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Abstract

In this paper we look at the problem where we have to schedule n jobs with processing times
and due dates on a single machine. The objective is to find a schedule that minimize a function
of the sum of completion time and sum of tardiness (i,e to minimize the multiple objective
functions (XC;,XT;)). We propose two methods for solving this simultaneous minimization
problem to find the set of all efficient solutions, (Pareto optimal solutions). This set of all
efficient solutions is not easy to find, therefore, it could be preferable to have an approximation
to that set in a reasonable amount of time. Therefore branch and bound (BAB) and local search
methods are used.

The Particle Swarm Optimization (PSO) method is applied as new local search method on a
set of randomly generated problems to solve machine scheduling problem with multiple
objective functions. Comparison studies are made between Branch and Bound Methods (BAB),
PSO and Genetic Algorithm (GA) to show which one is the better method in applications. In
addition, tuning the parameters of every method has been suggested in order to improve the
application of every method. A new style of development steps has been proposed to achieve
good convergence in application. Since our problem is NP-hard, we propose new heuristic
method like PSO and GA to find approximation solutions especially when the number of jobs
exceeds the ability of some exact methods like complete enumeration and BAB in solving such
problems.

Lastly, the proposed methods results are compared for this multi-objective scheduling
problem. Computational experience is found that these local search algorithms solve problem to
'2000 'jobs with reasonable time.

Key words: Multiple objective Scheduling, feasible schedules are called the set of
Branch and Bound, Genetic solutions.

Algorithm, Particle Swarm For many years, scheduling researches

Optimization. focused on single (objective) performance

measures. In most real world, a scheduling

1. Introduction application, with more than one performance

1.1 Terminology measure is of interest. The multi-criteria

(multi-objective) have received significant
attention in recent years (Nagar et al. 1995).
The multi-criteria scheduling problem can
be stated as follows. There are n jobs to be
processed on a single machine, each job i
has processing time p; and due date d; at
which ideally should be completed.
Penalties are incurred whenever a job i is

The function to be maximized or
minimized with or without subject to certain
constraints is called the objective function.
A schedule o for the minimum problem is
said to be feasible if it satisfies the
corresponding constraints. The set of all
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completed earlier or later than its due date
di.  Multi-criteria  optimization  with
conflicting objective functions provides a set
of Pareto optimal solutions, rather than one
optimal solution. This set includes the
solution that no other solution is better than
with respect to all objective functions. In the
literature, there are two approaches for
multi-criteria  scheduling problems: the
hierarchical approach and the
simultaneous approach. In the hierarchical
approach, one of the two criteria is
considered as the primary criterion and the
other one is considered as the secondary
criterion. The problem is to minimize the
primary criterion while breaking ties in
favor of the schedule has minimum
secondary criterion value. The studies by
Chang and Su (2001) ® and Chen and Qi
(1997) @ are examples of hierarchical
minimization problem with earliness and
tardiness costs.

For the simultaneous approach, there are
two types; the first one is to find the sum of
these objectives. The second one typically
generates all efficient schedules (set of
Pareto optimal solutions) and selects the
one that yields the best composite objective
function value of the criteria. Several studies
by Van Wessenhove and Gelder (1980) ©,
Hoogeveen J. (1996) . Alasaf (2007) ©,
Findi (2012) © and Hoogeveen J. (2005) )
are examples of simultaneous minimization
scheduling problems.

This research effort proposes two
different approaches to find efficient (Pareto
optimal solutions) for 1/ /(ZC;,XT;) problem
by using Branch and Bound (BAB)
method from one side and, Particle Swarm
Optimization  (PSO) and  Genetic
Algorithm (GA) as two new local search
methods from the other side, for multi-
criteria scheduling problem.

The meaning of the Particle Swarm
Optimization (PSO) refers to a relatively
new family of algorithms that may be used
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to find optimal (or near optimal) solutions to
numerical and qualitative problems. PSO is
an extremely simple algorithm that seems to
be effective for optimizing a wide range of
Applications .

Genetic Algorithms (GA’s) are a class
of optimization algorithms. GA’s attempt to
solve problems through modeling a
simplified version of genetic process. There
are many problems for which a GA
approach is useful. It is, however,
tgltraditional if assignment is such a problem

This problem, like all deterministic
scheduling problems belongs to class of
simultaneous optimization, which are well
known to be NP-hard since the 1/ / XT; is
NP-hard ©.

