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Abstract 

            In this paper, the concepts of the property(S), property(PS) and the converse 

autocontinuity from below of an intuitionistic fuzzy measure on an intuitionistic fuzzy 

𝜎 − algebra of an intuitionistic fuzzy sets will be introduced, and we proved Riesz’s 

Theorem and three forms of Riesz’sTheorem  for a sequence of measurable functions 

on an intuitionistic fuzzy 𝜎 −algebra. 
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1-Introduction 

The concept of fuzzy measure defined 

on a classical 𝜎 −algebra, were first 

. Some )1(proposed by Sugenoin

structural characteristics of fuzzy 

measure were introduced and discussed 

generalization of fuzzy . A)2(by Wang

measure were established on fuzzy sets 

, and the Lebesgu's theorem )3(y Qiaob

and Riesz's theorem for a sequence of 

measurable functions had been proved 

on fuzzy σ-algebra of fuzzy set. In 1996 

show that the  (4),L.Jun and M. Yasuda

Egoroff's theorem for a sequence of 

fuzzy measurable functions also holds 

on fuzzy  σ-algebra. Also 

introduced the concept of (5)they

converse autocontinuity of set function 

and they discussed the relationship 

between the convergence in measure 

and the convergence pseudo in 

measure. 

Many authors defined new types of 

measures  ,Adrain I. Ban(6) one of the 

authors who defined  an intuitionistic 

fuzzy measure on an intuitionistic fuzzy 

𝜎 − algebra 𝒜̃on an intuitionistic fuzzy 

sets. The notion of intuitionistic fuzzy 

sets introduced by Atanassov(7) in 1983, 

as a generalization of the notion of 

fuzzy sets which introduced by Zadeh(8) 

in 1965.                                                                      

  In this paper , we will prove  Riesz’s 

theorem and three forms of this theorem 

for a sequence of  intuitionistic fuzzy 

measurable functions on an 
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intuitionistic fuzzy σ-algebra by using 

the concepts of property(S) , 

property(PS) and the converse 

autocontinuity from below of an 

intuitionistic fuzzy measure. 

 

2- Intuitionistic fuzzy measure 

 

In this section , we  recall some 

definitions which will be used for this 

work . 

:)8(Definition(2.1) 

      Let 𝑋 be a non-empty set and let 𝐼 

be the closed interval [0,1] of the real 

line . A fuzzy set 𝜇 in 𝑋 is characterized 

by membership function 𝜇: 𝑋 ⟶  𝐼  , 

which associates with each point 𝑥 ∈ 𝑋 

its grade or degree of membership 

𝜇(𝑥) ∈ [0,1]  .                    

:)7(tion(2.2)Defini 

     Let X be a non-empty set. An 

intuitionistic fuzzy set (IFS) 𝐴 is an 

object having the form:                                                                                

A={〈𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)〉, 𝑥 ∈ 𝑋},where the 

functions 𝜇𝐴: 𝑋 ⟶ 𝐼 and  𝑣𝐴: 𝑋 ⟶ 𝐼 

denote the degree of membership and 

the degree of non-membership of each 

element 𝑥 ∈ 𝑋 to the set A, 

respectively, and 

0 ≤ 𝜇𝐴(𝑥) + 𝑣𝐴(𝑥) ≤ 1for each 𝑥 ∈ 𝑋.                                                              

:)9(Definition(2.3) 

0̃ ={〈𝑥, 0,1〉, 𝑥 ∈ 𝑋} 

1̃ ={〈𝑥, 1,0〉, 𝑥 ∈ 𝑋} 

are the intuitionistic fuzzy sets  

corresponding to empty set and the 

entire universe respectively . 

Note :Every fuzzy set 𝐴 on a non-empty 

set 𝑋 is obviously  an IFS having the 

form {〈𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)〉, 𝑥 ∈ 𝑋}. 

Definition(2.4):    

          Let 𝐴 be a subset of a set, we 

define the intuitionistic characteristic 

function of 𝐴 as follows:                                                             

𝐼𝜒𝐴 = {
1̃,       𝑖𝑓 𝑥 ∈ 𝐴

0̃ ,       𝑖𝑓 𝑥 ∉ 𝐴
 

:)10,7(Definition(2.5) 

       Let 𝑋 be a non-empty set and let 𝐴 

and 𝐵 are IFSs in the form 

𝐴={〈𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)〉, 𝑥 ∈ 𝑋} , 

B={〈𝑥, 𝜇𝐵(𝑥), 𝑣𝐵(𝑥)〉, 𝑥 ∈ 𝑋} . 

Then: 

1) 𝐴 ⊆ 𝐵if and only if 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) 

and 𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥) for all 𝑥 ∈ 𝑋. 

2) 𝐴 = 𝐵if and only if 𝐴 ⊆ 𝐵 and 𝐵 ⊆

𝐴 . 

3)𝐴𝑐 = {〈𝑥, 𝑣𝐴(𝑥), 𝜇𝐴(𝑥)〉, 𝑥 ∈ 𝑋} . 

4)𝐴 ∩ 𝐵 = {𝑚𝑖𝑛{𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}, 

𝑚𝑎𝑥 {𝑣𝐴(𝑥), 𝑣𝐵(𝑥)}, 𝑥 ∈ 𝑋}. 

5) 𝐴 ∪ 𝐵 = {𝑚𝑎𝑥{𝜇𝐴(𝑥), 𝜇𝐵(𝑥)}, 

𝑚𝑖𝑛 {𝑣𝐴(𝑥), 𝑣𝐵(𝑥)}, 𝑥 ∈ 𝑋}. 

6)𝐴 𝐵⁄ = 𝐴 ∩ 𝐵𝑐. 

:)9(Definition(2.6) 

       Let {𝐴𝑖 , 𝑖 ∈ 𝐽} be an arbitrary 

family of IFSs in 𝑋, then 

1)⋂ 𝐴𝑖𝑖 = {〈𝑥,

⋀ 𝜇𝐴𝑖(𝑥) ,𝑖 ⋁ 𝑣𝐴𝑖(𝑥)𝑖 〉, 𝑥 ∈ 𝑋} 
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2)⋃ 𝐴𝑖𝑖 =

{〈𝑥 , ⋁ 𝜇𝐴𝑖(𝑥)𝑖 , ⋀ 𝑣𝐴𝑖(𝑥)𝑖 〉, 𝑥 ∈ 𝑋}. 

:)6(Definition(2.7) 

       An intuitionistic fuzzy σ-algebra 

(σ-field) on 𝑋 ≠ ∅ is a family  𝒜̃ of 

IFSs in 𝑋 satisfying the properties : 

1)1̃∈𝒜̃; 

2) If 𝐴 ∈  𝒜̃  this implies that 𝐴𝑐 ∈ 𝒜̃; 

3) If(𝐴𝑛)𝑛∈𝑁 ⊆ 𝒜̃, then 

⋃ 𝐴𝑛 ∈ 𝒜̃𝑛∈𝑁. 

