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Abstract
In this paper, we define operators of summation-integral g-type of BernsteinSchurer —
SzaszMirakyan operators F, in two dimensional space. Firstly we restrict the operators in
BernsteinSchurer operators and study the restriction@,,, then we discuss the convergence for the
operators and then we prove a VVoronovskaya- type asymptotic formula for this operators.
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1. Introduction

In 1912, Bernstein defined a sequence of
linear positive operators called the Bernstein
polynomials as:

Balfi2) = X i) f ()

where by (x) = (1)x*(1 —x)"*, xe€

[0,1]. (1.1)

In 1932, Voronovskaya showed that the

convergence of B,(f;x) to f(x) asn - o is
slow but sure. @

In 1950, Szasz generalized the Bernstein

operators to infinite interval[0, o), which is

calledSzasz-Mirakyan operators defined
as:®
S k
Su(f @0 = ) 2 @f (), (12)
_k=0 .
wherez, , (x) = < k(lnx)

In 1962, Schurer , developed the
Bernstein operators from [0,1] to [0, c+1]
define as:®

94

b= S s (1),
k=0

x €[0,1], c € X(1.3)
We used the notation [n] instead [n],
where g is value or sequence and we need the
following definitions: ©: ®
Forne N°, N°={0,1,2,3,..}. The
g-analogue is defined as:

L@ k0 € R*/{1)
m={1=¢7 "*0 1
0ifn=0

For n positive integer we can write
[nl=14+qg+q¢*+q>+-+q"*;
The g- factorial is defined as:
[1][2][3] ....[n] ;mEN
':
[n]! {1 in=0.
The g-derivative, when g # 1, of a function

f(x) is define as:
_ flgx) — f(x)
(qu) (x) = (q——l)x

The formula for the g-derivative of a product
of two functions is define as:

Dg (u(x)v(x)) =D, (u(x))v(x)
+u(gx)Dy(v(x)),

,x + 0.

and
DI Y(Df); n#0
D f = { q 4
af f; n=20
The g-analogue of (t — x)™ is define by:
(t —x)g = (t —x)(t — qx)
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(t —q*x) ...(t — q" 1x).
The q-Taylor’s formula defined as:

_ k
Fo = s,

[k]!
k=0
The g-exponential function define as:
e,(x) = z .
I LdPL

k=0
In 1987, Lupas generalized the Bernstein
polynomials involving g-integers which
defined as: )

Bn(f) Gn; xT)l

k
= z bn,k(qw X)f <%>l
k=0

(1,4)

where

by i (Gn, x) —[ ] k(l X)Zl;k

x €[0,1],9, € (0,1),q, » 1 asn — oo.
In 2007,Delen and Tuncaintroduced
certain linear positive operators of Bernsten —

Szaszin two dimension defined as:
Ol (6,5):,)
Z Z an(x) bmp(y)
k+a; p+ag
. 1.
Xf(n+ﬁl’m+ﬁ1> ( 5)

In 2010, Mahamudovintroduced another

type of g-Szasz-Mirakyan operators defined
as: ©

Ay (f,q;x)

N [K],
= 2 mil@0f (prt) 16
q

k=0
where

Zn,k(q; x)
B 1 [n]quk
- qk(k—l)/z [k]q!

(o1, )

andg > 1.

In 2011, Muraru introduce a
generalization of the Bernstein-Schurer
operators based on g-integers define as: 1

95

n+c

AR " | a

_ ek <[k]>

[n]
€ [0,1].
(1.7)
In 2012, Ghadhban introduces a new
modification define as:V)

Bu(f (1), i %)
= [n]qn Z Zn.k (qn; x)

k=0
[k+1]gy, /[ gy

X f f(t)dg,t,
[klgn /Mgy
(1.8)
qn € (0,1)andg,, » 1 asn — oo.
In this paper, we define and study the
following operators :
Fora > 0, the space of all continuous real-
valued functions on the are [0, ¢ + 1]%[0, ©)

such that  |f(t,s)| < Aeg(”s) for some
constant A > 0.

