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Abstract
In this paper we introduce and investigate some subclasses of strongly close-
to-convex functions associated with the linear operator ofmeromorphic p-valently
functions and study several inclusion relationships with some properties ofthis operator.
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1.Introduction A function  f(z) € ¥,is said tobep —
d he dl ¢ hi valent meromorphic starlike of order a (0 <
Lety, enote the class of meromorphic a< p)

functions of the form
if it satisfies

f(Z) =zP 4 Z ak+pzk+p , (1 — 1) { Zf,(Z)
k=0 Re{—
f(2)

and the class of such functions is defined by
MS*(a).

}Za (zelUW) (1-2)

which are analytic and p-valently in the
punctured unit disk u*={z:z €C0<
|z|<1}
Also a function f(z) € Y., is said tobep —
valent meromorphic convex of order

If f(2) and g(z) are analytic in u, we say that a(0 <o < p)ifit satisfies
f(2)is subordinate tog(z), written f <

=U-0.

gorf(z) < g(z), if there exists a Schwarz zf"(z)
function w(z) which (by definition) is analytic Rej—(1+ (2 Jpzaz el) (1-3)
inU such that f(z) = g(w(z)). and the class of such functions is defined by

MK ().
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Letf(z) €Y, andg(z)€
MS*(a). Then f(z) € MC(a,B) if and only
if
'@
Re{ 9@

}>ﬁ(z ew), (1-4)

where 0 < a <p and 0 <3 <p. Such functions
are called close-to-convex functions of

orderg and type a in U,*?),

Further, a function f(z) € Y, s called p-
valentlymeromorphic strongly starlike of
ordery (0 <y < p)and type a (0 < a <
p)inU if it satisfies

zf'(2)

|arg(—m—a)| <§y (z €eUw). 1-5)

If f(z) €Y, satisfies

zf"(2)
arg(— <1 + [0 > — a)’
<

VA
Vs
5V (z € W,

forsomey (0 < y < p)and a (0 < a <p),
then f is called p-valentlymeromorphic

strongly convex of order y and type a in U
and denoted by MC(y, a). We note that the

classes mentioned above are the familiar
classes which have been studied by many
authors® 4

For a function f(z) € ¥, given by (1-1),
we define a linear operator D™ by

D°f(z) = f(2)
Df(z) = z7P(2P*1f(2))'

= Z_p
+ Z(Zp K+ Dagy 25+
k=0

and

D"f(z) = D(D"'f(2))
= Z"p(zp“D"_lf(z))’

+ Z(Zp +k
k=0

+ )"y pz"tP (N
EN) (1-6)

Using the relation (1-6), it is easy to verify
that

(D"f(2) = D"*f(2)
—(+1DDf(2). (1-7)

Alsndaemetedthyt W3 “£¢z30f another form of
function studied by Liu and
Srivastava®, Srivastava and
Patel®whointroduce  several inclusion
relationships by usingvarioussubclasses of
meromorphic p-valent functions . A special
cases of linear operator D™for p =1 studied
by Uralegaddi and Somanatha® Aouf and
Hossen®, and got interestingresultsby using
the operator D™.

For n eNJlet MC}*'(a,B,y.A B)be the
class of functions f(z) €}, satisfying
the condition:

Dn+1 !
‘—arg(%—m‘;ﬂo <v
<p0<4d6<pz
€ W), (1-98)

for some g(z) € Sp**(a, A, B), where

1 (Z(D”“g(Z))’
‘p+a” D"g(z)

1+ Az
} (1-9)

Sp*(a,A,B) = {g

—a) <
Ly

0<a<p-1<B<A<1zE€e

U and g € }.,) andthe functions fbelonging

to thisclass is called strongly close-to-convex
function.
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In this study and by using the technique of
Cho,we find some argument propertiesof
functions belonging to)., which include
inclusion relationship and we obtain
someinteresting results for the functions class

MCZ,Hl((X, B,v, A, B)ywhich we have defined here

by the operator D™.