       The pair (𝑋, 𝒜̃) is called an 

intuitionistic fuzzy measurable space. 

:)6(Example(2.8) 

    LetA={˂𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)˃, 𝑥 ∈ 𝑋} ∈

 IFSs . Let 

Ω𝐴 = {𝑥 ∈ 𝑋; 𝜇𝐴(𝑥) > 0}, 

𝛬𝐴 = {𝑥 ∈ 𝑋; 𝑣𝐴(𝑥) > 0}and 

𝑁 = {𝐴 ∈ 𝐼𝐹𝑆(𝑋);Ω𝐴𝑜𝑟 𝛬𝐴𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 

𝑜𝑟 𝑐𝑜𝑢𝑛𝑡𝑎𝑏𝑙𝑒}, then the family 𝑁 of 

IFSs is an intuitionistic fuzzy  

σ-algebra. 

:)6(Definition(2.9) 

      Let 𝒜̃ be an IF σ-algebra in X. A 

function 𝑚̃: 𝒜̃ ⟶ [0,∞]  is said to be 

an intuitionistic fuzzy measure if it 

satisfies the following conditions:   

1) 𝑚̃(0̃) = 0; 

2) For any 𝐴, 𝐵 ∈ 𝒜̃ and 𝐴 ⊆ 𝐵 this 

implies that𝑚̃(𝐴) ≤ 𝑚̃(𝐵). 

   The intuitionistic fuzzy measure 𝑚̃ is 

called σ-additive if 𝑚̃(⋃ 𝐴𝑛𝑛∈𝑁 ) =

∑ 𝑚̃(𝐴𝑛)𝑛∈𝑁  for every sequence 

(𝐴𝑛)𝑛∈𝑁 of pairwise disjoint IFSs in 𝒜̃.                                                                                                   

     The triple (𝑋 , 𝒜̃, 𝑚̃ ) is called 

intuitionistic fuzzy measure space. 

Definition(2.10):  

The intuitionistic fuzzy measure 𝑚̃ is 

called : 

1) Finite if 𝑚̃(1̃)<∞ , and infinite if 

𝑚̃(1̃)=∞ . 

2) Finitely additive if 𝑚̃(𝐴 ∪ 𝐵) 

=𝑚̃(𝐴)+𝑚̃(𝐵). 

:)6( Example(2.11) 

      The function 𝑚̃: 𝒜̃ →  [0,∞] 

defined by  

𝑚̃(𝐴) =
1

2
∑(𝜇𝐴(𝑥) + 1 − 𝑣𝐴(𝑥)

𝑥∈𝑋

) 

for  A={˂𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)˃, 𝑥 ∈ 𝑋}∈𝒜̃ 

, is a σ-additive intuitionistic fuzzy 

measure. 

Definition(2.12): 

Let (X,𝒜̃  ) be an intuitionistic fuzzy 

measurable  space. An intuitionistic 

fuzzy measure 𝑚̃: 𝒜̃ →  [0,∞]  is said 

to be:                 

1) Double asymptotic null- additive  

if 𝑚̃(𝐴𝑛 ∪ 𝐵𝑚) ⟶ 0  ( 𝑛,𝑚 → 0) 

whenever  {𝐴𝑛} ⊂ 𝒜̃  , {𝐵𝑚} ⊂ 𝒜̃  , 

𝑚̃(𝐴𝑛) ⟶ 0 and 𝑚̃(𝐵𝑚) ⟶ 0.  

2) Have property (S) if for any 

(𝐴𝑛)𝑛∈𝑁⊆𝒜̃  , lim
𝑛→∞

𝑚̃(𝐴𝑛) = 0 , there 

exists a subsequence  {𝐴𝑛𝑘}  of {𝐴𝑛} 

such that  𝑚̃(⋂ ⋃ 𝐴𝑛𝑘) = 0
∞
𝑘=𝑛

∞
𝑛=1 . 



 M.J.Mohammed&A.K.Yousif                                              On Riesz’s Theorem on… 

 

77 
 

3) Have property (PS) if for any 

(𝐴𝑛)𝑛∈𝑁⊆𝒜̃with lim
𝑛→∞

𝑚̃(𝐴𝑛) = 0, 

there exists a subsequence  {𝐴𝑛𝑘} of 

{𝐴𝑛} such that  

𝑚̃(𝐴 ∕ ⋂ ⋃ 𝐴𝑛𝑘) =
∞
𝑘=𝑛

∞
𝑛=1 𝑚̃(𝐴). 

4) Converse-autocontinuous from 

below , if for any 𝐴 ∈ 𝒜̃, {𝐵𝑛} ⊂ 𝐴 ∩

𝒜̃  and 𝑚̃(𝐵𝑛) ⟶ 𝑚̃(𝐴), then 

𝑚̃(𝐴 𝐵𝑛⁄ ) ⟶ 0. 

5) Weakly-null-countable additive if  

𝑚̃(⋃ 𝐴𝑖
∞
𝑖=1 ) = 0, whenever 𝐴𝑖 ∈ 𝒜̃  

with  𝑚̃(𝐴𝑖) = 0. 

 

3-Main result 

In this section , we introduced the 

definitions of the  convergence almost 

everywhere and the convergence in 

measure and we proved Riesz’s 

theorem and three forms of this theorem 

. 

Definition(3.1): 

Let (𝑋,𝒜̃  ,𝑚̃ ) be an intuitionistic fuzzy 

measure space and𝑓 ∶ 𝑋 →  [0,∞] be a 

function, we say that 𝑓 is an 

intuitionistic fuzzy real-valued  

measurable function on an IF σ-algebra 

𝒜̃ if  𝐼𝜒Ϝ𝛼 ∈ 𝒜̃ , where Ϝ𝛼 =

{𝑥:  𝑓(𝑥) ≥ 𝛼}and            

𝐼𝜒Ϝ𝛼 = {
1̃ ,        𝑖𝑓 𝑥 ∈ Ϝ𝛼
0̃ ,         𝑖𝑓 𝑥 ∈ Ϝ𝛼

 

     Let ℳdenoted  the collection of all 

intuitionistic fuzzy real-valued 

measurable functions on  (𝑋,𝒜̃  ,𝑚̃ ). 

Definition(3.2): 

Let 𝑓 ∈ ℳ , 𝐴 ∈ 𝒜̃ 𝑎𝑛𝑑 {𝑓𝑛, 𝑛 ≥ 1} ⊆

ℳ  we say that: 

1) {𝑓𝑛}converges to 𝑓 everywhere on 𝐴 

and denote it by 𝑓𝑛
𝑒.
→𝑓 on 𝐴  if there 

exists  a subset 𝐷 ⊆ 𝑋 with 𝐼𝜒𝐷 ∈ 𝒜̃ 

such that {𝑓𝑛} converges to 𝑓 on 𝐷 and 

𝐴 ⊆ 𝐼𝜒𝐷.  