1.2 Notations and Basic Concepts
The following notation will be used in this

paper:
n . number of jobs

o . processing time of job i

d; . due date of job i

Ci :completion time of job i

T; . the tardiness of job i

SPT : shortest processing time
EDD Earliest due date

BAB Branch and Bound

MSP machine scheduling problem
MOF multi-objective function
pbest previous best position

The following sequencing rules and basic
concepts are used in this paper:

SPT rule: Jobs are sequencing in non-
decreasing order of pj, this SPT (shortest
processing time) rule is used to minimize
>C; for 1/ /=C; problem @9,

EDD_rule: Jobs are sequencing in non-
decreasing order of d;, this EDD (Earliest
due date) rule is used to minimize Tnax for
1 ITinax .,

Definition ®Y: The term optimize in a
multi-criteria  decision making problem
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refers to a solution around which there is no
way of improving any objective without
worsening the other objective.

Definition ®?: A feasible schedule o is
Pareto optimal (PO), or non-dominated
(efficient) with respect to the performance
criteria f and g if there is no feasible
schedule © such that both f(r)<f(oc) and
g(m)<g(c), where at least one of the
inequalities is strict.

Emmon's Theorem ®: For the 1/ /=T,
problem, if pi<p; and di<d; then there exists
an optimal sequencing in which job i
sequencing before job j.

Al-Magraby's Lemma @: For the 1/ /XT;

problem, if deZpi, then there exists an
i=1

optimal sequence in which job j sequencing

last.

Smith Backward Algorithm (SBA) ¥
This algorithm is used to solve 1/d./ZC;
problem, the main steps of this algorithm:
Step(1): sett=> p;, k=n, N={1,...,n}.
jeN
Step(2): Find a job jeN such that
(1) d;>t, (2) pj=pi for each ieN and

d;>t, then assign job j in position k.

Step(3): Set t=t-p;, N=N-{j} and k=k-1, if
k>1 goto step(2), otherwise stop.

The organization of this paper is as
follows: in section two we present multiple
objective problems. Section three and four
present the mathematical model and discuss
the BAB, PSO and GA methods.
Implementation,  experimental  results,
analysis and conclusions are given in the last
sections.

1. Multiple Objective Problems
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The Machine Scheduling Problems
(MSP) plays a very important role in most
manufacturing and production systems as
well as in most information processing
environment. Scheduling theory has been
developed to solve problems occurring in for
instance production facilities. The basic
scheduling problem can be described as
finding for each of the tasks, which are also
called jobs, an execution interval on one of
the machines that are able to execute it, such
that all side-constraints are met; obviously,
this should be done in such a way that the
resulting solution, which is called a
schedule, is best possible, that is, it
minimizes the given objective function 2.

For many years, scheduling researchers
focused on single regular performance
measures that are non-decreasing in job
completion time.

Typically, each criterion has been studied
separately, even though most real life
scheduling  problems involve multiple
criteria ““. However few studies considered
multiple criteria together. Three types of
multiple criteria problem can be identified.
The first of these types of problems involves
identifying all sequence that minimizes the
first objective. One of these sequences that
minimize a second objective is chosen as the
optimal sequence for that problem this
approach is called hierarchical approach.
The second of these multiple criteria
problems, when the criteria are weighted
differently, an objective functions and
transform the problem into a single criterion
scheduling problem. This approach is called
simultaneous optimization along with the
third type of multiple criteria problems %,

The third one of these multiple criteria
problems is going to consider both criteria
as equally important. The problem now is to
find a sequence that does well on both
objectives.
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Scheduling problem is specific case of
the multiple objective  (multi-criteria)
scheduling problems can be formulated as
follows: minimize or maximize
F(s)=(f1(s),(f2(s),...,fk(s)) s.t. seS where s is
a solution, S is the set of feasible solutions,
k is number of objectives in the problem,
F(s) is the image of s in the k-objective
space and each fi(s), i=1,...,k represents one
(minimization or maximization) objective.

In many problems, the aim is to obtain
the optimal arrangement of group of discrete
entities in such a way that the additional
requirements and constraints (if they exist)
are satisfied. If the problem is a multi-
objective one, various criteria exist to
evaluate the equality of solution and there is
an objective (Min. or Max.) attached to each
of these criteria ™.

The literature on multiple objective
problems for single machine problems is
summarized by Dileepan and Sen (1988) 9,
Fry et al. (1989) ®”, Hoogeveen J. (1992)
@8 | ee and Vairaktarakis (1993) ™ and
Nagar et al. (1995) ®” provide a detailed for
MSP’s.