In order to obtain our results, we need each of
the following lemmas.

Lemma 1.1®): Let h(z) be convex univalent
in U with h(0) = 1 and Re {eh(z) + 1} >

0(e,m € C).Ifp(2)is analytic in U with
p(0) = 1,then

zp'(2)
ep(2) + 1

implies p(z) < h(z) (z € U).

p(z) + < h(z)(z e UW),

Lemma 1.200Let h(z) be convex univalent
in U and w(z)be analytic in
U with Re {w(z)} = 0. If p(2)is analytic in
Uwith p(0) = h(0),then

p(z) + w(2)zp(z) < h(2) (z € W),
implies p(z) < h(z) (z € U).

Lemma 1.3™: Let p(z) be analytic in U with
p(0) = 1landp(z) # 0 inU. If there
existstwo points z; , z, in U such that

T
S = argp(z) < argp(2)

T
< argp(z,) = 5 4;(1-10)

for some a4, a;(a;,a, > 0)and for all z(|z| <
|z, | = |z,]), then we have

zp'(z,) _ a t+a;
p(z1) 2

and

87

zp'(z a, +a
P(z):_i 1 Zm, (1-11)
p(z; ) 2
Where m > %nqg
1+|c|
c
—it n(az_al> 1-12
—r et ay) ( )

2.Main Results

We first derive the following with use of
Lemma 1.1.

Proposition 2.1: Let h(z) be convex
univalent in U with h(0) =1 and
Re {h(z)} > 0.

If a function f(z) € ¥, satisfies the

following condition:

1 (z(D™'f(2)"
pta\ D"1f(z)

a) < h(z),

then

1 (zD"f(2)"
p+a\ D"f(z)

O<a<p;zel

a) < h(z).

Proof. Let

1 <Z(D"f(2))’ _

+a\ D"f(z) a>.(2—1)

p(z) =5
Then p(z) is analytic function in
Uwithp(0) = 1. By using (1-7), we obtain

p+1+a+ (p+ o)pl2)
B Dn+1f(Z)

_—D"f(z) . (2-2)

Differentiating Logarithmically with respect
to z and multiplying by , we get
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zp'(z)
p() + p+l+a+ (p+ o)pl2
1 (z2(D™ f(2))
= p+ 0(( D1 f(z2) - a>.

Now, by using Lemma 1.1, we obtain that

1 (z(D"f(2)
p+a< D" f(z) —a) < h(2),

deduce that p(2) < h(z).

) 1+ Az
Setting h(z) = 1T 57

< 1),in Lemma 2.1, we obtain

(-1<B <A

Corollary 21: For n € N and p €
{1,2,...} we have

Si+(a,A,B) c S}(a, A, B).

Proposition 2.2: Let h(z) be convex
univalent in U with  h(0) =1
and Re {h(2)} > 0.If

1 <Z(D"+1f(2))’ _ a) <

p+a\ D"!f(z)
then
n+1 '
e ) <
0<a<p;zelU)
where

Iof(z) = Hz_gpf t9-1F()dt (8 = 0) (2
_3

z(D™ 1 pf (2)) = (6 —
p)((D™ f(2)) —

o((D™ f(2)). (2-4)

p(2) = 1 <Z(D"+1f(2))’_a>,

p+a\ D"!f(z)

p(2)is analytic function in ‘U with p(0) =
1. Then, by (2-4), we get

0+ a+ (p+ wpz)

ooy 2@

DG P

By differentiating (2-5) logarthmically with
respect to z and multiplying by z,we have

zp'(z)

p() +9 + o+ (p + a)p(2)
_ 1 (20" (@)
“pta\ D™f(2)

~a)

Thus, by Lemma 1.1, we get

1 [(z(D™1 f(2))
( f@) —a | < h(2).
pta\ D™ f(2)