2){𝑓𝑛}converges to 𝑓 almost 

everywhere on 𝐴 and denote it by 𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴 if there exists a subset 𝐷 ⊆ 𝑋 

with 𝐼𝜒𝐷 ∈ 𝒜̃and 𝑚̃(𝐼𝜒𝐷) = 0  such 

that {𝑓𝑛} converges to 𝑓 everywhere on 

𝐴 ∩ 𝐼𝜒𝐷
𝑐 .      

3){𝑓𝑛}converges to 𝑓 pseudo-almost 

everywhere on 𝐴 and denote it by 

𝑓𝑛
𝑝.𝑎.𝑒.
→   𝑓on𝐴 if there exists  𝐷 ⊆ 𝑋  

with𝐼𝜒𝐷 ∈ 𝒜̃ and𝑚̃(𝐴 ∩ 𝐼𝜒𝐷
𝑐 ) =𝑚̃(𝐴) 

and {𝑓𝑛} converges to 𝑓 everywhere on 

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

Definition(3.3): 

Let 𝑓 ∈ ℳ  , {𝑓𝑛, 𝑛 ≥ 1} ⊆ ℳ and ∈

𝒜̃, we say that: 

1) {𝑓𝑛}converges to 𝑓 in measure 𝑚̃ on 

𝐴 and denote it by   𝑓𝑛
𝑚̃
→ 𝑓 on A, if for 

any ϵ > 0 , when 𝑛 ⟶ ∞, we have  

𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|≥ ϵ}) ⟶ 0.  

2)  {𝑓𝑛}converges to 𝑓 pseudo in 

measure 𝑚̃ on A and denote it by   
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𝑓𝑛
𝑝.𝑚̃
→  𝑓 on A, if for any ϵ> 0, 

when 𝑛⟶∞, we have 

𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|< ϵ}) ⟶ 𝑚̃(𝐴).  

Theorem(3.4): 

Let {𝑓𝑛, 𝑓 , 𝑛 ≥ 1} ⊂ ℳ; 𝑓, 𝑔 ∈

ℳ,𝐴 ∈ 𝒜̃  and 𝑚̃ is weakly-null-

countable additive:  

1- If  𝑓𝑛
𝑎.𝑒.
→ 𝑓and   𝑓𝑛

𝑎.𝑒.
→ 𝑔 on A, then 

 𝑓 = 𝑔  𝑎. 𝑒.on A. 

2- If  𝑓𝑛
𝑎.𝑒.
→ 𝑓on 𝐴and g intuitionistic 

fuzzy real-valued measurablefunction  

such that 𝑓 = 𝑔  𝑎. 𝑒.  on 𝐴, then  𝑓𝑛
𝑎.𝑒.
→ 𝑔 on 𝐴. 

3-  If𝑓𝑛
𝑎.𝑒.
→ 𝑓on 𝐴and  𝑔𝑛 is a sequence 

of an intuitionistic fuzzy real-valued 

measurable functions  such that 𝑓𝑛 =

𝑔𝑛  𝑎. 𝑒. on 𝐴, then  𝑔𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴.  

Proof: 

1-   Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻.  

Since 𝑓𝑛
𝑎.𝑒.
→ 𝑔on A, then there exists a 

subset 𝑁 ⊆ 𝑋  with  𝐼𝜒𝑁 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝑁) = 0  such that 𝑓𝑛
𝑒.
→𝑔  on   

𝐴 ∩ 𝐼𝜒𝑁
𝑐 . 

⟹  there exists 𝑀 ⊆ 𝑋  with 𝐼𝜒𝑀 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑔 on 𝑀 and  

𝐴 ∩ 𝐼𝜒𝑁
𝑐 ⊂ 𝐼𝜒𝑀. 

Let 𝐸= 𝐼𝜒𝐷 ∪ 𝐼𝜒𝑁 = 𝐼𝜒𝐷∪𝑁 

⟹𝐸 ∈ 𝒜̃. 

Since  𝑚̃ is weakly-null-countable 

additive  ⟹𝑚̃(𝐸) = 0. 

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) ⟶ 𝑓(𝑥) ,∀𝑥 ∈ 𝐻 

and𝑓𝑛 converges to 𝑔 on 𝑀 

⟹𝑓𝑛(𝑥) ⟶ 𝑔(𝑥),  ,∀𝑥 ∈ 𝑀 

⟹∀𝑥 ∈ 𝐻 ∩𝑀,  𝑓(𝑥) = 𝑔(𝑥) 

⟹𝑓 = 𝑔on𝐻 ∩𝑀 

Since  𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻 and 𝐴 ∩ 𝐼𝜒𝑁

𝑐 ⊂

𝐼𝜒𝑀 

⟹(𝐴 ∩ 𝐼𝜒𝐷
𝑐 ) ∩ (𝐴 ∩ 𝐼𝜒𝑁

𝑐 )   ⊂ 𝐼𝜒𝐻 ∩

𝐼𝜒𝑀 

⟹𝐴∩ (𝐼𝜒𝐷 ∪ 𝐼𝜒𝑁)
𝑐 

   = 𝐴 ∩ 𝐸𝑐 ⊂ 𝐼𝜒𝐻∩𝑀 

Therefore,  𝑓 = 𝑔  𝑒. on 𝐴 ∩ 𝐸𝑐. 

Since 𝐷 ∪ 𝑁 ⊂ 𝑋 and  𝑚̃(𝐼𝜒𝐷∪𝑁) = 0. 

So,𝑓 = 𝑔  𝑎. 𝑒.  on 𝐴.  

2- Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻. 

Since 𝑓 = 𝑔 𝑎. 𝑒.on A, then there 

exists a subset 𝑁 ⊆ 𝑋  with  𝐼𝜒𝑁 ∈
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𝒜̃and 𝑚̃(𝐼𝜒𝑁) = 0  such that 𝑓 = 𝑔 e.  

on𝐴 ∩ 𝐼𝜒𝑁
𝑐 . 

⟹there exists 𝑀 ⊆ 𝑋  with 𝐼𝜒𝑀 ∈ 𝒜̃  

such that  𝑓 = 𝑔 on 𝑀and  𝐴 ∩ 𝐼𝜒𝑁
𝑐 ⊂

𝐼𝜒𝑀. 

 Let 𝐸= 𝐼𝜒𝐷 ∪ 𝐼𝜒𝑁 =𝐼𝜒𝐷∪𝑁 

⟹𝐸 ∈ 𝒜̃. 

Since  𝑚̃ is weakly-null-countable 

additive ⟹𝑚̃(𝐸) = 0. 

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) ⟶ 𝑓(𝑥),∀𝑥 ∈ 𝐻 

and𝑓 = 𝑔 on 𝑀⟹𝑓(𝑥) = 𝑔(𝑥), ∀𝑥 ∈

𝑀 

⟹∀𝑥 ∈ 𝐻 ∩𝑀,𝑓𝑛(𝑥) ⟶ 𝑔(𝑥) 

⟹𝑓𝑛 ⟶ 𝑔on 𝐻 ∩𝑀. 

