝑥) =
1

[4][𝑛 + 1]3
 

(𝑞𝑛
4 + 4𝑞𝑛

3 + 6𝑞𝑛
2 + 4𝑞𝑛 − 1)[𝑛 + 𝑐]

[4][𝑛 + 1]3
𝑥 

−
(1 + 𝑞𝑛 + 𝑞𝑛

2)

[3][𝑛 + 1]2
𝑥 

+
(𝑞𝑛

7+3𝑞𝑛
6 + 7𝑞𝑛

5 + 8𝑞𝑛
4 + 3𝑞𝑛

3 + 3𝑞𝑛
2 − 3𝑞𝑛)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

− 
(𝑞𝑛

5 + 4𝑞𝑛
4 + 7𝑞𝑛

3 + 5𝑞𝑛
2 + 2𝑞𝑛 − 1)

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐]𝑥2 

+
(𝑞𝑛 + 𝑞𝑛

2 + 𝑞𝑛
3)

[2][𝑛 + 1]
𝑥2 

+
(𝑞𝑛

9 + 2𝑞𝑛
8 + 3𝑞𝑛

7 + 4𝑞𝑛
6 − 𝑞𝑛

5 − 2𝑞𝑛
4 − 3𝑞𝑛

3)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

− 
(𝑞𝑛

7 + 3𝑞𝑛]
6 + 6𝑞𝑛

5 + 4𝑞𝑛
4 − 3𝑞𝑛

2 − 2𝑞𝑛)

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥3 

+
(𝑞𝑛

5 + 3𝑞𝑛
4 + 2𝑞𝑛

3 + 𝑞𝑛
2 − 𝑞𝑛)

[2][𝑛 + 1]
 

×[𝑛 + 𝑐]𝑥3 − 𝑞𝑛
3𝑥3 

+
(𝑞𝑛

7 − 𝑞𝑛
6)

[4][𝑛 + 1]3
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2][𝑛 + 𝑐 − 3]𝑥4 

−
(1 + 𝑞𝑛 + 𝑞𝑛

2)(𝑞𝑛
6 − 𝑞𝑛

3)

[3][𝑛 + 1]2
[𝑛 + 𝑐] 

×[𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥4 

+
(𝑞𝑛 + 𝑞𝑛

2 + 𝑞𝑛
3)(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐] 

×[𝑛 + 𝑐 − 1]𝑥4 

−𝑞𝑛
3((𝑞𝑛 − 1)[𝑛 + 𝑐])𝑥4; 

(5)(𝑈𝑛,4)
2

(𝑞𝑛; 𝑥) =
1

[5][𝑛 + 1]4
 

+
(𝑞𝑛

5 + 5𝑞𝑛
4 + 10𝑞𝑛

3 + 10𝑞𝑛
2 + 4𝑞𝑛 − 1)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐]𝑥 −
(1 + 𝑞𝑛 + 𝑞𝑛

2 + 𝑞𝑛
3)

[4][𝑛]3
𝑥 

+

(
𝑞𝑛

9 + 4𝑞𝑛
8 + 11𝑞𝑛

7 + 19𝑞𝑛
6 + 25𝑞𝑛

5

+19𝑞𝑛
4 + 9𝑞𝑛

3 − 6𝑞𝑛
2 − 4𝑞𝑛

)

[5][𝑛 + 1]4
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

−
(1 + 𝑞𝑛 + 𝑞𝑛

2 + 𝑞𝑛
3)(𝑞𝑛

4 + 4𝑞𝑛
3 + 6𝑞𝑛

2 + 4𝑞𝑛 − 1)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐]𝑥2 
 

+
(𝑞𝑛 + 𝑞𝑛

2 + 2𝑞𝑛
3 + 𝑞𝑛

4 + 𝑞𝑛
5)

[3][𝑛 + 1]2
𝑥2 

+

{
𝑞𝑛

12 + 3𝑞𝑛
11 + 7𝑞𝑛

10 + 5𝑞𝑛
9 + 16𝑞𝑛

8

+14𝑞𝑛
7 + 15𝑞𝑛

6 − 7𝑞𝑛
5 − 8𝑞𝑛

4 − 6𝑞𝑛
3}

[5][𝑛 + 1]4
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥3 

−

{
(1 + 𝑞𝑛 + 𝑞𝑛

2 + 𝑞𝑛
3)

