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1.Introduction   

Let∑
denote the class of meromorphic

 functions of the form 𝑝  

     𝑓(𝑧) = 𝑧−𝑝  +∑𝑎𝑘+𝑝𝑧
𝑘+𝑝

∞

𝑘=0

 ,          (1 − 1) 

which are analytic and p-valently in the 

punctured unit disk 𝑢∗ = {z: z ∈ ℂ, 0 <
|𝑧|˂1} 

    = 𝒰 − 0. 

If 𝑓(𝑧) and 𝑔(𝑧) are analytic in 𝑢, we say that 

𝑓(𝑧) is subordinate to 𝑔(𝑧), written 𝑓 ≺
 𝑔 or 𝑓(𝑧)  ≺  𝑔(𝑧), if there exists a Schwarz 

function 𝑤(𝑧) which (by definition) is analytic 

in𝒰 such that 𝑓(𝑧) =  𝑔(𝑤(𝑧)).   

A function 𝑓(𝑧) ∈ ∑ is said to be p −p

valent meromorphic starlike of order α (0 ≤
α <   𝑝)  

if it satisfies 

 𝑅𝑒 {−
𝑧𝑓′(𝑧)

𝑓(𝑧)
} ≥ 𝛼    (𝑧 ∈ 𝒰)         (1 − 2) 

and the class of such functions is defined by 

𝑀𝑆∗(𝛼). 

Also a function 𝑓(𝑧) ∈ ∑ is said to be p −p

valent meromorphic convex of order   

α (0 ≤ α <  𝑝)if it satisfies 

   𝑅𝑒 {−(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
)} ≥ α(𝑧 ∈ 𝒰)   (1 − 3) 

and the class of such functions is defined by 

𝑀𝐾(𝛼). 
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Let 𝑓(𝑧) ∈ ∑𝑝 and 𝑔(𝑧) ∈

𝑀𝑆∗(𝛼). Then 𝑓(𝑧) ∈  𝑀𝐶(𝛼, 𝛽) if and only 

if 

𝑅𝑒 {−
𝑧𝑓′(𝑧)

𝑔(𝑧)
} > 𝛽(𝑧 ∈ 𝒰),         (1 − 4) 

where 0 ≤ α < p and 0 ≤ β < p. Such functions 

are called close-to-convex functions of 

orderβ and type α in 𝒰,(1,2). 

Further, a function 𝑓(𝑧) ∈ ∑𝑝  is called p-

valentlymeromorphic strongly starlike of 

order𝛾 (0 ≤  𝛾 <  𝑝)and type 𝛼 (0 ≤  𝛼 <
 𝑝)in𝒰 if it satisfies 

|arg (−
𝑧𝑓′(𝑧)

𝑓(𝑧)
− α)| <

𝜋

2
𝛾   (𝑧 ∈  𝒰).   (1 − 5) and denoted by 𝑀𝑆∗(𝛾, 𝛼). 

If 𝑓(𝑧) ∈ ∑𝑝 satisfies 

|arg (−(1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) − 𝛼)|

<
𝜋

2
𝛾   (𝑧 ∈  𝒰), 

for some 𝛾 (0 ≤  𝛾 <  𝑝) and α (0 ≤ α < p), 

then f is called p-valentlymeromorphic 

strongly convex of order 𝛾 and type 𝛼 in 𝒰 

and denoted by 𝑀𝐶(𝛾, 𝛼). We note that the 

classes mentioned above are the familiar 

classes which have been studied by many 

authors(3, 4) 

For a function 𝑓(𝑧) ∈ ∑𝑝  given by (1-1), 

we define a linear operator 𝐷𝑛 by 

𝐷0𝑓(𝑧) = 𝑓(𝑧) 

𝐷1𝑓(𝑧) = 𝑧−𝑝(𝑧𝑝+1𝑓(𝑧))
′

= 𝑧−𝑝

+∑(2𝑝 + 𝑘 + 1)𝑎𝑘+𝑝𝑧
𝑘+𝑝

∞

𝑘=0

 

and 

𝐷𝑛𝑓(𝑧) = 𝐷(𝐷𝑛−1𝑓(𝑧))