Since  𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻 and 

 𝐴 ∩ 𝐼𝜒𝑁
𝑐 ⊂ 𝐼𝜒𝑀 

⟹(𝐴 ∩ 𝐼𝜒𝐷
𝑐 ) ∩ (𝐴 ∩ 𝐼𝜒𝑁

𝑐 ) ⊂ 𝐼𝜒𝐻 ∩

𝐼𝜒𝑀 

⟹𝐴∩ 𝐸𝑐 ⊂ 𝐼𝜒𝐻∩𝑀 

Therefore ,𝑓𝑛
𝑒.
→𝑔 on 𝐴 ∩ 𝐸𝑐. 

Since𝑚̃(𝐸) = 0, so  𝑓𝑛
𝑎.𝑒.
→ 𝑔 on A. 

3-Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻. 

Since 𝑓𝑛 = 𝑔𝑛 𝑎. 𝑒.on A, then there 

exist a sequence {𝐸𝑛}⊆X  with𝐼𝜒𝐸𝑛 ∈

𝒜̃  and 𝑚̃(𝐼𝜒𝐸𝑛) = 0 for all 𝑛 ≥ 1  

such that 𝑓𝑛 = 𝑔𝑛 𝑒.  on  𝐴 ∩ 𝐼𝜒∪𝐸𝑛
𝑐 . 

⟹there exist 𝑀𝑛 ⊆ 𝑋  with 𝐼𝜒𝑀𝑛 ∈ 𝒜̃  

for all 𝑛 ≥ 1 such that   𝑓𝑛 = 𝑔𝑛 on 

⋂ 𝑀𝑛
∞
𝑛=1 and  𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛

∞
𝑛=1

𝑐 ⊂

𝐼𝜒⋂ 𝑀𝑛
∞
𝑛=1

. 

Let 𝐶= 𝐼𝜒𝐷 ∪ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

 

          = 𝐼𝜒𝐷 ∪ (⋃ 𝜒𝐸𝑛

∞

𝑛=1
) 

         = 𝐼𝜒⋃ (𝐷∪𝐸𝑛)
∞
𝑛=1

⟹𝐶 ∈ 𝒜̃and 

since 𝑚̃ is weakly-null-countable 

additive ⟹𝑚̃(𝐶) = 0.  

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) ⟶ 𝑓(𝑥)∀𝑥 ∈ 𝐻and𝑓𝑛 = 𝑔𝑛 

on  ⋂ 𝑀𝑛
∞
𝑛=1 

⟹𝑓𝑛(𝑥) = 𝑔𝑛(𝑥)∀𝑥 ∈ ⋂ 𝑀𝑛
∞
𝑛=1 

⟹𝑔𝑛(𝑥) ⟶ 𝑓(𝑥)∀𝑥 ∈ 𝐻 ∩ (⋂ 𝑀𝑛
∞
𝑛=1  

)=⋂ (𝐻 ∩𝑀𝑛)
∞
𝑛=1 

Thus, 𝑔𝑛⟶ 𝑓on  ⋂ (𝐻 ∩𝑀𝑛)
∞
𝑛=1 . 

Since  𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻 and 

𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 ⊂ 𝐼𝜒⋂ 𝑀𝑛
∞
𝑛=1

 

⟹ (𝐴 ∩ 𝐼𝜒𝐷
𝑐  ) ∩ (𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛

∞
𝑛=1

𝑐 ) ⊂

𝐼𝜒𝐻 ∩ 𝐼𝜒⋂ 𝑀𝑛
∞
𝑛=1

 

⟹𝐴∩ 𝐶𝑐 ⊂ 𝐼𝜒⋂ (𝐻∩𝑀𝑛)
∞
𝑛=1

. 

Therefore,  𝑔𝑛
𝑒.
→𝑓on 𝐴 ∩ 𝐶𝑐. 

Since, 𝑚̃(𝐶) = 0. 

So,𝑔𝑛
𝑎.𝑒.
→ 𝑓on 𝐴.  

Theorem(3.5): 

Let{𝑓𝑛, 𝑔𝑛, 𝑓, 𝑔 , 𝑛 ≥ 1} ⊂ ℳ; 𝑓, 𝑔 ∈

ℳ,𝐴 ∈ 𝒜̃ and 𝑚̃ is weakly-null-
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countable additive, 𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴  and  

𝑔𝑛
𝑎.𝑒.
→ 𝑔  on 𝐴, 𝑐 ∈ 𝑅,then 

1) 𝑐 ∙𝑓𝑛
𝑎.𝑒.
→ 𝑐 ∙ 𝑓 . 

2) 𝑓𝑛 + 𝑔𝑛
𝑎.𝑒.
→ 𝑓 + 𝑔 . 

3)|𝑓𝑛|
𝑎.𝑒.
→ |𝑓| . 

Proof: 

1)   Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹ there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and 

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻.  

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) ⟶ 𝑓(𝑥) ,∀𝑥 ∈ 𝐻 

⟹𝑐 ∙ 𝑓𝑛(𝑥) ⟶ 𝑐 ∙ 𝑓(𝑥) ,∀𝑥 ∈ 𝐻 

⟹𝑐 ∙ 𝑓𝑛 ⟶ 𝑐 ∙ 𝑓on 𝐻.  

Therefore,𝑐 ∙𝑓𝑛
𝑎.𝑒.
→ 𝑐 ∙ 𝑓.  

2)  Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻. 

Since  𝑔𝑛
𝑎.𝑒.
→ 𝑔on 𝐴, there exists a 

subset 𝑁 ⊆ 𝑋  with  𝐼𝜒𝑁 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝑁) = 0  such that 𝑔𝑛
𝑒.
→𝑔  on   

𝐴 ∩ 𝐼𝜒𝑁
𝑐 . 

⟹ there exists 𝑀 ⊆ 𝑋   with 𝐼𝜒𝑀 ∈ 𝒜̃  

such that 𝑔𝑛 converges to 𝑔 on 𝑀and  

𝐴 ∩ 𝐼𝜒𝑁
𝑐 ⊂ 𝐼𝜒𝑀. 

Let 𝐸=𝐼𝜒𝐷 ∪ 𝐼𝜒𝑁,  since𝑚̃ is weakly-

null-countable additive ⟹𝑚̃(𝐸) = 0.  

Since  𝑓𝑛 converge to 𝑓 on 𝐻 

⟹∀𝑥 ∈ 𝐻 , 𝑓𝑛(𝑥) ⟶ 𝑓(𝑥)and𝑔𝑛 

converge to 𝑔 on M  

⟹∀𝑥 ∈ 𝑀 , 𝑔𝑛(𝑥) ⟶ 𝑔(𝑥) 

⟹∀𝑥 ∈ 𝐻 ∩𝑀, 𝑓𝑛(𝑥) + 𝑔𝑛(𝑥) ⟶

𝑓(𝑥) + 𝑔(𝑥). 