3. Mathematical Model and
Analysis

The problem of scheduling N={1,2,...,n}
the set of n jobs which are processed on a
single machine to minimize the multi-
criteria may be stated as follows. Each job
ieN has is to be processed on a single
machine which can handle only one job at a
time, job i has a processing time p; and due
date d;, all jobs are available for processing
at a time zero.

If a schedule 6=(1,2,...,n) is given, then

the earliest completion time C, :ijfor
=1
each job i can be computed and
consequently the tardiness of job i
Ti=max{C;-d;,0} is easy to compute. Our
objective is to find a schedule ceS (where S
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is the set of all feasible schedule) that
minimizes the multi-criteria (XC;,XT;) for
the 1/ /(XC;,T;) problem.

This problem belongs to simultaneous
optimization and written as:

Min { G, 2T, }

Subject to

Ci = pi, 1=1,2,....n.

Ti > Ci-d;, i=1,2,...n. ...(P1)
Ti >0, 1=1,2,....n.

It's clear that there are two special cases
for the problem (P;). The first one is
1/ /Lex(ZC; , £T; ) problem which can be
written as:

Min { ZT; }
Subject to

i=1

where A=>"C,(SPT)

i=1

.(P2)

Its well-known for the problem (P2), the
object XC; is more important than XT; since
the multi-criteria object is Lex(ZC; ,XT;). It's
clearly a feasible schedule for (P,) is
obtained by SPT rule in which ZC; is
optimal.

The only chance to minimize XT; is to
use the special cases for the jobs with the
same processing times (see section 3.1).

The second one is 1/ / C; + XT; problem
which can be written as:

Min { >Ci+ ZTi}

Subject to

Ci > pi, 1=1,2,....n.

T; > Ci-d;, i=1,2,....n. ...(P3)
Ti =0, 1=1,2,....n.

The aim for the problém (Ps) is to find a
processing order of the jobs on a single
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machine to minimize the sum of total
completion times and the total tardiness,
which is a single object and can be
minimized by BAB method.

For multi-criteria, if the objectives can be
optimized individually, then we can deduce
that the set of efficient solutions have no
more elements only one with extreme values
of the individul objective functions. The
above fact can be seen in the following
special cases:

Case (1): A schedule o obtained by ordering
the jobs in a non-decreasing order of thier
processing times (SPT-rule) is optimal for
both objectives (ZCi,XT;) if do)+Po(i)<Co(i+1)
for all i=1,2,...,n-1.

Case (2): From Emman's theorem, if the
SPT and EDD rules are identical then there
exist only one effeceint solution for (P,).
Case (3): If pi=p, Vi, p is positive integer
and a schedule o obtained by ordering the
jobs in a non-decreasing order of due dates
(EDD-rule) is optimal for both objectives
(ZCi.ZTh).

Case (4): If di=d, Vi, d is positive integer
and a schedule o obtained by ordering the
jobs in a non-decreasing order of processing
times (SPT-rule) is optimal for both
objectives (£C;,XT;).

Note that case (3) and case (4) are special
cases of case (2).

Case (5): From Al-Magrapy lemma, if dj>

> p;, andp, =max{p;}, and this also
i=1 '€

satisfies for each job keN-{j}, then there
exists only one efficient solution for (Py).
Proposition (1):

There exists an efficient solution for
problem (P,) that satisfies the SPT rule.
Proof:

1. Suppose first, that all processing times
are different. The unique SPT sequence
(SPT") gives the absolute minimum of
¥Ci. Hence there is no sequence o= SPT"
such that:
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Zn:Ci(G) < Zn:Ci(SPT*) and
iTi (c) < iTi (SPT") (D

with at least one strict inequality.

2. If more than one SPT sequence exists
(jobs with equal processing times), let
SPT be a sequence satisfying the SPT
rule and the jobs with equal processing
times are ordered in EDD rule satisfy the
special case (2) above to minimize
STi(SPT). Note that if we have SPT is
not unique we can prove that every SPT"
sequence is an efficient, it is clear that
sequence that do not satisfy the SPT rule
cannot dominate an SPT sequence (1).
Note if o is an SPT but not SPT
sequence it cannot dominate SPT since:

D Ci(c) =D C,(SPT") and

i=1 i=1
D T(SPT) <> Ti(o)
i=1 i=1

(2)
Hence all SPT sequences are efficient.
Proposition (2): If Thx(EDD)=0, then there
exists an  efficient  sequence  for
1/ /(ZC;,XZT;) problem obtained by Smith
backward algorithm (SBA).
Proof: If Tmax(EDD)=0, then it's clear that
SBA gives a schedule with C;<d; for each
ieN and this schedule also gives minimum
2C; and with XT;=0. This schedule cannot
dominated by any other schedule since XC;
is minimum for all schedules with XT;=0.
Hence this schedule obtained by SBA is
efficient for 1/ /(ZC;,XT;) problem.