= 𝑧−𝑝(𝑧𝑝+1𝐷𝑛−1𝑓(𝑧))
′
 

                                             
= 𝑧−𝑝

+∑(2𝑝 + 𝑘

∞

𝑘=0

+ 1)𝑛𝑎𝑘+𝑝𝑧
𝑘+𝑝  . ( 𝑁

∈ ℕ)        (1 − 6) 

Using the relation (1-6), it is easy to verify 

that 

(𝐷𝑛𝑓(𝑧))
′
= 𝐷𝑛+1𝑓(𝑧)

− (𝑝 + 1)𝐷𝑛𝑓(𝑧).    (1 − 7) 

Also, we note that 𝐷𝑛 𝑓(𝑧)of another form of 

function studied by Liu and 

Srivastava(5),Srivastava  and  

Patel(6)whointroduce several inclusion 

relationships by usingvarioussubclasses of 

meromorphic p-valent functions . A special 

cases of linear operator 𝐷𝑛for 𝑝 =1 studied 

by Uralegaddi and Somanatha(7),Aouf and 

Hossen(8), and got interestingresultsby using 

the operator 𝐷𝑛. 

For n ∈ℕ,let  𝑀𝐶𝑝
𝑛+1(𝛼, 𝛽, 𝛾. 𝐴, 𝐵)be the  

class  of  functions  𝑓(𝑧) ∈ ∑𝑝 satisfying 

the condition: 

|−arg ( 
𝑧(𝐷𝑛+1𝑓(𝑧))′

𝐷𝑛+1𝑓(𝑧)
− 𝛾)|

𝜋

2
𝛿 (0 ≤  𝛾 

<  𝑝, 0 ≤  𝛿 <  𝑝;  𝑧 
∈  𝒰),              (1 − 8) 

for some 𝑔(𝑧) ∈ 𝑆𝑝
𝑛+1(𝛼, 𝐴, 𝐵), 𝑤ℎ𝑒𝑟𝑒 

𝑆𝑝
𝑛+1(𝛼, 𝐴, 𝐵) = {𝑔:

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1𝑔(𝑧))′

𝐷𝑛+1𝑔(𝑧)

− 𝛼) ≺
1 + 𝐴𝑧

1 + 𝐵𝑧
}     (1 − 9) 

(0 ≤ 𝛼 < 𝑝,−1 ≤  𝐵 ≤ 𝐴 ≤ 1, 𝑧 ∈
𝑈 𝑎𝑛𝑑 𝑔 ∈ ∑ ) 𝑝 andthe functions 𝑓belonging 

to thisclass is called strongly close-to-convex 

function. 
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In this study and by using the technique of 

Cho,we find some argument propertiesof 

functions belonging to∑𝑝 which include 

inclusion relationship and we obtain 

someinteresting results for the functions class 

𝑀𝐶𝑝
𝑛+1(α, β, γ, A, B)which we have defined here 

by the operator 𝐷𝑛. 

In order to obtain our results, we need each of 

the following lemmas. 

Lemma 1.1(9): Let ℎ(𝑧) be convex univalent 

in 𝒰 with ℎ(0)  =  1 and 𝑅𝑒 {𝜀ℎ(𝑧)  +  𝜂} > 

0 (𝜀, 𝜂 ∈  𝐶 ). If 𝑝(𝑧)is analytic in 𝒰 with 

𝑝(0)  =  1,then 

𝑝(𝑧) +
𝑧𝑝′(𝑧)

𝜀𝑝(𝑧) + 𝜂
≺ h(z)(z ∈ 𝒰), 

    implies 𝑝(𝑧)  ≺  ℎ(𝑧) (𝑧 ∈  𝑈). 

Lemma 1.2(10)Let ℎ(𝑧) be convex univalent 

in 𝒰 and 𝑤(𝑧) be analytic in 

𝒰 with 𝑅𝑒 {𝑤(𝑧)}  ≥  0. If 𝑝(𝑧)is analytic in 

𝒰with 𝑝(0)  =  ℎ(0),then 

𝑝(𝑧)  +  𝑤(𝑧)𝑧𝑝(𝑧)  ≺  ℎ(𝑧)  (𝑧 ∈  𝒰), 

    implies 𝑝(𝑧)  ≺  ℎ(𝑧) (𝑧 ∈  𝒰). 