1£WU2 €, satisfies
i = -1 < <
Taking h(z) 1+ B2 1<B<A
< 1),in Proposition 2.2, we obtain

Corollary 2.2:
If f(z) € Sp*!(a, A, B), thenlo(f) €
Sp*1(a, A, B)

Hence on Applying Proposition 2.2 we
prove the following theorem

Theorem 2.1: Letf(z) €Y, and 0<
8,8, <p,0<a<plf
s z(D"1 f(2))’ T
501 < arg(—w— V) <38
f € S1(a, A, B),th
or S(i’rlr'loeo%(lggom (9-3)(,(\)/(ve ha%ze en
T z(D™ f(2))’ T
—5h < arg<_D"—g(z) —V | <3Pz

Where}?ftand B> (0 <By, B2 < p) are the
solution of the equations:
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(B1 + B (1 — IeDeos Tty

T -1
Bt 2 tan 2 ((p+a)(1+A)
(1+B)

|
|
| .

(2-6)

+p+1 +a) @+lch+ B+ ﬁz)Singﬁ} B #—

=-1

62 =
( B, + %tan‘1
(B1+B2)(1-lcl)cosTt, B # -1,
2(%+p+1+a)(1+|c|)+(ﬁl+ B2)sinZt;
L B=-1,
B2
2-7)
wherec is given by (1-12) and ¢; =
P (p+a)(1-B)
Z St ((p+a)(1—AB)+(P+1+a)(1—BZ))'
Proof. Let
1 (z(D™'f(2))
p(Z) = n+1
p+a\ D"f(z)
— y>. (2
- 8)

By using (1-7) and simple calculations, we
have

[(p + V)(p(2) — yID"g(2)
= D"*1f(2)
— (p+ 1)D"f(2). (2
_ 9)

Take the derivative of both sides (2-9) and
multiply by z, we get

(»+ V)ZP’(Z}D”g(Z) +[(p +,V)P(Z) -
v1z(D"g(2)) =z(D™"*'f(2)) —
(» + D(D"f(2)) (2-10)
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Since g(z) €

) Sp*1(a, A, B),thenwe haveg(z) €
Sy (a, A, B). (by Corollary 2.1)

Now, put

q(z) =p : (Z(Dng(z))’

p+a\ D"g(2)
- a).By usallrll% (1
—7),we get

p+a0)q@)+a+p+1
B Dn+lg(2)

D"g(z) °
Therefore, by (2-10),(2-11), we have

1 <Z(D”+1f(2))' )
—Y

(2 —11)

p+a\ D™lg(z)
=p(2)
zp'(2)
p+a)g@+a+p+1

Making use the result of Silverman and
Silvia (A,we obtain

@ 1—AB<A—B c U B
1@ =T —pz| <7 €W
+ -1 (2 - 12)
and
1—-A
Re{q(2)} > 5 (z € U; B
+ —1). (2 —13)

By (2-12),(2-13), we get

.0

(p+a)q(z) +p+a+1=rez,

where ,if B # —1,we have
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(pta)(d-4)
1-B

P+a+1<r

p+a)(1+A4)

P 1
1+ B +a+

—t; < @ <ty,t;isdefinedin (2 — 8)

-

n zp'(z;) )) >
p+a)q(z)+a+p+1

and if B = —1,we have THﬂz
® +a)(1 — A) - (By + B)(1 = |cl)cos T t,)
> P+ta+1<r<om-1<0 (TRt p+14+a) (A + ) + (B + Bosines
<1 - 6
Now by1 Lemma 1.2 and assumption withw = IfB = —1,we get

praa@tprar’ note that p(z) is analytic

zp'( z;1) -n
(p+a)q( zl)+a+p+1)) s 2 ﬂl

. _ arg(—(p( z,) +
withp(0) = land Re {p(2)} > 0inU

and
Hence by Lemma 1.3 for z; , z, € U,such 2p'(2,)
that the condition (1-10) is satisfied, then — + 2
14
L = — P
have (1-11) under the restriction (1- 2