Note that the purpose of any algorithm
process is to find for each problem instance
a feasible solution called optimal that
minimize their objective function. This usual
meaning of the optimum makes no sense in
the multi-criteria case because it doesn't
exist in most of the cases, a solution
optimizing all objectives simultaneously.
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Hence we search for feasible solutions
yielding the best compromise among
objectives that constitutes a so called
efficient solution set.

4. Methods of Approach

There are approaches that can be used for
solving multi-criteria scheduling problems,
which are to find the set of efficient
solutions or at least approximation to it. It is
clear that this set of all efficient solutions is
difficult to find. Therefore, it could be
preferable to have an approximation to that
set in a reasonable amount of time.

We will introduce two methods of
approach to solve multi-criteria scheduling
problem (P;) for finding the set of efficient
solutions.

4.1 Branch and Bound Method for (P,)

This method, depend on the techniques of
branch and bound (BAB) algorithm with
some modifications. The BAB method is
characterized by its branching procedure,
upper and lower bounding procedures and
search strategy.

We present a constructive BAB
algorithm to find all or some of the efficient
solutions (Pareto optimal points (POP))
when the two criteria XC; and XT; are of
simultaneous interest in problem (P;). The
main idea of this BAB algorithm is
depending on properties of BAB algorithm
and some modifications such as using the
definition of efficient solutions and without
reset the upper bound (UB) at the last level
of BAB method. The main steps of the BAB
algorithm as follows:

Step(1): Find the proposed UB by SPT rule,
that is sequencesing the job in non-
decreasing order of their processing time pj,
i=1,2,...,n, for this order o calculate ~Ci(c)
and XTi(c) and set UB=(2Ci(c),XTi(o)) at
the parent node of the search tree. UB is
efficient by proposition (1) and add this
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efficient solution to the set of POP. If
Tmax(EDD)=0, then there exists an efficient
sequence obtained by proposition (2), and
also add this efficient solution to the set of
POP.

Step(2):For each partial sequence of jobs o
(i.e., for each node in the search tree),
compute the lower bound LB(c) as follows:
LB(c)=exact cost of o + cost of S’ (where S’
the set of unsequence jobs), obtained by
sequence the jobs in SPT rule.
Step(3):Branch from each node with LB(c)
< UB.

Step(4):At each node of the last level of the
BAB method, if (XC;j,XT;) denote the
outcome, then add this outcome to the set of

POP, wunless it is dominated by the
previously obtained POP.
Step(5): Stop.

4.2 Local Search Methods for (P12

Evolutionary Algorithms (EAs) @Y
have been shown to be successful for a wide
range of optimization problems. While these
algorithms work well for many optimization
problems in practice, a satisfying and
rigorous mathematical understanding of
their performance is an important challenge
in the area of evolutionary computing ¢2.

4.2.1 Genetic Algorithms &

Genetic Algorithms (GA’s) are search
algorithms based on the mechanics of
natural selection and natural genetics. GA is
an iterative procedure, which maintains a
constant size population of candidate
solution. During each iteration step
(Generation) the structures in the current
population are evaluated, and, on the basic
of those evaluations, a new population of
candidate solutions formed. The basic GA
cycle shown in figure (1).
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Old New
Population Population

Figure (1) Basic cycle of GA.

An abstract view of the GA is:
Generation=0;
Initialize G(P);
P=Population}
Evaluate G(P);
While (GA has not converged or terminated)

Generation = Generation + 1;

Select G(P) from G(P-1);

Crossover G(P);

Mutate G(P);

Evaluate G(P);
End (While)
Terminate the GA.

{G=Generation ;

4.2.2 Particle Swarm Optimization

Particle Swarm Optimization (PSO)
has found applications in a lot of areas. In
general, all the application areas that the
other evolutionary techniques are good at
are good application areas for PSO ).

PSO was originally developed by a
social-psychologist J. Kennedy and an
electrical engineer R. Eberhart in 1995 and
emerged from earlier experiments with
algorithms that modeled the flocking
behavior seen in many species of birds. It is
yet another optimization algorithm that falls
under the soft computing umbrella that
covers genetic and evolutionary computing
algorithms as well %,

PSO is an extremely simple concept, and
can be implemented without complex data
structure.  No  complex or  costly
mathematical functions are used, and it

119

doesn’t require a great amount of memory
@5 The facts of PSO has fast convergence,
only a small number of control parameters,
very simple computations, good
performance, and the lack of derivative
computations made it an attractive option for
solving the problems.

