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Abstract
In this paper, we prove that the equivalence between T-stabilities of modified Ishikawa
and modified Mann iteration procedures for a self-mapping satisfying a certain contractive
conditions. Our results extend several stability results in the literature.
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1. Introductionand Preliminaries

The concept of stability of a fixed point
iteration procedure due to Ostrowski® as
mentioned by @. In® proved the stability of
Picard iteration wusing the contraction
condition. Note that, this is direct conclusion
for Banach’scontraction principle. Since the
Picard iteration does not converge to a fixed
point for all kind of contraction mappings
(such as the non- expansive mappings, for
example see ®P*8Y to overcome thesedifficult,
other fixed point iteration procedures were
considered: ~ Mann iteration, Ishikawa
iteration. ..etc, see . The stability for Picard
and Mann has been systematically studied by
®)in her Ph.D. Thesis and published in the
papers®”. In®® extended the results in .
In® established the same stability results for
the same iteration processes usin? the same set
of contractive definitions as in ”but thesame
method of shorter proof as in @©.

Let X be a normed space, B be a nonempty
subset of X and T be a self mapping on B.
Recall some of iteration processes introduced
by™.For u, €B, the sequence {un}_,defined
by

Un+1 = (1—an)upt anT"u,, n=0,1,2,... (1)
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where{an} is a sequence in [0,1], is known
as modified Mann iteration process (see?).
For xo € B,
Xn+1= (l - 0(n)xn‘|' 0(nTHYn,
2)
Yn= (1—Bn)Xn+BnT"Xy,n=0,1,2,...

where {a,}, {pn} < [0,1] and the
iteration{Xn}p=o is called the modified
Ishikawa iteration(see™?). In (2) if B,= 0 we
get (1). Replacing T™ by T in (1), (2), we
obtain ordinary Mann, Ishikawa iteration,
respectively.

An important practical feature of given
fixed point iteration  procedure s
numerically stable if, “small” modifications
in the initial data or in the data that are
involved in the computation process, will
produce a “small” in flounce on the
computed value of the fixed point.

Now, let {Xn}a=, be the sequence generated
by an iteration procedure involving the
operator T,

Xn+1 = f(T™, Xp), n=0,1,2,. (3)

where Xo€B is the initial approximation and
f is some function. Suppose {Xn}nzo
converges to a fixed point p of T.

For example, the modified Picard iteration is
obtained from (3) forf (T™, X,) = T"Xn,while
the modified Mann iteration is obtained for
f(T™ Xn) = (1—0an)Xn+ 0nT™Xp.
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Suppose {Xn}n=o cOnverges to a fixed
point p of T. when calculating {Xn},=o, then
we cover the following steps:

1. We choose the initial approximationxy€
B;

2. We compute x; =f(T"x,) but, due to
various errors that occur during the
computations (rounding errors, numerical
approximations of functions, derivatives or
integrals etc.), we do not get the exact value
of x,, but a different one, sayy,, which is
however close enough tox;, i.e.,y; = X;.

3. Consequently, when computing x; = f
(T™, x1) we will actually computx, as X
= f(T™, y1) ,and so, instead of the theoretical
value x, , we will obtain in fact another
value, say Y, again close enough to x», i.e.,
Y2=X, ..., and so on. In this way, instead of
the theoretical sequence{xn}n-o.defined by
the given iterative method, we will
practically obtain an
approximatesequence{yn}n—o- We shall
consider the given fixed point iteration
method to be numerically stableif and only
if, for y,close enough (in some sense) to X,
at each  stage, the  approximate
sequence{yn}n=o Still converges to the fixed
point of T.

The aim of this paper is to prove that the
stability of modified Ishikawa iteration is
equivalent to the stability of modified Mann
iteration for more general contractive
definitions than those of ‘234 and others.