Lemma 1.3(4): Let 𝑝(𝑧) be analytic in 𝒰 with 

𝑝(0)  =  1 and 𝑝(𝑧)  ≠  0 in 𝒰. If there 

existstwo points 𝑧1 , 𝑧2 in 𝒰 such that 

     −
π

2
𝛼1 = 𝑎𝑟𝑔𝑝(𝑧1) <  𝑎𝑟𝑔𝑝(𝑧)

<  𝑎𝑟𝑔𝑝(𝑧2) =
π

2
𝛼2(1 − 10) 

for some 𝛼1, 𝛼1(𝛼1,𝛼2 > 0)and for  all z(|z| < 

|𝑧1 | = |𝑧2|), then we have 

𝑧𝑝′(𝑧1)

𝑝(𝑧1)
= −𝑖

𝛼1 + 𝛼2
2

𝑚 

and 

𝑧𝑝′(𝑧2)

𝑝(𝑧2 )
= −𝑖

𝛼1 + 𝛼2
2

𝑚,                 (1 − 11) 

Where  𝑚 ≥   
1−|𝑐|

1+|𝑐|
and  

                              𝑐

= 𝑖 𝑡𝑎𝑛
𝜋

4
(
𝛼2 − 𝛼1
𝛼1 + 𝛼2

).                     (1 − 12) 

2.Main Results 

We first derive the following with use of 

Lemma 1.1. 

Proposition 2.1: Let ℎ(𝑧) be convex 

univalent in 𝒰 with ℎ(0)  =  1 and 

𝑅𝑒 {ℎ(𝑧)}  >  0. 

 

If a function 𝑓(𝑧) ∈ ∑𝑝 satisfies the 

following condition: 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1𝑓(𝑧))′

𝐷𝑛+1𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧), 

then 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛 𝑓(𝑧))′

𝐷𝑛 𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧). 

(0 ≤ 𝛼 < 𝑝; 𝑧 ∈ 𝒰) 

Proof. Let 

  𝑝(𝑧) =
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛 𝑓(𝑧))′

𝐷𝑛 𝑓(𝑧)
− 𝛼) . (2 − 1) 

Then 𝑝(𝑧) is analytic function in 

𝒰with𝑝(0)  =  1. By using (1-7), we obtain 

   𝑝 + 1 +  𝛼 + (𝑝 +  𝛼)𝑝(𝑧)

=
 𝐷𝑛+1𝑓(𝑧)

𝐷𝑛 𝑓(𝑧)
.           (2 − 2) 

 

Differentiating Logarithmically with respect 

to 𝑧 and multiplying by , we get 



Abdul Rahman Salman Juma     Applications on differential… 

88 
 

p(z) +
𝑧𝑝′(𝑧)

 𝑝 + 1 +  𝛼 + (𝑝 +  𝛼)𝑝(𝑧)

=
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)
− 𝛼). 

Now, by using Lemma 1.1, we obtain that 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛 𝑓(𝑧))′

𝐷𝑛 𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧), 

deduce that 𝑝(𝑧) ≺  ℎ(𝑧). 

   Setting ℎ(𝑧)  =
1 + 𝐴𝑧

1 + 𝐵𝑧
(−1 ≤  𝐵 ≤  𝐴 

≤  1), in Lemma 2.1 , we obtain 

Corollary 2.1: For 𝑛 ∈  ℕ and 𝑝 ∈
 {1, 2, . . . } we have 

𝑆𝑝
𝑛+1(𝛼, 𝐴, 𝐵) ⊂ 𝑆𝑝

𝑛(𝛼, 𝐴, 𝐵). 

Proposition 2.2: Let ℎ(𝑧) be convex 

univalent in 𝒰 with ℎ(0)  =  1 

and 𝑅𝑒 {ℎ(𝑧)}  >  0.If 

 𝑓(𝑧) ∈ ∑𝑝 satisfies 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧), 

then 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧), 

(0 ≤ 𝛼 < 𝑝; 𝑧 ∈ 𝒰) 

where 

   𝕀𝜃f(z) =
𝜃 − 𝑝

𝑧𝜃
∫𝑡𝜃−1𝑓(𝑡)𝑑𝑡   (𝜃 ≥ 0) (2

𝑧

0

− 3) 