Thus ,𝑓𝑛 + 𝑔𝑛 converge to 𝑓 + 𝑔 

on 𝐻 ∩ 𝑀. 

Since 𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻  and 𝐴 ∩ 𝐼𝜒𝑁

𝑐 ⊂

𝐼𝜒𝑀 

⟹(𝐴 ∩ 𝐼𝜒𝐷
𝑐 ) ∩ (𝐴 ∩ 𝐼𝜒𝑁

𝑐   ) ⊂ 𝐼𝜒𝐻 ∩

𝐼𝜒𝑀 = 𝐼𝜒𝐷∩𝑀 

⟹𝐴∩ 𝐸𝑐 ⊂ 𝐼𝜒𝐻∩𝑀. 

Therefore, 𝑓𝑛 + 𝑔𝑛
𝑒.
→ 𝑓 + 𝑔on 𝐴 ∩ 𝐸𝑐. 

Since 𝑚̃(𝐸) = 0, so 

𝑓𝑛 + 𝑔𝑛
𝑎.𝑒.
→ 𝑓 + 𝑔on A.   

3)Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹ there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻.  

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) ⟶ 𝑓(𝑥) ,∀𝑥 ∈ 𝐻 

⟹|𝑓𝑛(𝑥)| ⟶ |𝑓(𝑥)|,∀𝑥 ∈ 𝐻 

⟹|𝑓𝑛| ⟶ |𝑓|on A.  
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Therefore,|𝑓𝑛|
𝑎.𝑒.
→ |𝑓|.   

 

Theorem(3.6): 

Let {𝑓𝑛, 𝑓 , 𝑛 ≥ 1} ⊂ ℳ; 𝑓, 𝑔 ∈ ℳ𝐴 ∈

𝒜̃ and 𝑚̃ is weakly-null-countable 

additive, then: 

1) If  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴and   𝑓𝑛 ≥ 0  𝑎. 𝑒.on 

𝐴, then 𝑓 ≥ 0  𝑎. 𝑒. on 𝐴.  

2)  If  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴and   𝑓𝑛 ≤ 𝑔  𝑎. 𝑒. 

on 𝐴  for each𝑛, then 𝑓 ≤ 𝑔 𝑎. 𝑒. on 𝐴. 

3)  If  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴and   |𝑓𝑛| ≤ |𝑔| 

 𝑎. 𝑒.on𝐴  for each 𝑛, then |𝑓| ≤

|𝑔|  𝑎. 𝑒. on 𝐴.   

4)If  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on 𝐴and 𝑓𝑛 ≤ 𝑓𝑛+1  𝑎. 𝑒. 

on𝐴  for each 𝑛, then  𝑓𝑛 ↑ 𝑓 𝑎. 𝑒. on 𝐴. 

Proof: 

1) Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐   . 

⟹there exists 𝐻⊆𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻 and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻  . 

Since  𝑓𝑛 ≥ 0  𝑎. 𝑒.on 𝐴, then there 

exists a sequence {𝐸𝑛} ⊂ 𝑋 with  

𝐼𝜒𝐸𝑛 ∈ 𝒜̃   and 𝑚̃(𝐼𝜒𝐸𝑛) = 0  for all 

𝑛 ≥ 1  such that   𝑓𝑛 ≥ 0  𝑒. on 𝐴 ∩

𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 .   

⟹ there exist 𝐹𝑛⊆X  with𝐼𝜒𝐹𝑛 ∈ 𝒜̃  

such that    𝑓𝑛 ≥ 0  on ⋂ 𝐹𝑛
∞
𝑛=1  and  

𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 ⊂ 𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

. 

 

Let 𝑀= 𝐼𝜒𝐷 ∪ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

 

=𝐼𝜒𝐷 ∪ (⋃ 𝐼𝜒𝐸𝑛
∞
𝑛=1 ) 

Since  𝑚̃ is weakly-null-countable 

additive ⟹𝑚̃(𝑀) = 0 

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹∀𝑥 ∈ 𝐻, 𝑓𝑛(𝑥) ⟶ 𝑓(𝑥) 

and𝑓𝑛 ≥ 0  on ⋂ 𝐹𝑛
∞
𝑛=1 

⟹𝑓𝑛(𝑥) ≥ 0∀𝑥 ∈ ⋂ 𝐹𝑛
∞
𝑛=1 

𝑓(𝑥) ≥ 0for all 𝑥 ∈ 𝐻 ∩ (⋂ 𝐹𝑛
∞
𝑛=1 ) 

=⋂ (𝐻 ∩ 𝐹𝑛)
∞

𝑛=1
 

Thus, 𝑓 ≥ 0 on ⋂ (𝐻 ∩ 𝐹𝑛)
∞
𝑛=1 

Since 𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻  and  

𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 ⊂ 𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

 

⟹ (𝐴 ∩ 𝐼𝜒𝐷
𝑐  ) ∩ (𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛

∞
𝑛=1

𝑐 ) ⊂

𝐼𝜒𝐻 ∩ 𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

 

⟹𝐴∩𝑀𝑐 ⊂ 𝐼𝜒⋂ (𝐻∩𝐹𝑛)
∞
𝑛=1

 

Therefore, 𝑓 ≥ 0  𝑒. on 𝐴 ∩ 𝑀𝑐. 

Since𝑚̃(𝑀) = 0, so  𝑓 ≥ 0  𝑎. 𝑒. on A. 

2) since 𝑓𝑛 ≤ 𝑔  𝑎. 𝑒. on A    

⟹𝑔− 𝑓𝑛 ≥ 0 𝑎. 𝑒.  

Since 𝑓𝑛
𝑎.𝑒.
→ 𝑓on 𝐴 

⟹𝑔− 𝑓𝑛
𝑎.𝑒.
→ 𝑔 − 𝑓onA. 

From (1)  𝑔 − 𝑓 ≥ 0  a. e. on A 

⟹𝑓 ≤ 𝑔  𝑎. 𝑒.on A. 

3) Since𝑓𝑛
𝑎.𝑒.
→ 𝑓on A ⟹|𝑓𝑛|

𝑎.𝑒.
→ |𝑓| on. 

Since  |𝑓𝑛| ≤ |𝑔| 𝑎. 𝑒.  on 𝐴 

⟹from (2) |𝑓| ≤ |𝑔| 𝑎. 𝑒. on A. 

4) Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, then there 

exists a subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈
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𝒜̃and 𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  

on   𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹ there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻.  

Since 𝑓𝑛 ≤ 𝑓𝑛+1  𝑎. 𝑒. on A,  then there 

exist a sequence {𝑀𝑛} ⊂ 𝑋 with  

𝐼𝜒𝑀𝑛 ∈ 𝒜̃and 𝑚̃(𝐼𝜒𝑀𝑛) = 0  ∀𝑛 ≥ 1 

and 𝑓𝑛 ≤ 𝑓𝑛+1  𝑒. on 𝐴 ∩ 𝐼𝜒∪𝑀𝑛
𝑐 . 