Suppose that g, g, € (0,1); qn Gn —

lasn — oo, and f € C.([0,c+
1]%x[0,0))x € [0,1],y € [0, ), ¢ € Xand
forg? = a, a < land G- 1 =
o([n]~?)we define:
F(f(t s), qn, q nu(x y)) [n + 1][n]
n+c oo
X z z bn+c,k(Qn; X) Zn,p (qn; Y)
k=0 p=0
[k+1]qn [P+1]qn
n+1lg, [
xf f " f(ts)dy, sdg t. (1.9)
[klgy, [plg,
n+1lg, [nlg,
We prove the convergence of F, by applying
the Korovkin theorem, and establish

Voronovskaja-type asymptotic formula for
this operator.

2. Preliminaries and results.
Here we will give some of the lemmas
and theorems, which we used in our work.
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Lemma (2.1):(D

For the functionz, , (q,; x) we have:

) z Zn,k(Qn; x)=1;
k=0
(i0) ) (K12 (G ) = [l
k=0
(it0) ) (K2 (4 ) = [l + [l
k=0

() ) kI e (@i )
k=0

= [n]*x® + (2 + q) [n]?x?
+ [n]x.

(U) ve anZn,k (qn; x)

= ([k] = [n]xX)zn

(vi)Suppose that

(pn,m(qn; x) = Z [k]mzn,k (QnF x),
k=0

then

(pn,m+1(Qn;x) = xan(pn,m(Qn;x)
+ [n]x¢n,m(Qn; x).
Theorem(2.1)(Korovkin theorem):(2
ItM,, , (f (t,s); x,y)be a sequence of
linear positive operators of 2 dimensional
space with the norm |.|| and the four
conditions are hold:

@ im [[My (35 Gey) = 1] =0;
) lim [[My(t; Cey) = x| = 0;
(iii) n}TiTlnlw||Mn,m(S; ) =yl =0;
@) lim [[Myn(e? + 5% (x,))

— (x%+ y2)|| =0.
Then
[Mam (f (2,50 (1, 90) = f 6|

=0 asn,m — oo.
Form € N°, the m-th order g-moments
(Tn,m)z(qn;x) for the operators(1.8)are
defineas:*)

(Tn,m)z(qn; x) = Bn((t - X)Z,ll; n; x)

96

=[] ) Sk (4 )
k=0

[k+1]/[n]
X (t—x)g dg,t.
[k]/[n]
Lemma (2.2):(*V)

For the function(Tn,m)2 (g,,; x)We
have:
(D(Tno),(@n; ¥) = (gn — Dinlx + 1;
(i) (Tn,1), (Gn; )
Gt qn—2 Lt
B 2] ¥ 21’
(i) (Tnz2),, (qns %) = %xz
q: +2q%+2q, — 2 N 1
31 E
(iv) (Tn,3)2(CIn; x)
_ —2qn +qn +2q, — 1

3

4 [4] 2
An +4q5 + 45 — 4G, — 2
[4][n]
qr +3q3 + 592 + 3q,, — 2 N 1
X .
[4][n]? [4][n]3

3. Main results
We need to know some properties of the
restriction operators
Qn(f (0, qn; x)
= B, (f(£,5), Gn, Gns (6, ) s=0
in the study of the operators F,. We do not
find a study give as this object, so, we firstly
study the operators Q,, as follows:

Qn(f(t): Gn; X) = [n + 1]qn

n+c
X Z bn+c,k (qn; x)
k=0
[k+1]q,/[n+1]q,

X f f(£) dg t.(3.1)

[k]qn/[n+ 1lg,
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Lemma(3.1):