 Proof. From (2-3),we have 

     𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′ = (𝜃 −
𝑝)((𝐷𝑛+1 𝑓(𝑧)) −
𝜃((𝐷𝑛+1 𝑓(𝑧)).                       (2 − 4) Let  

𝑝(𝑧) =
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)
− 𝛼), 

𝑝(𝑧)is analytic function in 𝒰 with 𝑝(0)  =
 1. Then, by (2-4), we get 

  θ +  α + (p +  α)p(z)

= (θ − 𝑝)
𝐷𝑛+1 𝑓(𝑧)

𝐷𝑛+1 𝕀𝜃𝑓(𝑧)
.       (2 − 5) 

By differentiating (2-5) logarthmically with 
respect to z and multiplying by 𝑧,we have 

𝑝(𝑧) +
𝑧𝑝′(𝑧)

θ +  α + (p +  α)p(z)

=
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)

− 𝛼) . 

Thus, by Lemma 1.1, we get 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)
− 𝛼) ≺ ℎ(𝑧). 

    Taking ℎ(𝑧)  =
1 + 𝐴𝑧

1 + 𝐵𝑧
(−1 ≤  𝐵 ≤  𝐴 

≤  1), in Proposition 2.2 , we obtain 

Corollary 2.2: 

 If 𝑓(𝑧)  ∈  𝑆𝑝
𝑛+1(α, A, B), then 𝕀𝜃(𝑓) ∈

 𝑆𝑝
𝑛+1(α, A, B) 

Hence on Applying Proposition 2.2 we 
prove the following theorem 

Theorem 2.1: Let𝑓(𝑧) ∈ ∑𝑝 and 0 ≤

𝛿1, 𝛿2 ≤ 𝑝, 0 ≤ 𝛼 < 𝑝. If 

−
𝜋

2
𝛿1 < arg (−

𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑔(𝑧)
− γ) <

𝜋

2
𝛿2 

for some 𝑔(𝑧)  ∈ 𝑆𝑝
𝑛+1(α, A, B), then 

−
𝜋

2
𝛽1 < arg (−

𝑧(𝐷𝑛  𝑓(𝑧))′

𝐷𝑛  𝑔(𝑧)
− 𝛾) <

𝜋

2
𝛽2, 

where𝛽1 and 𝛽2 (0 <𝛽1 , 𝛽2 ≤ p) are the 
solution of the equations: 
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𝛿1

=

{
  
 

  
 
𝛽1 +

𝜋

2
𝑡𝑎𝑛

−1

{
(𝛽1 + 𝛽2)(1 − |𝑐|)𝑐𝑜𝑠

𝜋

2
𝑡1

2 (
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+ 𝑝 + 1 + 𝛼) (1 + |𝑐|) + (𝛽1 + 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽1

   𝐵 ≠ −1,

     𝐵 = −1,
 

 

    (2 − 6) 

 and 

 𝛿2 =

{
 
 

 
 

𝛽2 +
𝜋

2
𝑡𝑎𝑛−1

{
(𝛽1+𝛽2)(1−|𝑐|)𝑐𝑜𝑠

𝜋

2
𝑡1

2(
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+𝑝+1+𝛼)(1+|𝑐|)+(𝛽1+ 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽2

   𝐵 ≠ −1,

     𝐵 = −1,
 

                    (2 − 7) 

where 𝑐 is given by (1-12) and 𝑡1 =
𝜋

2
𝑠𝑖𝑛−1 (

(𝑝+𝛼)(1−𝐵)

(𝑝+𝛼)(1−𝐴𝐵)+(𝑃+1+𝛼)(1−𝐵2)
). 