⟹ there exists a sequence {𝐹𝑛} ⊂ 𝑋 

with 𝐼𝜒𝐹𝑛 ∈ 𝒜̃ for all 𝑛 ≥ 1 and  𝑓𝑛 ≤

𝑓𝑛+1  on  ⋂ 𝐹𝑛
∞
𝑛=1  and  𝐴 ∩

𝐼𝜒⋃ 𝑀𝑛
∞
𝑛=1

𝑐 ⊂ 𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

. 

Let  𝐶 = 𝐼𝜒𝐷 ∪ (∪ 𝐼𝜒𝑀𝑛) 

            = 𝐼𝜒⋃ (𝐷∪𝑀𝑛)
∞
𝑛=1

. 

Since  𝑚̃ is weakly-null-countable 

additive ⟹𝑚̃(𝐶) = 0.  

Since  𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) → 𝑓(𝑥)∀𝑥 ∈ 𝐻and since   

𝑓𝑛 ≤ 𝑓𝑛+1  ∀𝑛  on  ∩ 𝐹𝑛 

⟹𝑓𝑛(𝑥) ≤ 𝑓𝑛+1(𝑥)∀𝑥 ∈∩ 𝐹𝑛, 

This implies that ∀𝑥 ∈ 𝐻 ∩ (⋂ 𝐹𝑛
∞
𝑛=1 ) , 

𝑓𝑛(𝑥) ↑ 𝑓(𝑥). 

Therefore,𝑓𝑛 ↑ 𝑓 on 𝐻 ∩ (⋂ 𝐹𝑛
∞
𝑛=1 ) 

=⋂ (𝐻 ∩ 𝐹𝑛
∞
𝑛=1 ).  

Since 𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻 and  

𝐴 ∩ 𝐼𝜒∪𝑀𝑛
𝑐 ⊂ 𝐼𝜒⋂ 𝐹𝑛

∞
𝑛=1

 

This implies that  𝐴 ∩ 𝐶𝑐 ⊂

𝐼𝜒𝐻∩(⋂ 𝐹𝑛
∞
𝑛=1 ) and therefore, 

𝑓𝑛 ↑ 𝑓  𝑒.on 𝐴 ∩ 𝐶𝑐. 

Since,𝑚̃(𝐶) = 0, 

so𝑓𝑛 ↑ 𝑓  𝑎. 𝑒.  on 𝐴.  

Theorem(3.7): 

     Let{𝑓𝑛, 𝑔𝑛, 𝑓, 𝑔 , 𝑛 ≥ 1} ⊂ ℳ, 

𝐴 ∈ 𝒜̃  and 𝑚̃ is weakly-null-

countable additive, then: 

1) If 𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, 𝑔𝑛

𝑎.𝑒.
→ 𝑔 on 𝐴 and 

𝑓𝑛 = 𝑔𝑛  𝑎. 𝑒. for all 𝑛, then 

𝑓 = 𝑔  𝑎. 𝑒.  . 

2) If 𝑓𝑛
𝑎.𝑒.
→ 𝑓on 𝐴, 𝑓𝑛 = 𝑔𝑛 𝑎. 𝑒. for all 

𝑛 and 𝑓 = 𝑔  𝑎. 𝑒., then  

𝑔𝑛
𝑎.𝑒.
→ 𝑔onA.  

Proof: 

1)  Since  𝑓𝑛
𝑎.𝑒.
→ 𝑓 on A, there exists a 

subset 𝐷 ⊆ 𝑋  with  𝐼𝜒𝐷 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝐷) = 0  such that 𝑓𝑛
𝑒.
→𝑓  on   

𝐴 ∩ 𝐼𝜒𝐷
𝑐 . 

⟹ there exists 𝐻 ⊆ 𝑋   with 𝐼𝜒𝐻 ∈ 𝒜̃  

such that 𝑓𝑛 converges to 𝑓 on 𝐻 and  

𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻. 

Since 𝑔𝑛
𝑎.𝑒.
→ 𝑔 on A, there exists a 

subset 𝑁 ⊆ 𝑋  with  𝐼𝜒𝑁 ∈ 𝒜̃  and 

𝑚̃(𝐼𝜒𝑁) = 0  such that 𝑔𝑛
𝑒.
→𝑔  on   

𝐴 ∩ 𝐼𝜒𝑁
𝑐 . 

⟹ there exists 𝑀 ⊆ 𝑋   with 𝐼𝜒𝑀 ∈ 𝒜̃  

such that 𝑔𝑛 converges to 𝑔 on 𝑀and  

𝐴 ∩ 𝐼𝜒𝑁
𝑐 ⊂ 𝐼𝜒𝑀. 

Since 𝑓𝑛 = 𝑔𝑛 𝑎. 𝑒.on A, then there 

exists a sequence {𝐸𝑛}⊆X  with  

𝐼𝜒𝐸𝑛 ∈ 𝒜̃  and 𝑚̃(𝐼𝜒𝐸𝑛) = 0 for 

all 𝑛 ≥ 1  such that 𝑓𝑛 = 𝑔𝑛 𝑒.  on   

𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 . 
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⟹there exist 𝐹𝑛⊆𝑋  with 𝐼𝜒𝐹𝑛 ∈ 𝒜̃ for 

all 𝑛 ≥ 1   such that  𝑓𝑛 = 𝑔𝑛 on 

⋂ 𝐹𝑛
∞
𝑛=1 and  𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛

∞
𝑛=1

𝑐 ⊂

𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

. 

Let𝐵 = 𝐼𝜒𝐷 ∪ 𝐼𝜒𝑁 ∪ (⋃ 𝐼𝜒𝐸𝑛
∞
𝑛=1 ) . 

Since 𝑚̃ is weakly-null-countable 

additive ⟹𝑚̃(𝐵) = 0. 

Since 𝑓𝑛 converges to 𝑓 on 𝐻 

⟹𝑓𝑛(𝑥) → 𝑓(𝑥)∀𝑥 ∈ 𝐻, 

𝑔𝑛 converges to 𝑔 on M  

⟹∀𝑥 ∈ 𝑀, 𝑔𝑛(𝑥) ⟶ 𝑔(𝑥)and since 

𝑓𝑛 = 𝑔𝑛 on ⋂ 𝐹𝑛
∞
𝑛=1 

⟹∀𝑥 ∈ ⋂ 𝐹𝑛
∞
𝑛=1  , 𝑓𝑛(𝑥) = 𝑔𝑛(𝑥). 

This implies that  ∀𝑥 ∈ 𝐻 ∩𝑀 ∩

(⋂ 𝐹𝑛
∞
𝑛=1 ), 𝑓(𝑥) = 𝑔(𝑥). 