Our results will generalize and extend

several equivalent T-stabilities results of*®,
and (619,

Firstly, we recall the definition of concept
of stability which idea introduced by " as

the following:
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Definition 1.1:

Let X be a normed space, B be a
nonempty subset of X and T be a self
mapping on B, Xo€ B and suppose that the
iteration  procedure(3), that is, the
sequence{Xn}n=o produced by(3), converges
to a fixed point p and f is some function. Let
{Yn}neo be an arbitrary sequence in B and
set

en = lyn+1— (T yo)ll, n=0,1,2,.. (4)

Then, the iteration (3) is said to be T-stable
or stable with respect to T if and only if
lim,,_,,, €,=0 implieslim,_,, yn=p.

For example about stability when n =1 see
(19,p.6) o (20.p-2)

Now, we define some types of successively
contraction conditions:
For all x, yeB, there exist a, 0< a < 1, such
that

IT"x — T"yl|<allx — ylI(5)

For all x, y € B, there exist b, 0< b <0.5,
such that||T"x — T"y||<
blllx — T || + [ly — T"yll1(6)

There exist ¢, 0< ¢< 0.5, such that
IT"x — T"ylI<c[llx — T"y || +

||y —T"x|[], forall x,y e B. (7)

There exist real numbers a,b and c satisfying
0<a<1, 0< b < 0.5and 0< ¢ <0.5 such that
for each x, y in B, at least one of the

following is true :

(Z1) IIT"x — T(|< allx — ylI;
(Z)IIT"x — T yI<
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b [llx =T |+ [ly = Ty I;
(Z3)IIT"x — Ty|<
clllx=T Il + lly — T"I| 1.(8)

For each x, y in B, there exist h, 0< h< 1
such that
IT"x — T"y||< h max

{lix=T LIy =TI} (9)

For each x,y in B, there existh, 0<h <1
such that
IT"x — T"y|| <h max

{llx =yl lIx =Tl lly = T"yll}  (10)

There exist h, 0< h < 1 such that, V x, y €B
IT"x — T"y|| <h max

{1 x=yll, Z[llx— T [ + [ly = Ty ],
Ix=T I, ly—=T"x|} (11)

For each x, y in B, there existh,0 <h< 1
such that

IT"x — T"y|| <h max

{lIx = yll, [Ilx =T [[,lly = Tyl ,

Llx=Toyll +ly-T%11}  (12)

For all x, yeB, there exist h, 0< h < 1 such
that
IT"x — T"y|| <h max

1
{lix=yll,5[lIx =T + [ly = TyIl],

S[lx=Toyl+1ly-Tx1}  (13)

There exist h, 0< h <1 such that vx, yeB
IT"x — T"y ||<h max
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{lix =yl llx =T Llly = T,
I x =T I, [ly = T"x [[} (14)

For all x, y in B, there exist C,0<C< 1 and
for some L > 0, VX, y € B such that
IT"x = Toyl <

Cllx —yll + L llx = T"x [|,(15)

The conditions (5), (6) and (7) are
independent sinceT™ is continuous for
all n but (6), (7) not necessary continuous
(see™?) 'when n = 1 as espial case).Clearly
(8) is generalization of (5), (6), (7). Below
we prove that (8) implies to (14) and (15)
independency. And then, one can prove that
(9), (10),(11),(12),(23) and (13) implies (14)
by similar way.

Proposition 1.1:

If T is holding the condition (8), then

()T satisfies (14) , (ii)T satisfies (15)

Proof:

The proof of part (i) is clearly.

Now, To proof (ii):

If T is satisfying (8) for all x ,y in B, then at
least one of (Z1), (Z2) or (Z3) is true.