Proof. Let 

𝑝(𝑧) =
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑓(𝑧)

− 𝛾).                                   (2

− 8) 

By using (1-7) and simple calculations, we 
have 

[(𝑝 +  𝛾)(𝑝(𝑧) −  𝛾]𝐷𝑛𝑔(𝑧)

= 𝐷𝑛+1𝑓(𝑧)

− (𝑝 + 1)𝐷𝑛𝑓(𝑧).               (2
− 9) 

Take the derivative of both sides (2-9) and 
multiply by 𝑧, we get 

(𝑝 + 𝛾)𝑧𝑝′(𝑧)𝐷𝑛𝑔(𝑧) + [(𝑝 + 𝛾)𝑝(𝑧) −

𝛾]𝑧(𝐷𝑛𝑔(𝑧))
′
= 𝑧(𝐷𝑛+1𝑓(𝑧))

′
−

(𝑝 + 1)(𝐷𝑛𝑓(𝑧))
′
 (2-10) 

Since 𝑔(𝑧) ∈
𝑆𝑝
𝑛+1(α, A, B),thenwe have𝑔(𝑧) ∈

𝑆𝑝
𝑛(α, A, B). (by Corollary 2.1) 

Now, put 

q(z) = 𝑝 
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛 𝑔(𝑧))′

𝐷𝑛 𝑔(𝑧)

− 𝛼) . 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 (1

− 7), 𝑤𝑒 𝑔𝑒𝑡  

(p +  α)q(z) +  α +  p +  1 

=
 𝐷𝑛+1 𝑔(𝑧)

𝐷𝑛 𝑔(𝑧)
.         (2 − 11) 

Therefore, by (2-10),(2-11), we have 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑔(𝑧)
− 𝛾)

= 𝑝(𝑧)

+
𝑧𝑝′(𝑧)

(𝑝 + 𝛼)𝑞(𝑧) + 𝛼 + 𝑝 + 1
. 

 

Making use the result of Silverman and 
Silvia (11),we obtain 

|𝑞(𝑧) −
1 − 𝐴𝐵

1 − 𝐵2
| <

𝐴 −  𝐵

1 − 𝐵2
   (z ∈  𝒰;  B 

≠  −1) (2 −  12) 

and 

𝑅𝑒 {𝑞(𝑧)} >
1 − 𝐴

2
(z ∈  𝒰;  B 

≠  −1).            (2 − 13) 

By (2-12),(2-13), we get 

(𝑝 +  𝛼)𝑞(𝑧)  +  𝑝 +  𝛼 +  1 =  𝑟𝑒𝑖
𝜋𝜃

2 , 

where ,if 𝐵 ≠  −1,we have 
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(𝑝 + 𝛼)(1 − 𝐴)

1 − 𝐵
P + α + 1 < 𝑟

<
(𝑝 + 𝛼)(1 + 𝐴)

1 + 𝐵
P + α + 1 

−𝑡1 <  𝜑 < 𝑡1 , 𝑡1 is defined in (2 − 8) 

and if 𝐵 = −1,we have 

(𝑝 + 𝛼)(1 − 𝐴)

2
P + α + 1 < 𝑟 < ∞,−1 < ∅

< 1. 

Now by Lemma 1.2 and assumption with w =
1

(𝑝+𝛼)𝑞(𝑧)+𝑝+𝛼+1
,we note that p(z) is analytic 

.with 𝑝(0)  =  1and 𝑅𝑒 {𝑝(𝑧)}  >  0 in 𝒰 

Hence by Lemma 1.3 for  𝑧1 , 𝑧2   ∈  𝒰,such 
that the condition (1-10) is satisfied, then 
we 

have (1-11) under the restriction (1-
12).Now 

if B ≠  −1 , we get 

 

𝑎𝑟𝑔 (−(𝑝(  𝑧1)

+
𝑧𝑝′(  𝑧1)

(𝑝 + 𝛼)𝑞(  𝑧1) + 𝛼 + 𝑝 + 1
))

= −
𝜋

2
𝛽1 + arg (1 − 𝑖

𝛽1 + 𝛽2
2

𝑚 (𝑟𝑒𝑖
𝜋

2)
−1

)

≤
−𝜋

2
𝛽2

− 𝑡𝑎𝑛−1(
(𝛽1 + 𝛽2)𝑚 𝑠𝑖𝑛

𝜋

2
(1 − ∅) 

2𝑟 + (𝛽1 + 𝛽2)𝑚 𝑐𝑜𝑠
𝜋

2
(1 − ∅)

) 

≤
−𝜋

2
𝛽2

− 𝑡𝑎𝑛−1(
(𝛽1 + 𝛽2)(1 − |𝑐|)𝑐𝑜𝑠

𝜋

2
𝑡1) 

2 (
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+ 𝑝 + 1 + 𝛼) (1 + |𝑐|) + (𝛽1 + 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1