×(𝑞𝑛
6 + 3𝑞𝑛

5 + 7𝑞𝑛
4 + 8𝑞𝑛

3 + 5𝑞𝑛
2 − 3𝑞𝑛 − 3)

}

[4][𝑛]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥3 
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+ 

{
(𝑞𝑛 + 𝑞𝑛

2 + 2𝑞𝑛
3 + 𝑞𝑛

4 + 𝑞𝑛
5)

×(𝑞𝑛
3 + 3𝑞𝑛

2 + 3𝑞𝑛 − 1)[𝑛 + 𝑐]
}

[3][𝑛 + 1]2
𝑥3 

−
(𝑞𝑛

3 + 𝑞𝑛
4 + 𝑞𝑛

5 + 𝑞𝑛
6)

[2][𝑛]
𝑥3 

+

{
𝑞𝑛

14 + 2𝑞𝑛
13 + 3𝑞𝑛

12 + 4𝑞𝑛
11 + 5𝑞𝑛

10

−𝑞𝑛
9 − 2𝑞𝑛

8 − 3𝑞𝑛
7 − 4𝑞𝑛

6 }

[5][𝑛 + 1]4
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2] 
×[𝑛 + 𝑐 − 3]𝑥4 

−

(1 + 𝑞𝑛 + 𝑞𝑛
2 + 𝑞𝑛

3)

(𝑞𝑛
9 + 2𝑞𝑛

8 + 3𝑞𝑛
7 + 4𝑞𝑛

6 − 𝑞𝑛
5 − 2𝑞𝑛

4 − 3𝑞𝑛
3)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥4 

+

(𝑞𝑛 + 𝑞𝑛
2 + 2𝑞𝑛

3 + 𝑞𝑛
4 + 𝑞𝑛

5)

×(𝑞𝑛
5 + 2𝑞𝑛

4 + 3𝑞𝑛
3 − 𝑞𝑛

2 − 2𝑞𝑛)

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥4 

− 
(𝑞𝑛

3 + 𝑞𝑛
4 + 𝑞𝑛

5 + 𝑞𝑛
6)(𝑞𝑛

2 + 2𝑞𝑛 − 1)

[2][𝑛 + 1]
 

×([𝑛 + 𝑐] + 𝑞𝑛
6)𝑥4 

+
𝑞𝑛

10(𝑞𝑛
5 − 1)

[5][𝑛 + 1]4
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2][𝑛 + 𝑐 − 3][𝑛 + 𝑐 − 4]𝑥5 

−
𝑞𝑛

6(𝑞𝑛 − 1)(1 + 𝑞𝑛 + 𝑞𝑛
2 + 𝑞𝑛

3)

[4][𝑛 + 1]3
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2] 
×[𝑛 + 𝑐 − 3]𝑥5 

+
(𝑞𝑛 + 𝑞𝑛

2 + 2𝑞𝑛
3 + 𝑞𝑛

4 + 𝑞𝑛
5)𝑞𝑛

3(𝑞𝑛 − 1)

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1][𝑛 + 𝑐 − 2]𝑥5 

−
(𝑞𝑛

3 + 𝑞𝑛
4 + 𝑞𝑛

5 + 𝑞𝑛
6)(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥5 

+𝑞𝑛
6(𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥5. 