If (Z1) holds then||T"x — T"y|| <al|lx—y |l
thus condition (15) hold whereC =a, L =
0. If (Z,) satisfies
then||T"x — T"y||<

blllx — T"x || + [ly — T"yll]

<b[llx — T"x | + lly — Il + llx — T"x|| +
IT"x — T"y[I]IIT"x — T“yllfﬁ lIx —yll +

b
2 |Ix — x|
1-b
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Since 0 < b < 0.5 therefore we have (15)

. _ b _2b
WIthC—E andL—E

If (Z3) holds, 0 < C < 0.5 then similarly of
(Z2) we get (15) satisfies. m

On the other hand, we pose the following
question: Are (14) and (15) independent? In
fact, we cannot have an exact answer but we
give a part of answer in the following
proposition and example:

Proposition 1.2:

Any mapping satisfying condition (14) with
0 <h < 1/2 is also, satisfying condition (15).
Proof:Let T: B — B be a mapping for
which satisfying (15) for all x ,y in B.

To prove ,we have five possible cases:

Case 1. When ||IT"x — T y|I<h ||x — y/|
then condition (15) is obviously satisfied

(withC=hand L =0).

Case 2. When ||T"x — T y||< h ||x — T"x]|
then (15) holds (with C =0and L =h).
Case 3. [[T"x — T"yll<h [ly — "yl

< h(lly — x|l + [Ix = T"xI| + IT"x — T"yll]

(1 =hW)[IT"x — Tl
y
< hflly —xII +

lIx —T"xl]

h
I = Tyl < —lly = x|

+ [lx — T™x||

1—h
which is (15) with C = —— < 1 (since h <
1 _ h

E) and L = E > 0.

Case 4. ||T"x — T"y||< h ||x — T"y]|

< h[[lx — T"x|| + [|T"x — T"y||]

IT"x =Tl < lIx — T ||

1—-h
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< cllx =yl + 7= llx = T"x]l

Thus, the condition (15) is satisfying with
C=0andL= ——>0.

Case 5. When ||T"x — T y/|<

hlly — T"xIl < h[lly — Il + llx — T"x][]
which is (15) withC=hand L = h.

This completes the proof . ]

Now ,we give example satisfies
condition (15) but not condition (14):

Example 1.1:

Let X = [0,1] be unit interval with usual
norm when n = 1 define T:[0,1]—[0,1] by
T(x) == forall x € [0, 1) and T(1) = 7, if X
= 1. Then T satisfies condition (15), since
ITx — Tyll < Cllx —yll + LIlx — TxIl,
then [*—2 < Clx—1|+L[x—2

)

which is true if we take C = %and L>2.
Forany 0 < h < 1,ifx=h, y =0 then
T(x) =3, T(0) =0, hence [|Tx — Ty]| =7,
and h max{h,E,O,E,h} = h?.

2 2
Therefore T is not satisfy (14).

For equivalence between T-stabilities,
suppose
thatp € F (T), let {u,}, {xn}, {yn} © B be
such that uy, = x, =y, € B, let the
sequences {a,}, {B,} < (0,1), Satisfy
lim,,_, o @ =limy, 0 Brsdomeq @n = 0. (16)

The following non-negative sequences are
well defined for all n
gn = llup—g — (1 — ap)up — o T uy |l (17)

We consider y, = (1 —B,)X, + B,T"x,,
and
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&n = ”Xn+1 -(1- O(n)Xn - O(nTHYn” (18)

Definition 1.2:

a. The modified Mann iteration (1) is said to
be T-stable if

lim,_, &, =0, = lim,,_, u, =p.

b. The modified Ishikawa iteration (2) is
said to be T-stable if

lim, ¢, =0,=lim,,x, =p.

precisely the conditions

equivalence:

following

c- For all {a,},{B,} c (0,1), satisfying (16)
the modified Ishikawa iteration is T-stable .

d-For all{a,,}, {8} c (0,1), satisfying(16),
lim &, =

n—-oo

Ai_{go”xn+1 - (1 - an)xn - anTnyn” =0

implies that lim,,_, ., x, = p.

Also, for modified Mann iteration

e- For all {a,} c (0,1) satisfying (16), the
Mann iteration is T-stable .

f- For all {a,,} < (0,1)satisfying (16),
lime, =

n—-oo

lim||lu, + (1 —ap)u, — a,T"u,|| =0
n—-oo

= lim,, 0 Uy, = p.