So 𝑓 = 𝑔 on𝐻 ∩𝑀 ∩ (⋂ 𝐹𝑛
∞
𝑛=1 ). 

Since  𝐴 ∩ 𝐼𝜒𝐷
𝑐 ⊂ 𝐼𝜒𝐻, 𝐴 ∩ 𝐼𝜒𝑁

𝑐 ⊂ 𝐼𝜒𝑀 

and 𝐴 ∩ 𝐼𝜒⋃ 𝐸𝑛
∞
𝑛=1

𝑐 ⊂ 𝐼𝜒⋂ 𝐹𝑛
∞
𝑛=1

 

⟹𝐴∩ 𝐵𝑐 ⊂ 𝐼𝜒𝐻∩𝑀∩(⋂ 𝐹𝑛
∞
𝑛=1 )and since  

𝑚̃(𝐵) = 0. 

Therefore, 𝑓 = 𝑔  𝑎. 𝑒. . 

2)It is similar to proof (1). 

Theorem(3.8): 

Let {𝑓𝑛, 𝑔𝑛, 𝑓, 𝑔 , 𝑛 ≥ 1} ⊂ ℳ, 𝐴 ∈ 𝒜̃ 

and 𝑚̃ isa double asymptotic null- 

additive , and 𝑐 ∈ 𝑅 , 𝑓𝑛
𝑚̃
→ 𝑓, 𝑔𝑛

𝑚̃
→ 𝑔, 

on A then: 

1)𝑐 ∙ 𝑓𝑛
𝑚̃
→ 𝑐 ∙ 𝑓on A. 

2)𝑓𝑛 + 𝑔𝑛
𝑚̃
→ 𝑓 + 𝑔on A. 

3)|𝑓𝑛|
𝑚̃
→ |𝑓|on A. 

 

Proof: 

1) If 𝑐 = 0, the proof is trivial. 

If 𝑐 ≠ 0,let 𝑐 > 0. 

Since  𝑓𝑛
𝑚̃
→ 𝑓  on 𝐴 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|≥ ϵ}) ⟶

0and since  

{𝑥: |𝑐 ∙ 𝑓𝑛(𝑥) − 𝑐 ∙ 𝑓(𝑥)| ≥ 𝜖}

= {𝑥: |𝑓𝑛(𝑥) − 𝑓(𝑥)|

≥
𝜖

|𝑐|
} 

⟹𝐴∩ 𝐼𝜒{𝑥:|𝑐∙𝑓𝑛(𝑥)−𝑐∙𝑓(𝑥)|≥𝜖} 

=𝐴 ∩ 𝐼𝜒
{𝑥:|𝑓𝑛(𝑥)−𝑓(𝑥)|≥

𝜖

|𝑐|
}

 

This implies that 𝑚̃(𝐴 ∩

𝐼𝜒{𝑥:|𝑐∙𝑓𝑛(𝑥)−𝑐∙𝑓(𝑥)|≥𝜖}) ⟶ 0  

So, 𝑐 ∙ 𝑓𝑛
𝑚̃
→ 𝑐 ∙ 𝑓 on A. 

2) Since|(𝑓𝑛(𝑥) + 𝑔𝑛(𝑥)) − (𝑓(𝑥) +

𝑔(𝑥))|≤|𝑓𝑛(𝑥) − 𝑓(𝑥)|+ 

|𝑔𝑛(𝑥) − 𝑔(𝑥)| 

This implies that  

{𝑥: |(𝑓𝑛(𝑥) + 𝑔𝑛(𝑥)) − (𝑓(𝑥) +

𝑔(𝑥))| ≥ 𝜖}⊆{𝑥: |𝑓𝑛(𝑥) − 𝑓(𝑥)| ≥

𝜖

2
}∪{𝑥: |𝑔𝑛(𝑥) − 𝑔(𝑥)| ≥

𝜖

2
} 

This implies that  

𝐴 ∩ 𝐼𝜒{𝑥:|(𝑓𝑛(𝑥)+𝑔𝑛(𝑥))−(𝑓(𝑥)+𝑔(𝑥))|≥𝜖} 

⊆𝐴 ∩ 𝐼𝜒
{𝑥:|𝑓𝑛(𝑥)−𝑓(𝑥)|≥

𝜖

2
}
∪ 

𝐴 ∩ 𝐼𝜒
{𝑥:|𝑔𝑛(𝑥)−𝑔(𝑥)|≥

𝜖

2
}
 

Since   𝑓𝑛
𝑚̃
→ 𝑓 , 𝑔𝑛

𝑚̃
→ 𝑔 on A and𝑚̃  is 

a double asymptotic null- additive. 
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Thus, 𝑚̃ (𝐴 ∩

𝐼𝜒
{𝑥:|

(𝑓𝑛(𝑥)+𝑔𝑛(𝑥))−

(𝑓(𝑥)+𝑔(𝑥))
|≥𝜖}
) → 0 

Therefore, 𝑓𝑛 + 𝑔𝑛
𝑚̃
→ 𝑓 + 𝑔 on A. 

3)since||𝑓𝑛(𝑥)| − |𝑓(𝑥)|| ≤ |𝑓𝑛(𝑥) −

𝑓(𝑥)| this implies that  

{𝑥: ||𝑓𝑛(𝑥)| − |𝑓(𝑥)|| ≥

𝜖}⊆{𝑥: |𝑓𝑛(𝑥) − 𝑓(𝑥)| ≥ 𝜖} 

𝐴 ∩ 𝐼𝜒{𝑥:||𝑓𝑛(𝑥)|−|𝑓(𝑥)||≥𝜖 }⊆𝐴 ∩

𝐼𝜒{𝑥:|𝑓𝑛(𝑥)−𝑓(𝑥)|≥𝜖 } 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥:||𝑓𝑛(𝑥)|−|𝑓(𝑥)||≥𝜖 }) ≤

𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥:|𝑓𝑛(𝑥)−𝑓(𝑥)|≥𝜖 }) 

Since 𝑓𝑛
𝑚̃
→ 𝑓 on A, so  |𝑓𝑛|

𝑚̃
→ |𝑓| on 

A.Theorem(3.9): 

Let  {𝑓𝑛}𝑛≥1⊂ℳ,𝑓 ∈ ℳ, 𝐴 ∈ 𝒜̃ and 

𝐴 ∩ 𝐴𝑐 = 0̃ for every 𝐴 ∈ 𝒜̃, then: 

1) If 𝑚̃ has property(S) and 𝑓𝑛
𝑚̃
→ 𝑓 on 

A, then there exists a subsequence {𝑓𝑛𝑖} 

of {𝑓𝑛} such that 𝑓𝑛𝑖
𝑎.𝑒.
→ 𝑓on 𝐴.                                          