The PSO algorithm depends in its

implementation in the following two
relations:
Vig=W*Vig+C1*I1*(Pig-Xia) +C2*12* (Pgd ~Xid)
...(3a)
Xid = Xid * Vid ...(3b)

where ¢; and ¢, are positive constants, r;
and r, are random function in the range
[0,1], Xi=(Xi1,Xiz,...,Xia) represents the i
particle; pai=(pi1,Piz.-..,pid) represents the
(pbest) best previous position (the position
giving the best fitness value) of the i
particle; the symbol g represents the index
of the best particle among all the particles in
the population, Vv=(Vi1,Viz,...,Vig) represents
the rate of the position change (velocity) for
particle i 7.

The original procedure for implementing
PSO is as follows:

1. Initialize a population of particles with
random positions and velocities on d-
dimensions in the problem space.

2. PSO operation includes:

a. For each particle, evaluate the
desired optimization fitness function
in d variables.

b. Compare particle's fitness evaluation
with its pbest. If current value is
better than pbest, then set pbest equal
to the current value, and pa; equals to
the current location X;.

c. ldentify the particle in the
neighborhood with the best success
so far, and assign it index to the
variable g.

d. Change the velocity and position of
the particle according to equation
(3a) and (3b).

3. Loop to step (2) until a criterion is met.
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Like the other evolutionary algorithms, a
PSO algorithm is a population based on
search algorithm with random initialization,
and there is an interaction among population
members. Unlike the other evolutionary
algorithms, in PSO, each particle flies
through the solution space, and has the

ability to remember its previous best
position, survives from generation to
another.

A number of factors will affect the
performance of the PSO. These factors are
called PSO parameters, these parameters
are @9:

1. Number of particles in the swarm affects
the run-time significantly, thus a balance
between variety (more particles) and
speed (less particles) must be sought.

2. Maximum velocity (Vmax) parameter.
This parameter limits the maximum
jump that a particle can make in one
step.

3. The role of the inertia weight w, in
equation (3a), is considered critical for
the PSO’s convergence behavior. The
inertia weight is employed to control the
impact of the previous history of
velocities on the current one.

4. The parameters ¢; and ¢, in equation
(3a), are not critical for PSO’s
convergence. However, proper fine-
tuning may result in faster convergence
and alleviation of local minima, c; than a
social parameter ¢, but with ¢; + ¢, = 4.

5. The parameters r; and r, are used to
maintain the diversity of the population,
and they are uniformly distributed in the
range [0,1].

4.2.3 Analysis of Number of Efficient
Solutions
As our main aim in this research is to
identify the set of all efficient solutions, we
should try to hold the entire set (i.e., the set
of all efficient solutions).
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It's clear from special cases of the
problem (P;) above (section 3.1), if the
criteria  (objectives) can be optimized
individually, we can deduce the set of
efficient solutions have only one element
with extreme values of the individual
objective functions. Since our algorithm
depends on BAB method, we can sure that a
solution is truly an efficient solution. We
proved that the SPT rule is one the efficient
solution, hence we can determine if some
solutions of the BAB method are dominated
by the SPT solution and other solutions.
Also we proved that if Ty (EDD)=0, then
SBA gives one of the efficient solution for
problem (P,).

4.3 Branch and Bound Method for

Problem (Ps3)
The main aim for problem (P3) is to find
a schedule o of the jobs on a single machine
to minimize ZCG(i)+ZT0(i), ceS, where S is
the set of all feasible solutions.

4.3.1 Derivation of Lower Bound for
Problem (P3)

Consider the formulation of the problem
(P3), the problem can be decomposed into
two subproblems with a simple structure.
Then the lower bound of the problem (Ps) is
calculated as follows:

Consider the two subproblems (SP;) and
(SP>) as follows:

Zl = Telsn{z Cq( j)}
=1

s.t.
CG(J') 2 Ps(j) 7=12,...n.
Co@) 2 Co-1) *+ Poi)j=2,3,...,n. | ...(SPy)
Z,= T!SH{ZTG(D}
j=1
s.t.
TG(J') = CG(J') - dc(j), j=1,2,...,n. ...(SPz)
Tog) 2 0, j=1,2,....n.
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Its clear that for the decomposition, (SP;)
and (SP,) have simpler structure than (P3),
and thus appear easily first to solve
optimality for (SP;) to get Z; by applying
shortest processing time (SPT) rule. Second,
to get a lower bound for (SP,), let ¢ be the
sequence jobs and S’ be the set of
unsequence jobs.