For the weight functions b, x(gy; x),

we have:
(1) Zn+c bn+c k(Qn'x) - 1;
(2) Zn+c bn+c k(Qn' x) [k] [n + C]x;
(3) Tk brsc i (qns %) [K]?
=[n+clx
+qnn +clln+c—1]x?
(4) ZRZ6 brsc i (qns %) [K]®
=[n+clx+ @2+ q)q[n+c]
x[n + ¢ — 1]x?
+q3[n+cl[n + c—1]
x[n +c — 2]x3
(5) Zn+c bn+c k(n; x) [k ]
= [n+clx + 3qn + 39" + 4,°)
x[n+c][n + ¢ — 1]x?
+(3Bq3 + 2q* + ¢ [n + ]
X[n+c—1][n+c—2]x3
+q[n+clln+c—1][n+c—2]
x[n + ¢ — 3]x*;
(6) Zn+c bn+c k(@n; x) [k ]
=[n+clx
+(4qn + 645° + 44,° + 4,*)
X[n+c][n+c—1]x?
+(6¢,° + 845* + 745" +3:.° + ¢,,7)
X[n+c]l[n+c—1][n+c—2]x3
+(44,° + 32" +2¢,° + q,°)
X[n+c][n+c—1][n+c— 2]
x[n+c—3]x*
+q,°[n + c][n+c—1]
X[n+c—2][n+c—3]
x[n + ¢ — 4]x>.
Proof:

We can get (1), (2) by using the direct
computation,

3) Zn+c bn+c,k(Qn; x) [k]z

n+c

[n+ c]! .
= 2 il e (=0
- [n + c]! .
- Z k—1]'[n + c]!xk(1 —05 "
k=1

X(1+qlk—1])

[n+c][n+c—1]! e

:Z [k —1]![n + c]! x*(1 - x5

n+c[n+c][n+c—1][n+c—2]!
+kz=2 k-1l +cl!

=t elr ) e i@ ®)
k=0

+q[n + c][n +c — 1]x?

n+c-—-2

X z bntc—2,k(qn; X)
k=0

=[n+clx+qn+c]n+c—1]x?

By the same way we get (4), (5) and (6).
Lemma (3.2):

For x € [0, ¢ + 1]the following conditions
are holds

(1)0n(1,Gn; x) = (gn — D[n+clx +1
—»1lasn—-o;

1
(2)Qn(t, qn;x) = 2+ 1]

—>Xx as n - o ;

1

(3)Qn(t?, qn; x) = Blnt 112

qn +3q7 +3q, — 1
[3][n + 1]2

[n+ c]x

an + 2q5 + 395 — qn* — 24y
[3][n + 1]2

x[n+c][n+c— 1]x?



Basrah Journal of Science (A)

Vol.34(3), 94-103, 2016

(g, — 1)

[3][n + 1]2 [n+c]ln+c—1]

Xn+c—2x3> x?2 asn—-> o;

1

(B)Qn (>, qn; %) = A+ 1

qn +4qs + 695 +4q, — 1
[4][n + 1]3

[n+c]x

qn+3qn + 7qn + SQn + SQn + SQn — 3¢n
[4][n + 1]3

X[n+c][n+c—1]x?

+q2+2q5+3qZ+4q2—q%—2q%—3q%
[4][n + 1]3

x[n+c][n+c—1][n+c—2]x3

g n_]-
%[n+c][n+c—ﬂ
X[n+c—2][n+c—3]x*;

1
[5][n + 1]*

g + 5qF +10g3 + 10g2 + 5¢g,, — 1
[5][n + 1]*

(S)Qn(t4r qn; x) =

X[n + c]x

{q,‘i +4q8 + 11q] + 19q¢ + zsqg}
+19q; + 9q, — 695 — 4q,
[5][n + 1]*

X [n+c][n+c—1]x?