2) If 𝑚̃has property(PS) and 𝑓𝑛
𝑚̃
→ 𝑓 on 

𝐴, then there exists a subsequence {𝑓𝑛𝑖} 

of {𝑓𝑛} such that 𝑓𝑛𝑖
𝑝.𝑎.𝑒.
→   𝑓 on 𝐴.                                       

3) If 𝑚̃ is a converse-autocontinuous 

from below, has property(S) and 

𝑓𝑛
𝑝.𝑚̃
→  𝑓on 𝐴, then there exists a 

subsequence {𝑓𝑛𝑖} of {𝑓𝑛} such that 

𝑓𝑛𝑖
𝑎.𝑒.
→ 𝑓 on 𝐴.                                                                                                     

4) If 𝑚̃ is a converse-autocontinuous 

from below, has property(PS) and 

𝑓𝑛
𝑝.𝑚̃
→  𝑓  on 𝐴, then there exists a 

subsequence {𝑓𝑛𝑖} of {𝑓𝑛} such that 

𝑓𝑛𝑖
𝑝.𝑎.𝑒.
→   𝑓 on 𝐴.                                                                                                  

Proof : 

 1)  Since 𝑓𝑛
𝑚̃
→ 𝑓 on 𝐴 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|≥1𝑘}
) ⟶ 0for 

any 𝑘 ≥ 1. 

Let 𝐸𝑛
𝑘 = {𝑥 ∶ |𝑓𝑛(𝑥) − 𝑓(𝑥)| ≥

1

𝑘
} 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘) ⟶ 0. 

Then there exists a subsequence {𝑛𝑘}  

such that   

𝑚̃ (𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 ) ≤ 1

𝑘
for any 𝑘 ≥ 1, then 

𝑚̃ (𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 ) ⟶ 0  as 𝑘 → 0. 

By using  property(S), there exists a 

subsequence {𝐴 ∩ 𝐼𝜒
𝐸𝑛𝑘𝑖

𝑘𝑖 } of  

a sequence  {𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 }  such that  

𝑚̃ (⋂⋃(𝐴 ∩ 𝐼𝜒
𝐸𝑛𝑘𝑖

𝑘𝑖 )) = 0 

⟹𝑚̃( 𝐴 ∩ 𝐼𝜒
∩∪𝐸𝑛𝑘𝑖

𝑘𝑖 ) = 0. 

Let 𝐷 = ⋂⋃⋂{𝑥 ∶ |𝑓𝑛𝑘𝑖
(𝑥) − 𝑓(𝑥)| ≤

1

𝑘𝑖
}. 

Since𝐼𝜒
∩∪𝐸𝑛𝑘𝑖

𝑘𝑖

𝑐 ⊆ 𝐼𝜒𝐷  and {𝑓𝑛𝑘𝑖
} 

converges to 𝑓 on D.  
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⟹𝐴∩ 𝐼𝜒
∩∪𝐸𝑛𝑘𝑖

𝑘𝑖

𝑐 ⊆ 𝐼𝜒𝐷. 

Therefore, 𝑓𝑛𝑘𝑖

𝑎.𝑒.
→ 𝑓 on A. 

2)  Since 𝑓𝑛
𝑚̃
→ 𝑓 on 𝐴 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|≥1𝑘}
) ⟶ 0for 

any 𝑘 ≥ 1. 

Let 𝐸𝑛
𝑘 = {𝑥 ∶ |𝑓𝑛(𝑥) − 𝑓(𝑥)| ≥

1

𝑘
} 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘) ⟶ 0.  

Then there exists a subsequence {𝑛𝑘}  

such that   

𝑚̃ (𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 ) ≤ 1

𝑘
for any 𝑘 ≥ 1, then 

𝑚̃ (𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 ) ⟶ 0  as 𝑘 → 0. 

By using property(PS), there exists a 

subsequence {𝐴 ∩ 𝐼𝜒
𝐸𝑛𝑘𝑖

𝑘𝑖 } of  

a sequence  {𝐴 ∩ 𝐼𝜒𝐸𝑛𝑘
𝑘 }  such that  

𝑚̃ (𝐴 ⋂⋃(𝐴 ∩ 𝐼𝜒
𝐸𝑛𝑘𝑖

𝑘𝑖 )⁄ ) = 𝑚̃(𝐴) 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒
∩∪𝐸𝑛𝑘𝑖

𝑘𝑖

𝑐 ) = 𝑚̃(𝐴) 

Let = ⋂⋃⋂{𝑥 ∶ |𝑓𝑛𝑘𝑖
(𝑥) − 𝑓(𝑥)| ≤

1

𝑘𝑖
}. 

⟹𝐴∩ 𝐼𝜒
∩∪𝐸𝑛𝑘𝑖

𝑘𝑖

𝑐 ⊆ 𝐼𝜒𝐷and since  {𝑓𝑛𝑘𝑖
} 

converges to 𝑓 on 𝐷.  

Therefore, 𝑓𝑛𝑘𝑖

𝑝.𝑎.𝑒.
→   𝑓 on A. 

3)  Since 𝑓𝑛
𝑝.𝑚̃
→  𝑓 on 𝐴 

⟹𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|<ϵ}) 

⟶ 𝑚̃(𝐴)for ≥ 1. 

By using the converse-autocontinuity 

from below of𝑚̃, we have  

𝑚̃(𝐴 (𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|<ϵ}⁄ ) )  ⟶

0, this implies that 

𝑚̃(𝐴 ∩ 𝐼𝜒{𝑥∶|𝑓𝑛(𝑥)−𝑓(𝑥)|≥ϵ}) ⟶ 0 

This shows that 𝑓𝑛
𝑚̃
→ 𝑓  on. 

From (1) there exists a subsequence 

{𝑓𝑛𝑖} of {𝑓𝑛} such that 𝑓𝑛𝑖
𝑎.𝑒.
→ 𝑓 on A. 

4)  Since 𝑓𝑛
𝑝.𝑚̃
→  𝑓 on 𝐴 and as in proof 

(3), by using the converse-

autocontinuity from below, we have  

𝑓𝑛
𝑚̃
→ 𝑓onA.  

From (2), there exists a subsequence 

{𝑓𝑛𝑖} of {𝑓𝑛} such that 𝑓𝑛𝑖
𝑝.𝑎.𝑒.
→   𝑓on 𝐴. 
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 حول مبرهنة رايز في القياس الضبابي الحدسي

 محمد جاسم محمد, آمنة كريم يوسف

 جامعة ذي قار –كلية التربية للعلوم الصرفة  –قسم الرياضيات 

 الخلاصة

من converse autocontinuity, (PS), الخاصية   (S): الخاصيةالاتية , قُدّمت الخصائصفي هذا البحث

الاسفل للقياس الضبابي الحدسي على المجوعات الضبابية الحدسية وبرهنا مبرهنة رايز وثلاثة صيغ لهذه المبرهنة 

 . ة للقياسلمتتابعة الدوال الضبابية الحدسية القابل

 

 

 

 

 

 

 

 

 

 