Hence

LB(c) = > Ti(o) + 2 Ti(S)

iec ieS

Where > T(c)exact cost of o and

ico

ZTi (S") is obtained by using lower bound
ieS'

methods.

If we ignore the cost(S'), we get a weak
lower bound for (SP>).

Now calculate Z; to be the minimum
value for (SP;) and LB(c) to be the lower
bound for (SP>), then applying the following
result:

Theorem (1) (Hoogeveen H., 2005):
Z1+LB(c) < Z, where Z; is the minimum
objective function value of (SP;), LB(o) is a
lower bound for (SP2) and Z is the minimum
objective value of (P3).

4.3.2 Derivation of Upper Bound for
Problem (P3)

We propose to use a simple heuristic
solution which is obtained by ordering the
jobs in SPT rule to provide an initial upper
bound (UB) on the MOF. Let o,
6=(o(1),5(2),...,6(n)) be such ordered, then:

UB:Z;CG(D +Zl:TG(j) ..(4
= =

5. Implementation of Local Search
Methods for (P,)
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Obviously the problems including more
than one criterion are more difficult. So
there is a need for local search methods to
treat a large size instances problem. This is
the main aim of the present paper.

Effectively, evolving methods or can be
called Local Search methods like PSO and
GA have demonstrated their ability to solve
multi  objective problems to find the
approximation set of efficient solutions for
the problem (P).

In this section, we are going to describe
the two methods of local search. The first is
the PSO as the main new method, and the
second, is GA as a comparative method to
compare the results obtained from the two
methods in order to find which is better.

Before we discuss each of the methods,
we have to talk about the common basics
between the two methods, these basics are:
1. Problem Definition

The most prominent member of the rich

set of combinatorial optimization

problems is undoubtedly the Machine

Scheduling Problem (MSP). In order to

find the set of POP, we solve the

problem (P1) of minimizing (£C;XT;).

Obviously, this scheduling problem is

example of NP-complete, the work area

to be explored grows exponentially
according with number of jobs, and so
does. In general, if n jobs were must be
arranged in a single machine, then the
general complexity is n!.
2. Problem Representation

The solution representation should be an

integer vector. In this particular

approach we accept schedule

representation which is described as a

sequence of jobs.
3. Initial Population

For the initialization process we can

either use some heuristics starting from

different jobs, or we can initialize the
population by a random sample of
permutation of N={1,2,...,n}.
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5.1 Use of GA in MSP
Now we will discuss the use of GA first,
since it has been used before in MSP for
many times.
1. Genetic Operators

e Selection Operator
This method uses the roulette wheel
selection method. The sequence with
low fitness has a higher probability of
contributing one or more offspring to
the next generation.

e Crossover Operator

The strength of genetic algorithms
arises from the structured information
exchange of crossover combinations
of highly fit individuals. So what we
need is a crossover-like operator that
would exploit important similarities
between chromosomes. For that
purpose the crossover used in this
algorithm is the Order Crossover
(OX) ©® this operator chooses two
random crossover points, for example,
if the parents are:

Vi '798’251‘634

V2 956/(483271

9
*

* O

2 *  *
2 7 *

5
8

79 *|2 5 1
=~ 9 * 4(2 8 3

e Mutation Operator
After the new generation has been
determined, the chromosomes are
subjected to a low rate mutation
process. For this example applies two
mutation  operators to introduce
genetic diversity into the evolving
population of permutation. The first
operator is a simple two point
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mutation, which randomly selects two
elements in the chromosome and swap
them (110845679 3 2) becomes (1
1034567 9 8 2). The second
operator is a shuffle mutation, which
shunts the permutations forward by a
random number of places; thus
(110345679 8 2) shuffled forward
six places becomes (6 793211084
D).

2. Genetic Parameters
For MSP, from our experience, the
following parameters are preferred to be
used: population size (pop_size=20),
probability of crossover (Pc=0.7),
probability of mutation Pm =0.1 and
some hundreds number of generations.