= 
−𝜋

2
𝛿1, 

and 

𝑎𝑟𝑔 (−(𝑝(𝑧2)

+
𝑧𝑝′(𝑧2)

(𝑝 + 𝛼)𝑞(𝑧2) + 𝛼 + 𝑝 + 1
)) ≥ 

−𝜋

2
𝛽2

− 𝑡𝑎𝑛−1(
(𝛽1 + 𝛽2)(1 − |𝑐|)𝑐𝑜𝑠

𝜋

2
𝑡1) 

2 (
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+ 𝑝 + 1 + 𝛼) (1 + |𝑐|) + (𝛽1 + 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1

= 
−𝜋

2
𝛿2. 

If 𝐵 =  −1,we get 

𝑎𝑟𝑔(−(𝑝(  𝑧1) +
𝑧𝑝′(  𝑧1)

(𝑝+𝛼)𝑞(  𝑧1)+𝛼+𝑝+1
)) ≤

−𝜋

2
𝛽1

 and 

𝑎𝑟𝑔(−(𝑝(𝑧2) +
𝑧𝑝′(𝑧2)

(𝑝 + 𝛼)𝑞(𝑧2) + 𝛼 + 𝑝 + 1
))

≥
 𝜋

2
𝛽2. 

There are contradictions to the 
assumption. Hence the proof is complete 

Corollary 2.3: 

𝑀𝐶𝑝
𝑛+1(𝛼, 𝛽, 𝛾, 𝐴, 𝐵)   ⊂  𝑀𝐶𝑝

𝑛(𝛼, 𝛽, 𝛾, 𝐴, 𝐵) 

Setting n =  0, δ1  =   𝛿2
=  δ in Theorem 2.1 , we get: 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟐. 𝟒: Let 𝑓(𝑧) ∈ ∑𝑝 .If 

|
𝑧(𝑧−𝑝 (𝑧𝑝+1𝑓(𝑧)′)′

(𝑧−𝑝 (𝑧𝑝+1𝑔(𝑧))′
− 𝛾| ≤

𝜋

2
𝛿  

 for some 𝑔(𝑧) ∈  𝑆𝑝
1 , then 

|arg (−
𝑧 𝑓(𝑧))′

 𝑔(𝑧)
− 𝛾)| <

𝜋

2
𝛽 ,  

where𝛽 (0 <  𝛽 ≤  𝑝)is the solution of 
equation: 

𝛿

=

{
 

 
𝛽 +

𝜋

2
𝑡𝑎𝑛−1 {

𝛽 𝑐𝑜𝑠
𝜋

2
𝑡1

(𝑝+𝛼)(1+𝐴)

1+𝐵
+ 𝑝 + 1 + 𝛼 + 𝛽𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽

    𝐵 ≠ −1,

     𝐵 = −1.
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and               𝑡1 =
𝜋

2
𝑠𝑖𝑛−1 (

(𝑝+𝛼)(1−𝐵)

(𝑝+𝛼)(1−𝐴𝐵)+(𝑃+1+𝛼)(1−𝐵2)
) . 

Theorem 2.2: Let 𝑓(𝑧) ∈ ∑ and 0 <𝑝

δ1 , 𝛿2  ≤  1 ,0 ≤  𝛾 <  1. If 

−
𝜋

2
𝛿1 < arg (−

𝑧(𝐷𝑛  𝑓(𝑧))′

𝐷𝑛  𝑔(𝑧)
− 𝛾) <

𝜋

2
𝛿2 

for some 𝑔(𝑧)  ∈ 𝑆𝑝
𝑛+1(α, A, B), then 

−
𝜋

2
𝛽1 < arg (−

𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
− 𝛾)

<
𝜋

2
𝛽2, 

where 𝕀𝜃 is defined by(2-3),and 𝛽1 , 𝛽2 are 
the solutions of 

𝛿1

=

{
 

 
𝛽1 +

𝜋

2
𝑡𝑎𝑛−1 {

(𝛽1 + 𝛽2)(1 − |𝑐|)𝑐𝑜𝑠
𝜋

2
𝑡1

2 (
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+ 𝑝 + 1 + 𝛼) (1 + |𝑐|) + (𝛽1 + 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽1