12).Now There are contradictions to the

ifB = —1, we get assumption. Hence the proof is complete

e

n zp'( zy)
p+a)q(z)+a+p+1

T B+ B iZ -1
=—Eﬁ1+arg(1—l > m(reZ) )

Corollary 2.3:
MC3* (@ By, AB) © MC}(aB,v,4,B)

Settingn = 0,6, = &,
= § in Theorem 2.1, we get:

Corollary 2.4: Let f(z) € ., .If

z(z 7P (2P f (D)) ™
-1 -p (»P+1 Y = 56
<, @ @)
(By + B)m sin= (1 - 0)
— tan™1( = )
2r 4+ (By + B)m cos—(1—0) z f(2)) T
arg| — - <=p,
-1 9(2) 2
<5 B
1 (B1 + B)(1 = IeDcos T ty) whereff (0 < f < p)is the solution of
—tan~ ion:
(BOUD 4 4 14 a) 1+ fel) + (B, + p)sin THUATON
- s )
= -4, )
A P cos—ty
and B +=tan™?! 2
- 2 %+p+l+a+ﬁsingtl

B
90
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and t, = By (2-5),we get

T . _1 (p+a)(1-B) n+1
- . + +y[D" 1
2 St ((p+a)(1—AB)+(P+1+0£)(1—BZ)) [ +7ip(z) !29 _ p)z;gﬁ?l £(2)

Theorem 2.2:Let f(z) € ¥pand 0 < —6(D™ 1 1gf (2)
5,6, <10 <y < LIf

and simplifying, we obtain

SIS e
for some g(z) € S;**(a, A, B), then =©6-p Z(g::]f:;((j)))'

_gﬁl < arg <— Z(g::]f:;((zz)))l N )
<gﬁ2; q(2) =pia<z(§::]]ﬂ:£((zz)))l‘“)'

where [y is defined by(2-3),and f; , 5, are

the solutions of Therefore,
5 1 <Z(Dn+1 lof(2)) )
—|C CDSE - a
_ {rﬁlJrgmn_l{z (“’*”‘)(“’”Jr(zf;fllfl()l(lLll)cl):z/li' + B )sinft} Br-L pta D leg(2)
= | (1+5) . 1T P2)singh — = p(z) ,
zp'(2,)

@-14) p+a)g2)+a+6
and Thus, by the similar way of proof Theorem
5 = 2.1, we obtain the required result and the

, =
_ (B1+B2)(1-|cl)cos>t oof is complete.
Pt %tan ' {2(w+;+1ia)(1+|c|)+zﬁll+ ﬁz)sinftp} é * _Tp
(1+5) 2 8etting 6, = 8, = & in Theorem 2.2, we
B2 obtaia = —1,
(2-15) Corollary 2.5:Letf(z) € ¥pand 0 < y <
herec is given by (1-12) andt, = p0<d=<LIf

To.o_q (p+a)(1-B) +1 !
zsm ((p+a)(1—AB)+(9+a)(1—32))' arg(_w_y) <25
Dn"'lg(Z) 2

Proof. Let

() = L (ZP T ef @)Y

P =\ D ,g(2) ' . (_Z(D”“Hef(Z))'_ )| <75

| I TDrg) T2
Since g(2)

€ Sp*'(a, A, B), thenwe have by Corollary 2.2 Wherellyis given by(2-5),and B(0 < < 1)

is the solution of the equation
thatlpg(2) € S5+ (a, A, B).
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B cosgtl

o)
{.3 += tan 1 (p+a)(1+A)

. T
118 +p+1+a+ﬁsm;t1

B

-

Corollary 2.6: If f(z)
€ MCJ*'(y, 6, a, A, B), thenly f(2)
€ MC}*'(y,6,a,A,B).

B =-1.
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