5.2 Use of PSO in MSP

For MSP, from our experience, the
following parameters are preferred to be
used: Number of Particles (N_Par=20,30),
Maximum velocity (Vmax=Number of Jobs
(n)), Minimum velocity (Vmin=1), Inertia
Weight (we[0.4,0.9]). First acceleration
parameter (c;[0.5,2]), Second acceleration
parameter  (c,=c;), Diversity of the
population Maintenance (random
r1,r2€[0,1]) and some hundreds number of
generations.

6. Experimental Results of BAB,

GA & PSO Implementation for (P,)

For the problem (P;), a simulation has
been constructed in order to apply the BAB,
GA & PSO.

Table (1) shows the CPU time results of
applying BAB method in order to get a set
of efficient solutions, on samples of
different jobs with 10 experiments for each.
The results of CPU time compared with
results obtained from complete enumeration
(CE) method, which generate all solutions
for n<10.
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Table (1) the CPU time results of applying BAB and CE on (P,) for n=7,..,15.
Table (1) the CPU time results of applying BAB and CE on (P;) for n=7,..,15.
0 Experiments times/sec CE

1 | 2] 31 4] 5 | 6] 7 | 8] 9 | 101]Av]|]AV]| Av

71001 | 00 ]0.08]002| 001 ]0.06]0.01 005 005 ] 0.04 |0.030.03]0.01

8 1025 /0.01]040|0.14)| 006 | 0.09 | 0.03 |0.01| 0.05 | 0.09 | 0.11 | 0.11] 0.63

9 1007 |0.06/0.03]001] 003 |0.03]0.18 002|039 | 02 |0.11)0.11]6.32

10]0.12 | 0.08 | 252 | 0.09| 0.10 | 1.60 | 0.04 | 0.30 | 0.57 | 0.40 | 0.58 | 0.37 | 63.1

11031 226|112 |0.18| 0.08 | 0.70 | 0.06 |0.07 | 0.34 | 0.03 | 0.52 | 0.32 | ---

121014 1143|300 025|022 | 0.70 | 227 |0.19] 1.26 | 8.71 | 1.82 | 1.05| ---

131248 0.40] 0.26 |0.35| 6.76 | 0.49 | 0.36 |3.67 | 0.20 | 1.58 | 2.65 | 150 | ---

1411.838 | 40.3 | 411 | 2.01 1396 | 0.73 | 897 | 161 | 0.07 |369.1| 56.7 | 22.1 | ---

15]6.18 | 1311711330 | 19.1 | 8962 | 1025 | 2.72 | 385.6 | 3.95 | 1212 | 351 | ---

3. No average time for CE method when

Note: n>10.
1. The shaded cells are representing the

most extreme time point. Table (2) shows the results of applying BAB
2. Av.. denotes the average time for CE, on different examples of (Ps3).

where Av'.: is the average without the
extreme time point for BAB.

Table (2) the results of applying BAB on different examples of (Ps).

Time/sec
Lev. | Tot.

n | (efficient solutions of P1)=(ZCi+XT;)=optimal Solutions of P; | Lev.

(1075+742)=1817* (1079+735)=1814,(1085+727)=1812,(1081+730)=1811,
20 | (1083+725)=1808,(1083+727)=1810,(1079+730)=1809,(1083+725)=1808, | 7 | 0.16 | 3.48
(1080+727)=1807,(1081+725)=1806
(3106+2381)=5487* (3106+2379)=5485,(3111+2373)=5484,
40 | (3112+2371)=5483, 13 | 0.18 | 55.9
(3107+2375)=5482
(7163+6142)=13305*,(7165+6139)=13304,(7164+6139)=13303,
(7164+6138)=13302,(7166+6135)=13301,(7166+6134)=13300,
(7169+6129)=13298,(7165+6131)=13296,(7172+6123)=13295,
(7167+6127)=13294,(7166+6126)=13292,(7168+6122)=13290,
(7167+6121)=13288,(7169+6117)=13286,(7168+6116)=13284,
(7169+6114)=13283,(7170+6112)=13282,(7169+6112)=13281
(12404+10915)=23319* (12409+10899)=23308,(12408+10899)=23307,
(12414+10892)=23306,(12414+10888)=23302, (12412+10888)=23300,
(12419+10880)=23299,(12416+10881)=23297,(12416+10880)=23296,
80 | (12420+10875)=23295,(12420+10874)=23294, (12420+10873)=23293, 18 | 1200
(12424+10868)=23292,(12423+10866)=23289,(12423+10865)=23288,
(12425+10859)=23284,(12427+10853)=23280, (12429+10847)=23276,
(12429+10844)=23273,(12429+10840)=23269, (12429+10839)=23268

60 13 33.9

Notes: 2. Lev. means the level of BAB with last
1. The symbol * assigns the result obtained optimal solution.
from applying SPT to (P3) problem. 3. Tot. means the total time for applying
BAB.
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The symbol --- in time filed means the
time which more than 30 minutes.