   𝐵 ≠ −1,

     𝐵 = −1,
 

 (2 − 14) 

and 

𝛿2 =

{
𝛽2 +

𝜋

2
𝑡𝑎𝑛−1 {

(𝛽1+𝛽2)(1−|𝑐|)𝑐𝑜𝑠
𝜋

2
𝑡1

2(
(𝑝+𝛼)(1+𝐴)

(1+𝐵)
+𝑝+1+𝛼)(1+|𝑐|)+(𝛽1+ 𝛽2)𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽2

   𝐵 ≠ −1,

     𝐵 = −1,

(2-15) 

here 𝑐 is given by (1-12) and 𝑡2 =
𝜋

2
𝑠𝑖𝑛−1(

(𝑝+𝛼)(1−𝐵)

(𝑝+𝛼)(1−𝐴𝐵)+( 𝜃+𝛼)(1−𝐵2)
). 

Proof. Let 

𝑝(𝑧) =
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
− 𝛾) . 

   Since 𝑔(𝑧)

∈ 𝑆𝑝
𝑛+1(α, A, B), thenwe have by Corollary 2.2  

that𝕀𝜃𝑔(𝑧) ∈ 𝑆𝑝
𝑛+1(α, A, B). 

By (2-5),we get 

[(𝑝 + 𝛾)𝑝(𝑧) + 𝛾]𝐷𝑛+1 𝕀𝜃𝑔(𝑧)

= (𝜃 − 𝑝)(𝐷𝑛+1 𝑓(𝑧))
− 𝜃(𝐷𝑛+1 𝕀𝜃𝑓(𝑧) 

and simplifying, we obtain 

(𝑝 + 𝛾)𝑧𝑝′(𝑧) + [(𝑝 + 𝛾)𝑝(𝑧)

+ 𝛾][(𝑝 + 𝛼)𝑞(𝑧) + 𝜃 + 𝛼]

= (𝜃 − 𝑝)
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
, 

 where 

𝑞(𝑧) =
1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
− 𝛼) . 

Therefore, 

1

𝑝 + 𝛼
(
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
− 𝛼)

= 𝑝(𝑧)

+
𝑧𝑝′(𝑧2)

(𝑝 + 𝛼)𝑞(𝑧) + 𝛼 + 𝜃
. 

Thus, by the similar way of proof Theorem 
2.1, we obtain the required result and the 

proof is complete. 

Setting 𝛿1 = 𝛿2 = δ in Theorem 2.2, we 
obtain 

Corollary 2.5: Let 𝑓(𝑧) ∈ ∑ and  0 ≤  𝛾 <𝑝

 𝑝, 0 < 𝛿 ≤ 1. If 

|𝑎𝑟𝑔(−
𝑧(𝐷𝑛+1 𝑓(𝑧))′

𝐷𝑛+1 𝑔(𝑧)
− 𝛾)| <

𝜋

2
𝛿 

 for some 𝑔(𝑧)  ∈ 𝑆𝑝
𝑛+1(α, A, B), then 

|𝑎𝑟𝑔(−
𝑧(𝐷𝑛+1 𝕀𝜃𝑓(𝑧))′

𝐷𝑛+1 𝕀𝜃𝑔(𝑧)
− 𝛾)| <

𝜋

2
𝛽,  

Where𝕀𝜃is given by(2-5),and β(0 < β ≤ 1) 
is the solution of the equation 
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𝛿 =

{
𝛽 +

𝜋

2
𝑡𝑎𝑛−1 {

𝛽 𝑐𝑜𝑠
𝜋

2
𝑡1

(𝑝+𝛼)(1+𝐴)

1+𝐵
+𝑝+1+𝛼+𝛽𝑠𝑖𝑛

𝜋

2
𝑡1
}

𝛽

    𝐵 ≠ −1,

     𝐵 = −1.
 

, 

𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟐. 𝟔: If  𝑓(𝑧)

∈ 𝑀𝐶𝑝
𝑛+1(𝛾, 𝛿, 𝛼, 𝐴, 𝐵), then𝕀𝜃 𝑓(𝑧)

∈ 𝑀𝐶𝑝
𝑛+1(𝛾, 𝛿, 𝛼, 𝐴, 𝐵). 
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