2. Main Results

We give the following results:

Theorem 2.1:

Let X be a normed space, B be a
nonempty convex subsetof X . Let T be a
self-mapping satisfying a condition (14)
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with a fixed point p. For x, € B, let{x,},-o

and {u,}i,defined by (1) and (2)

respectively with{a,}, {B,} < (0,1)which

satisfying (16). Then, the following

assertions are equivalent:

m-The modified Ishikawa iteration is T-
stable ;

n-The modified Mann iteration is T-stable .

Proof :
From (17) and (18) show that (m) < (n)
is mean that (d) <(f).
I.e. suppose that the modified Ishikawa
iteration is T-stable.
Then, we prove that modified Mann
iteration is T-stable.
Now , by using (17) and (14) with x :=u,, ,
y :=y,, We obtain
lup+:s — (1 — ap)uy — oy TMuy ||
< ”un+1 - (1 - O(n)un - 0(rlTHYn”
+ 0y [I Ty — TRupll. (19)
Since
IT"y,—T"u,l| £ h max

{lyn = unll, lyn — T"yull, llug
— Ty ||, llyn = T"unll, llup
— T"ynll}
< hmax {lly, — upll, lyn = T?yull, llu,
— Yall + llyn = T4l
+ ITyn =T unll, llyn
= Tnll + [IT"yn — T unll,
lun = ynll + llyn — Tyxll}

= max{hHYn - un”: hHYn - THYn”r

h
m [HYn - un” + ||Yn - TnYn”];
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h
o lyn = Tl hlllyn — ugll +

lyn — T"ynlll}
h
=T Uyn — uall
+llyn = Tall]  (20)

Hence (20) implies to
Ty — Toynll

<y — gl + [y —

— 1 _ h n n 1 _ h n n

+llug = T
+ 1Ty = Ty
h n n
(1= 725 1Ty = Tyl =
h h
T v = wall + 7 [llyn — unll
+ llug = T, ]

1-2h i
1Ty = T,

h
“1_nh llyn — unll

h
+ 5 [1yn = uall
+ ”un - Tnun”]
IT"yn — T upll
__ha-m
“d—2n{d—n"n
- un”
h(1 — h)

- un” + ”un - Tnun”

h
=m“)’n —uyll + 1

—5 [l = ual

+ ”un - Tnun”]
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2, I+
_1_2h YII ul’l

”un - Tnun”

X

1—2h

(21)
Now, substituting (21) in (19), we have
”un+1 - (1 - o(n)un - anTnun”

< ”un+1 -(1- o(n)un - anTHYn”
2h

+

_—Th

= ”un+1 - (1 - 0(rl)url - 0(rlTHYn”

2h 1
11 = Buy

+ BnTnun] - un”

+ oy

+

[l = Ty ]

< [Jupsr = (1 = ap)up — oy Ty ||
2h
+ o [T (1 = Bu)lluy

- un”

h
+Bnllun = T upll) + —=llup — Tuyl]

1-—2h
= ”un+1 - (1 - o(n)un - O(n'I‘rlyn”
2hg, +h
O(nl_n—ZhHlln — T uy ||

— 0asn — oo,
By condition (d) thus
limp oo |lup+s — (1 = ap)up — o Ty, 1=
0, implies that lim,_ u, = p.
Hence lim,_|lu,4+; — (1 — ay)u, —
o, Tu, || = 0, yields lim,_e u, = p.
Conversely, we show that (f) = (d) i.e.