{q%z + 343" +7qa° + 5q5 + 164y, + 14q771}
+15q5 — 795 — 84y — 645
[5][n + 1]*

x[n+clln+c—1][n+c—2]x3

{q%“ +2qn° +3qn° + 4qn’ + Sq%(’}
—qn — 245 — 395 — 44n
[5][n + 1]*
X[n+cl[n+c—1][n+c—2]
X[n +c—3]x*
3:°(qn — 1)
[5][n + 1]
X[n+c—2][n+c—3][n+c—4]x°.
Proof:
Using Lemma (3.1), our consequences hold
immediately.
Form € N°, we define them-th order
q-moments (Un,m),(qn; x) for the
operators(3.1)as:

(Un,m) (qn;x) = [n+1]

n+c

z bn+c k (Qnr x)

+

[n+c][n+c—1]

k+1]/[n+1]

X f (t— x)g;1 dqnt . (3.2)
[k]/[n+1]

Lemma (3.3):

For the function(Un,m)Z(qn; x), we
have:
(1)(Un,0)2(Qn; x) = (Qn
1

@ (Un), (@) = G
(92 + 2q, — 1)

+< 2] + 1] “+d_gx
[2][n + 1]

—Dn+clx+1;

[n+c][n+c—1]

- (Qn - 1) [Tl + C])XZ

. B 1
(3)(Un,z)2(% x) = Bl + 112

(g5 +2q5 +3q, — 1)

Bl + 112 [n+c]x
~ (A +4g0)
2l +11"
(qn + 2q7 + 395 — a5 — 2q5)

[3][n + 1]?
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X[n+c][n+c—1]
(1+gn)(q5 +2q, — 1)
- [2][n + 1]
X([n+c] + q)x?
(qn — a3)
[3][n + 1]2

[n+c][n+c—1]

x[n +c — 2]x3

(@n—an)
[2][n + 1]
+,(qn — D[n + c]x?;

(4‘)(Un,3)2 (qn; x) =

[n+c][n+c—1]x3
1
[4][n + 1]3

(qn + 495 + 645 + 4q, — D[n +c]
[4][n + 1]3

X

A +antan)
[31[n + 1]

N (gn+395 + 7q5 + 8qn + 395 + 395 — 3qy,)

[4][n + 1]3
X[n+c][n+c— 1]x?

(qn + 4qn + 795 + 595 + 2q, — 1)
[3][n + 1]?

X[n + c]x?

(qn + a7 + q3) 2
[2][n + 1]

N (qn + 295 + 3q;, + 495 — a5 — 2q7 — 3q;)

[4][n + 1]3
X[n+clln+c—1][n+c—2]x3

_ (g7 + 347 + 643 + 445 — 30," — 245)
[3][n +1]?

X[n+c][n+c—1]x3

(gn + 397 + 2q5 + 92 — qn)
[2][n + 1]

99

X[n + clx® — g3x3

7 _ 6
%[n+c][n+c—ﬂ

+
X[n+c—2][n+c—3]x*

(A +gn +aD(gn — qx)
[31[n + 1]

[n + c]

X[n+c—1][n+c—2]x*

(Gn + 93+ 32) (@5 — qn)

2ln + 1] [+l

X[n+c—1]x*

—q3((gn — Dn + c])x*;

1
(5)(Un,4)2(Qni x) = i+ 17
(qn + 5q5 + 10q; + 10g3 + 4q, — 1)
[4][n + 1]3
(1+qn+q7 +a3)
[4][n]3
(q?l +4q8 + 11q7 + 19q8 + 25q;‘;>
+19q; +9¢5 — 645 — 44y
[5][n + 1]*
X[n+c]n+c—1]x2
1+ qn + a5 + a3)(qn + 4q5 + 647 + 4q, — 1)
B [4][n + 1]3
X[n + c]x?