Proof: 

 Byeasy evaluation the consequence 

(1) can be follows:  

(2) (𝑈𝑛,1)
2

(𝑞𝑛; 𝑥) = 𝑄𝑛((𝑡 − 𝑥)𝑞𝑛
1 , 𝑞𝑛; 𝑥) 

= 𝑄𝑛(𝑡, 𝑞𝑛; 𝑥) − 𝑥𝑄𝑛(1, 𝑞𝑛; 𝑥) 

=
1

[2][𝑛 + 1]
+  

𝑞𝑛
2 + 2𝑞𝑛 − 1

[2][𝑛 + 1]
[𝑛 + 𝑐]𝑥 

+
(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

−𝑥((𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥 + 1) 

=
1

[2][𝑛 + 1]
 

+ (
(𝑞𝑛

2 + 2𝑞𝑛 − 1)

[2][𝑛 + 1]
[𝑛 + 𝑐] − 1) 𝑥 

+
(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

−(𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥2; 

By the same way, we can evaluate (3), (4) 

and (5). 

The 

operators𝑭𝒏(𝒇(𝒕, 𝒔), 𝒒
𝒏

, 𝒒̌
𝒏
; (𝒙, 𝒚)): 

The first result shows that the operators 

𝐹𝑛(𝑓, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦))converges to the function 

𝑓(𝑥, 𝑦) as𝑛 → ∞, (see the equation (1.9)). 

Lemma (3.4): 

For the operators 𝐹𝑛 the following 

conditions are hold: 

(1) lim
𝑛→∞

‖𝐹𝑛(1, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 1‖𝐶𝛼
= 0; 

(2) lim
𝑛→∞

‖𝐹𝑛(𝑡, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 𝑥‖𝐶𝛼
= 0; 

(3) lim
𝑛→∞

‖𝐹𝑛(𝑠, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 𝑦‖𝐶𝛼
= 0; 

(4) lim
𝑛→∞

‖𝐹𝑛(𝑡2 + 𝑠2, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦))

− (𝑥2 + 𝑦2)‖
𝐶𝛼

= 0. 

Proof: 

By using Lemma (2.1) and the direct 

computation, we have:  

(1) lim
𝑛→∞

‖𝐹𝑛(1, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 1‖𝐶𝛼
  

= lim
𝑛→∞

‖ [𝑛 + 1] 

× ∑ 𝑏𝑛,𝑘(𝑞𝑛; 𝑥) (
1 + [𝑘](𝑞𝑛 − 1)

[𝑛]
)

𝑛+𝑐

𝑘=0

 

×[𝑛] ∑ 𝑧𝑛,𝑝(𝑞̌𝑛; 𝑦)

∞

𝑝=0

 

× (
1 + [𝑝](𝑞̌𝑛 − 1)

[𝑛]
)  −1 ‖

𝐶𝛼

 

= lim
𝑛→∞

‖(𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥 + 1 

×((𝑞̌𝑛 − 1)[𝑛]𝑦 + 1) − 1‖
𝐶𝛼

= 0 
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(2) lim
𝑛→∞

‖𝐹𝑛(𝑡, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 𝑥‖
𝐶𝛼

 

 

= lim
𝑛→∞

‖{
1

[2][𝑛 + 1]
+  

𝑞𝑛
2 + 2𝑞𝑛 − 1

[2][𝑛 + 1]
 

×[𝑛 + 𝑐]𝑥 +
(𝑞𝑛

3 − 𝑞𝑛)

[2][𝑛 + 1]
[𝑛 + 𝑐] 

×[𝑛 + 𝑐 − 1]𝑥2 } 

×(1 + (𝑞̌𝑛 − 1)[𝑛]𝑦) −𝑥 ‖
𝐶𝛼

 

By using the same technique of (2) we can 

get the consequence (3) . 

(4) lim
𝑛→∞

‖𝐹𝑛(𝑡2 + 𝑠2, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦))

− (𝑥2 + 𝑦2)‖𝐶𝛼
 

= lim
𝑛→∞

‖ [𝑛][𝑛 + 1] ∑ 𝑏𝑛,𝑘(𝑞𝑛; 𝑥)

𝑛+𝑐

𝑘=0

 

× ∑ 𝑧𝑛,𝑝(𝑞̌𝑛; 𝑦)

∞

𝑝=0

 

× ∫ ∫ (𝑡2 + 𝑠2)

[𝑝+1]

[𝑛]

[𝑝]

[𝑛]

[𝑘+1]

[𝑛+1]

[𝑘]

[𝑛+1]