Assume that the modified Mann iteration is
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T-stable . Then, we shown that the modified
Ishikawa iteration is T-stable.
Now , by using (14) and (18) with x :=x,, ,
y :=ypn, We have .
I%n+1 — (1 — )%y — an Tyl
< xn41 — (1 — ap)xy — o %y ||

+ 0y I T"%y — TPyl

< ”Xn+1 - (1 - O‘n)Xn - anTan”

+ o,

h
1—h ”Xn - Yn”

+

1—h ”Xn - Tan”

= ”Xn+1 -(1- O‘n)Xn - O(nTan”
+ oy [ﬁ l1Xn
- [(1 - Bn)xn + BnTan]”
h
1—h

< ||Xn+1 - (1 - O(n)Xn - O(nTan”

h 1
— (1= Bwllxe

+

”Xn - Tan”

+ o[

_Xn”

+Bnllxn — Txp) Il + lIxn — T"xnll]

1—-h

= ”Xn+1 - (1 - O(n)Xn - anTan”

hB, +h

1—-h

— 0,asn - 0.

Hence condition (f) show that

lirnn—>oo”Xn+1 - (1 - 0(n)Xn - O(nTan”: 0

implies to lim,_,,, X, = p.

Thus limy e ||Xp+1 — (1 — ay)x, —

+ 1269 ”Xn - Tan”

anTynll = 0,

yields lim,_, x, = p. |
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Remark 2.1:As consequence of Theorem

(2.1) we have Theorem (3.6) and corollary

(3.7) in 15 P1889-1890) giractly,

Corollary 2.1: LetX,B, {x,}50, {Un 0,
{an}, {Bntand p be as in Theorem (2.1). Let
T: B —»B be a mapping satisfying condition
(8) such that the conclusion of theorem (2.1)
satisfies.

Proof:From (17) and (18) show that (m)<
(n) is equivalent (d) < (f).

To prove that (d) = (f). i.e. Suppose that
the modified Ishikawa iteration is T-stable.
Then, we prove that modified Mann
iteration is T-stable.

Now, by using (8) and (17) with x := u,
and y :=y,, we get

”un+1 - (1 - o(n)un - anTnun”

< ”un+1 - (1 - O(n)un - anTHYn”

+ oy [ T"yn

— T up|| (22)
Since T is holding the condition (8), then the
following condition
IT"yn — TMupll < 8llyn — unll +
28]lyn — T ynll
holds V x,,, y, in B, where

(23)

8 = max {a,%,i}, where 0 < 6 <0.5.
From(23) we have
”THYn - Tnun”
< 8llyn — unll
+ 28[llyn — uyll

+ ”un - Tnun”
+ ”Tnun - TnYn”]
)
<
1 —

=5 [y = ul

+

+ lluy — T uy|l]
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= == llyn —

+

. mTn
g lun = T,

The proof completes by a same way of
Theorem (2.1). |

Corollary2.2:Let X, B, {x,}30, {un oo,
{an}, {Bn} and p be as in Theorem (2.1) and
T: B — B be a mapping satisfying (13) such
that the conclusion of Theorem (2.1) is
satisfying.

Proof: From (17) and (18) the equivalent
between (m)<(n) is mean that (d)<=(f). To
prove that (d) = (f). i.e. If modified
Ishikawa iteration is T-stable, then the
modified Mann iteration is T-stable.

By using condition (13) and (17) with

X :=uyandy :=y,, we get

”un+1 - (1 - 0Ln)un - 0LnTnun”

< ”un+1 - (1 - 0Ln)un - 0LnTHYn” +
anl[Tyn — TMugll - (24)

Observe that

”THYn - Tnun”

1
< hmax{llyn = w5 [y = Tl

+ flun = T, 1],
1
> lllyn = T

+ llun = Ty}
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<h maX{IIyn — upll,

1
E [“le - TnYn”
+ ”un - Yn” + I|Yn - TnYn”

1
+ T, — T“unll],z [llyn
- TnYn” + ”THYH - Tnun”
+ ”un_Yn”

+llya = Ty l1}

h
= max {hllyn  uall 5= [2llyn = Tl

+ {lyn — unlll,

h
o 2llyn = Tyl

+ llyn = ull
= AMlyn —upll + 2A llyn — T"yull.  (25)
where A = max {h L} where 0 < A <1.
2-h
Thus (25) implies to
IT "y, — T uy||
< Mlyn — upll
+ 2A[llyn — upll
+ ”un - Tnun”
+ ”Tnun - TnYn”]
= =l
“1—an Tt