X[n + cl]x —

(qn+ a5 +2q3 +an +q3)
[3][n + 1]2
{ qn’ +3qy' +7q5° + 5q5 + 1643, }
+14q;, + 15q; — 795 — 8qx — 64
[5][n + 1]*

X[n+cl[n+c—1][n+c—2]x3

{ (A +qn+an +az) }

X(qn +3qn + 793 + 8q5 + 5¢5 — 3¢ — 3)

[4][n]3

X[n+c]ln+c—1]x3
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{ (qn + a3 + 2q5 + a5 + q5) }
X(qn +3q5 +3q, — Dn+cl) ,
3][n + 1]2 *
_(gatantantan) ,
[2][n]
{qi“ +2q5° +3q5% +4qy" + 5q%°}
—qn — 2q; — 3q;, — 44,
[5][n + 1]*
X[n+c][n+c—1][n+c— 2]
X[n + ¢ — 3]x*
1+qy+a;+ay)

_ (gn +24g5 +3q; + 497 — qn — 29 — 343)

[4][n+1]3
X[n+cl[n+c—1][n+c—2]x*
(qn + a5 + 205 + qn + q5)
X(qn + 2qn + 395 — Gn® — 24n)
[3][n + 1]2
X[n+c][n+c—1]x*
_(gitantanta)lan+29,— 1)
[2][n + 1]
x([n+ c] + g8)x*
0:°(qn — 1)
[5][n + 1]*
X[n+c—2][n+c—3][n+c—4]x°
_4(@n = DA+ gn + 47 + q3)
[4][n + 1]3
X[n+c][n+c—1][n+c— 2]
x[n + ¢ — 3]x°
(Gn + 7 + 245 + qn + 43)45(qn — 1)
[3][n + 1]
X[n+clln+c—1][n+c—2]x>
_(gi+an+an +a2) (@ — qn)
[2][n + 1]
X[n+c][n+c—1]x°
+q5(qn — Dn + cx®.
Proof:

[n+c][n+c—1]

Byeasy evaluation the consequence
(2) can be follows:

(2) (Un,l)z(qn; x) = Qn((t - x)%ln' an; x)

= Qn(t; dn; x) - xQn(lf dn; x)
B 1 g%+ 2q, — 1
G it Mt

100

(q% - qn)
+m[n+ cl[n + ¢ — 1]x?
—x((qgn—Dn+clx+1)

1
[2][n + 1]

(97 +2q, — 1)

< [2][n + 1]

3
+%[n +c][n+c—1]x?
—(qn — DIn + clx?;
By the same way, we can evaluate (3), (4)
and (5).

The
operatorsFy,(f(t,s),q,, 4, (x,)):

[n+c]—1>x

The first result shows that the operators
E.(f, qn, Gn; (x, y))converges to the function

f(x,y) asn — oo, (see the equation (1.9)).
Lemma (3.4):

For the operators FE, the following

conditions are hold:
(D) lim [IF (1, . s (6, 3)) = LI, = 0;
(2) lim [|E (t, G, s (6, ¥)) = xllc, = 0;
() Im[[F, (s, qn, Gns (6, ¥)) = Ylle, = 0;
(@) lim||F,(¢? + 52, g, i (2, 7))

— (x% + yz)”Ca = 0.
Proof:

By using Lemma (2.1) and the direct
computation, we have:

(D im[[F, (L, gn, Gn; (x,3)) = 1,

=Jim | fn+1]
n+c

1+ [kl(g, — 1
) buala ) (=)
k=0

o

SPIEICAY

p=0

(n_1)> 4 ”

Q¢ |

X<1 + [p][

—

n
= lim||(g, — D[n+clx+1
n—oo

X((@n = Dlnly +1) = 1], =0

Ca
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(@) lim [|Fo (£, an Gns 6, 9)) = x|l

1 g%+ 2q, — 1

= lim

n—-oo

{[2][11 17 2+
(%31 - Qn)
[2][n + 1]

x[n + ¢ — 1]x? }

X(+ @ = Dlnly) —x |

X[n + clx + [n + c]

By using the same technique O? (2) we can

get the consequence (3) .
4) rlli_{go”Fn(tz + 5%, Ins Gns (X, )
— (% +y?)lle,

n+c

0+ 11 b )
k=0

= lim ”

n—-oo

x Z N CHED

k+1] p+1]

[n+1] 2 2
f[ ﬁp (t*+s%)dy,sdg,t

[n+1] [n]

~@+y?) |

Ca

= lim ”
n—-o0o

1[n + 1]2
qi+3qn+3qn—1
[3][n + 1]2
an + 2q% + 3a5 — 42° — 24y
[3][n + 1]2

X[n+c][n+c— 1]x?