𝑑𝑞̌𝑛
𝑠 𝑑𝑞𝑛

𝑡 

−(𝑥2 + 𝑦2) ‖
𝐶𝛼

 

= lim
𝑛→∞

‖
1

[3][𝑛 + 1]2
 

+ 
𝑞𝑛

3 + 3𝑞𝑛
2 + 3𝑞𝑛 − 1

[3][𝑛 + 1]2
[𝑛 + 𝑐]𝑥 

+
𝑞𝑛

5 + 2𝑞𝑛
4 + 3𝑞𝑛

3 − 𝑞𝑛
2 − 2𝑞𝑛

[3][𝑛 + 1]2
 

×[𝑛 + 𝑐][𝑛 + 𝑐 − 1]𝑥2 

+
𝑞𝑛

3(𝑞3
𝑛

− 1)

[3][𝑛 + 1]2
[𝑛 + 𝑐][𝑛 + 𝑐 − 1] 

×[𝑛 + 𝑐 − 2]𝑥3((𝑞̌𝑛 − 1)[𝑛]𝑦 + 1) 

+((𝑞𝑛 − 1)[𝑛 + 𝑐]𝑥 + 1) 

× {
(𝑞̌𝑛

3 − 1)

[3][𝑛]2
([𝑛]3𝑦3 

+(2 + 𝑞̌𝑛)[𝑛]2𝑦2 + [𝑛]𝑦) 

+
3𝑞̌𝑛

2

[3][𝑛]2
([𝑛]2𝑦2 + [𝑛]𝑦) 

+
3𝑞̌𝑛

[3][𝑛]2
([𝑛]𝑦) +

1

[3][𝑛]2
} 

−(𝑥2 + 𝑦2) ‖
𝐶𝛼

= 0 

Therefore , by Theorem (2.1) we get:  

‖𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) − 𝑓(𝑥, 𝑦)‖
𝐶𝛼

 

= 0  𝑎𝑠𝑛 → ∞. ∎ 

 

Theorem (3.1): 

For 𝑓 ∈ 𝐶𝛼, and suppose that 
𝑓𝑥𝑥(𝑥,𝑦)

𝜕𝑞
2𝑥

,
𝑓𝑦𝑦(𝑥,𝑦)

𝜕𝑞
2𝑦

 

and 
𝑓𝑥𝑦(𝑥,𝑦)

𝜕𝑞𝑥𝜕𝑞𝑦
 are exist and continuous at a 

point(𝑥, 𝑦) ∈ ([0, 𝑐 + 1]×[0,∞)), then: 
 

lim
𝑛→∞

[𝑛](𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

−𝑓(𝑥, 𝑦)) 

=
1

2
𝑓𝑥(𝑥, 𝑦) +

1

2
(𝑥, 𝑦) +

1

4
𝑓𝑥𝑦(𝑥, 𝑦) 

+
1

2
𝑦𝑓𝑦𝑦(𝑥, 𝑦). 

Proof: 
By q-Taylor's formula (13)for 𝑓 ∈  𝐶𝛼, about 

the point  (𝑥, 𝑦) we have: 

𝑓(𝑡, 𝑠) = 𝑓(𝑥, 𝑦) + 𝑓𝑥(𝑥, 𝑦)(𝑡 − 𝑥) 

+𝑓𝑦(𝑥, 𝑦)(𝑠 − 𝑦) +
1

2
{𝑓𝑥𝑥(𝑥, 𝑦)(𝑡 − 𝑥)2 

+2𝑓𝑥𝑦(𝑡 − 𝑥)(𝑠 − 𝑦) + 𝑓𝑦𝑦(𝑥, 𝑦)(𝑠 − 𝑦)2} 

+𝜑(𝑡, 𝑠; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 
where𝜑(𝑡, 𝑠; (𝑥, 𝑦)): = 𝜑(𝑡, 𝑠) is a function 

in the space𝐶𝛼([0, 𝑐 + 1]×[0,∞)) and 

𝜑(𝑡, 𝑠) → (0,0) as (𝑡, 𝑠) → (𝑥, 𝑦) 

thus𝜑(𝑥, 𝑦) = (0,0). 

𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

= 𝑓(𝑥, 𝑦)𝐹𝑛(1, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

+𝑓𝑥(𝑥, 𝑦)𝐹𝑛 ((𝑡 − 𝑥), 𝑞𝑛; 𝑥)

+ 𝑓𝑦(𝑥, 𝑦)𝐹𝑛((𝑠 − 𝑦), 𝑞̌𝑛; 𝑦)) 

+
1

2
𝑓𝑥𝑥(𝑥, 𝑦)𝐹𝑛((𝑡 − 𝑥)2, 𝑞𝑛; 𝑥) 

+𝑓𝑥𝑦(𝑥, 𝑦)𝐹𝑛((𝑡 − 𝑥)(𝑠 − 𝑦), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

+
1

2
𝑓𝑦𝑦(𝑥, 𝑦)𝐹𝑛((𝑠 − 𝑦)2, 𝑞̌𝑛; 𝑦) 

+𝐹𝑛 (𝜑(𝑡, 𝑠)√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)). 

Using Lemmas (2.2) and (3.3) we have: 

lim
𝑛→∞

[𝑛](𝐹𝑛(𝑓(𝑡, 𝑠), 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 
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−𝑓(𝑥, 𝑦)) 

= 𝑓𝑥(𝑥, 𝑦) (
1

2
) + 𝑓𝑦(𝑥, 𝑦) (

1

2
) +

1

4
𝑓𝑥𝑦(𝑥, 𝑦) 

+
1

2
𝑦𝑓𝑦𝑦(𝑥, 𝑦) 

+ lim
𝑛→∞

[𝑛]𝐹𝑛(𝜑(𝑡, 𝑠) 

×√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)). 

To complete the proof, we must show that 

the term  

[𝑛]𝐹𝑛(𝜑(𝑡, 𝑠) 

×√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

→ (0,0)as𝑛 → ∞. 
By using Cauchy-Schwartz inequality, we 

get: 

‖𝐹𝑛(𝜑(𝑡, 𝑠) 

×√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦))‖ 

≤ |𝐹𝑛(𝜑2(𝑡, 𝑠), 𝑞𝑛 , 𝑞̌𝑛; (𝑥, 𝑦)|
1
2 

×|𝐹𝑛((𝑡 − 𝑥)4, 𝑞𝑛; 𝑥)

+ 𝐹𝑛((𝑠 − 𝑦)4, 𝑞̌𝑛; 𝑦)|
1

2 

By the properties of 𝜑(𝑡, 𝑠) = (0,0) 𝑎𝑠 𝑡 →
𝑥 𝑎𝑛𝑑 𝑠 → 𝑦  we get  𝐹𝑛(1, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) =
𝜑2(𝑥, 𝑦)=0 

Therefore, 

lim
𝑛→∞

[𝑛]𝐹𝑛(𝜑(𝑡, 𝑠) 

×√(𝑡 − 𝑥)4 + (𝑠 − 𝑦)4, 𝑞𝑛, 𝑞̌𝑛; (𝑥, 𝑦)) 

→ (0,0)as𝑛 → ∞. 
Hence, the proof of the Theorem is complete. 

∎ 
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 لدوال بمتغيرين q-BernsteinSchurer-SzaszMirakyanالتقريب باستخدام مؤثرات 

 
 مرفاه فؤاد كاظ        و  د    علي جاسم محم

 العراق.-الرياضيات، بصرة جامعة البصرة، كلية التربية للعلوم الصرفة، قسم
  

 

 الخلاصة

 

وهي  Bernstein  Schurer – SzaszMirakyanتكامل لـ -في بحثنا هذا، عرفنا مؤثرات من النمط مجموع 

𝐹𝑛  في فضاء ثنائي البعد. أولا، سنقصر المؤثر فيBernsteinSchurer  وندرس هذا القصر وهو𝑄𝑛 ثم نناقش تقارب .
 لهذا المؤثر. Voronovskayaالمؤثرونبرهن الصيغة المشابهه لـ 

 