2A
= [y = ul

+ [lun = Ty ]

+

3A

=Tz 1—2A

The proof follows by a same way of
Theorem (2.1) . ]

- un” + ”un - Tnun”

Theorem  2.2:LetX, B, {x,}30, {un}oo,
{a,}, {B}and p be as in theorem (2.1)and T
be a self mapping on B satisfying (15) such
that the following are equivalent :
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m-The modified Ishikawa iteration is T-
stable ;
n- The modified Mann iteration is T-stable.

Proof:By (17) and (18) we known the
equivalence (m)<(n) means that(d)<(f).
So, we will prove that (d) = (f). i.e.
Suppose that the modified Ishikawa iteration
is T-stable. To show that the modified Mann
iteration is T-stable.

By using condition (15) and (17) with

X 1= uyand y :=y,, we have

”un+1 - (1 - O(n)un - O(nTnun”
< lupsr — (1 = an)up — oy Ty, |l +
[T yn — THupl| - (26)
Since
IT"yn — T uy |l
< Cllyn = unll
+ Llyn = Tynll(27)
From (27), we get
IT"yn — T uy |l
< Cllyn = unll
+ L{llyn — uxll
+ ”un - Tnun”
+ ”Tnun - TnYn”]

C
“1_-1L lyn — unll
L
+ 7 llyn — uall
+ [luy — T"ugll]
C+L L
=11 lyn — unll + L lun T uy || (28)
Substitution (28) in (26), we obtain
”un+1 - (1 - o(n)un - anTnun”
< ”un+1 -(1- O(n)un - O(nTHYn”
C+L
+ Oy m ||Yn - un”

L
7 lun = Tl
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= [lups1 — (1 — ap)u, — O(nTHYn”
C+L
+ Un [m ”((1 - Bn)un
+ BnT“un) — un”

+

—— llu = T,
< [lupsr — (1 — ap)u, — anTHYn”
C+L
+ Oy [m ((1 - Bn)”un
- un” + Bn”Tnun - un”)

+

—— lluy = Ty

= ”un+1 - (1 - O(n)un - 0(rlTHYn”
C+L

+ap [m BullT"uy — uy|l

+ =y = T |

1-L
= llup+1 = (1 = ap)uy — oy TPyl +
0t [ B + =] ™0y — unll — 0,
n— oo,
From condition (d), we get that,
limp oo |l Ups — (1 — ap)up — ay Ty [l =
0, yields lim,_,,, u, = p.
Hence lim,_ellupe; — (1 — ap)u, —
an T up|l — 0,
implies that lim,,_,,, u, = p.
Conversely, we prove that (f) = (d). By
using condition (15) and (18) with
X =X, and y :=y,, we have

”Xn+1 - (1 - o()Xn - O(nTHYn”
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< x%ns1 = (1 = a)xp — o Ty |
+ oy [Cllxp — Yl
+ LlIxy — T"%4ll]
= [IXn+1 — (1 = a)xp — & Ty ||
+ ay, [C”Xn
— (1 = Bu)xn + BT %) ||
+ Lilxp — T"xp][]
< [ %pg1 — (1 = an)xp — 0 T4 |
+ o[ C((1 = Bu)lIXn — Xyl
+  PBullxa — Tx4]l)
+ Llxp, — T[]

= [Ixp+1 — (1 = ap)xy — 4y Txy || +
an (CBp + L)|Ixp — Ty || = 0, as n— oo.

Since condition (f) yields lim,_|[Xn4+1 —
(1 —ay)x, —a,T"k,|| =0, implies that
lim,_ . x, = p.

Then, we get limp_ o ||Xp41 — (1 — ap) Xy —
an Tyl = 0,

implies that lim,_,, X, = p. ®
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