+q[,;§([1 ])n+c][n+c—1]

X[n +c = 2]x*((§n — Dinly + 1)

+((qn—1)[n+c]x+1)
(G2—-1

“\ I ("

+(2 + g [nl?y? + [nly)

S (]2 4 [nly)

[33] [n]?
CIn

[n+ c]x

+

1
[3][n]? }

101

~@2+y?) || =0
Ca
Therefore , by Theorem (2.1) we get:
”Fn(f(t, S)' dn EI/n; (x' }’)) - f(xl }’)”Ca

=0 asn—->oo.nm

Theorem (3.1):
For f € C,, and suppose that fux (%, Y)’fy;(zxﬂ

q
M are exist and continuous at a
0qx0qy

point(x, y) € ([0, c + 1]%[0, x)), then:

and

lim [n] (B, (£ (6,5, G, i (x,7))
_f(xl:V))
1 1 1
= Efx(x'y) + E(xry) +foy(x'y)

1
+ Eyfyy(x' Y)-
Proof:

By g-Taylor's formula “¥for f € C,, about
the point (x, y) we have:

fts)=f(xy)+ ]%(x,Y)(t — )
Hy @) =) + 5 {fux (0¥ (€ = 0)?
+2fxy(t —x)(s—y)+ fyy(x' y)(s — Y)Z}
+¢(t,s;x, y)\/(t —x0)*+ (s —y)4,
wherep(t, s; (x,y)): = @(t,s) is a function
in the spaceC,([0,c + 1]x[0,x)) and
@(t,s) - (0,0) as (t,s) » (%)
thuse (x, y) = (0,0).
Fn(f(tf ), Qn, s (%, y))
= f(x, y)Fn(l' Gns Gn; (%, y))
+i(x,y)E, ((t = %), qn; X)

+ £,V E((5 = ), 6w ¥))

1

+§fxx(x; y)FTl((t - x)zl Qn; x)

+fxy(x' y)Fn((t - x)(s - y)r dn 8Iln; (x' y))
1

+§fyy(x;y)Fn((S - y)zfqn;:)’)

+F, (0t )V E =207+ G = 9)%, 4, G @.7)).

Using Lemmas (2.2) and (3.3) we have:
lim [n](F, (£ (¢, 9), qn, Gni (x,))
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—f(x,¥))
= £ (5) + ) (3) + 3 hy(ey)

1
+§yfyy(x! 3’)
+ lim (015, (0 (2,)

Xy (t = 0)*+ (5 = 1) G G (%, 9)).
To complete the proof, we must show that
the term
[n]E.(o(t,s)
X\/(t - .X')4 + (S - y)4r qn, EI/TL; (x' y))
- (0,0)asn — oo.
By using Cauchy-Schwartz inequality, we
get:
|Fn (o(t, s)
X\/(t - X)4 + (S - :)7)4; qn, q/n; (xﬂly))”
< |Fa(@?(t,5), Gn, Gns (%, ¥)12
Xan((t _x)4r qn;x) )
+E((s =% duy)I2
By the properties of ¢(t,s) = (0,0) ast —
xands -y weget F,(1,q, qn; (x,y)) =
@*(x,y)=0
Therefore,
lim [n]F, (¢ (¢, 5)

Xy (& = )% + (s = Y% qn, G (%, 7))

- (0,0)asn — oo.

Hence, the proof of the Theorem is complete.
[ ]
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