The bold value in solutions filed
represents the optimal value of (P3)
problem.

Its very important result can obtained
from finding the optimal solutions of (Ps)
problem is that we can find the real (not
approximate) efficient solutions of (Py)
problem for n=30,40,... with sizes can't
obtained by applying modified BAB or
any local search methods.

When using the parameters mentioned

above, the best (near) efficient solutions of
(P1), time and number of iterations for best
(near) efficient solutions of (P;) results are
showed, in table (3) and table (4) which are
obtained when applying GA & PSO
methods respectively, for number of jobs
n=3,...,10, with number of generations, for 5
experiments for each number of jobs, using
the following abbreviations:

e ABV: Average of Best Values(s) of (P1)
for all experiments.

e ASPT: Average value of the SPT
schedules for (P;) for all experiments.

3. AAE : Average of Absolute Error.

_|[Effv-ABV]|
~ Effv

4. Values of Time:

e CT: Complete Time for finishing each
experiment.

e MCT: Minimum Complete Time.

e BT: Best Time to obtain best value(s)
of (P,) of each experiment.

e MBT: Minimum Best Time.

e ABT: Average of Best Times of (P;) of
all experiments.

5. NI: Number of Iterations of best value(s)

of (P,) of experiment.

6. Number of Iterations

e MNI: Minimum Number of lterations.

1. n: Number of jobs. e ANI: Average Number of Iterations.
2. Values of problem (Py): 7. Number of Efficient Solutions:
® Ex: Experiment number. e LES: number of Local Efficient
e EffV: Efficient Value(s) of (P1) of each Solutions.
experiment using CE. e RES: number of Real Efficient
e BV: Best Value(s) of (P1) of each Solutions.
experiment. e ALES: Average of number of Local
e MBYV: Minimum Best Value. Efficient Solutions.
Table (3) Applying GA method on (P,) for n=3,..,10.
n | Ex Values of (P,) Time/sec NI
RES Best Value ABV | CT [ BT | ABT
1 (14,2) (14,2) 00 1
2 (35,4) (35,4) 0o 1
33 (42,8),(46.6) (42,8),(46,6) G313 [0 0] o 1,2
4 (33,0) (33,0) 0o 1
5 (30,0) (30,0) 0o 1
1 (22,4) (22,4) 0] o0 1
2 (62,15),(65,11) (62,15),(65,11) 1]o0 3.1
43 (54,12) (54,12) @9 [0 0] o 6
4 (44,5),(45,3),(51,2) (44,5),(45,3),(51,2) 0o 253
5 (40,9),(46,7) (40,9),(46,7) 0o 1,22
1 (33,8),(39,5) (33,8),(39,5) 0] o0 12
5 [ 2 (47,7),(48 5),(49,2) (47,7),(486),(485) | 478 [ 1 ] 0 | 0 7,11,49
3 (40,5),(43,1) (40,5),(43,1) 0] o0 1,30
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4 (48,6),(52,3),(56,1) (48,6),(52,3) 0]o 2,13
5 (68,15) (68,15) 0] o0 1
1 (55,22),(59,19) (55,22),(59,19) 1]o0 23
) (70,15),(71,12),(72,11), (71,12),(72,11), o | o 2,30,39,
(75,10),(76,9) (75,10),(76,9) 54
6| 3 (117,43) (117,43) (9238 | 1 | 0 0 3
4 (104,51),(110,49) (104,51),(110,49) 0]o0 5,40
5 | (11562),(116,58),(120,57), (115,62),(116,58), 11 o 15,19,
(121,56),(122,55) (120,57),(121,56) 24,47
1 (75,31),(80,29),(82,28), (75,31),(80,30), > | o1 3,57,
(83,26) (82,28),(83,26) ’ 131,141
140,232,
2 (76,23),(80,21),(84,19) (76’%321’(151%21)' 1 {01 257
7 ’ (101,41) 0
3 (143,59),(147,58) (143,59) 1] 0 137
4 (63,21),(64,20) (64,20) 1] 0 127
: (148,70),(150,68),(152,65) (148,70),(150,68), 1 |oa 2,172,
(155,63) (152,65),(155,63) ’ 173,191
(89,44),(90,41), 1,2, 269,913,
1 (89,44),(90,41), (93,40) (93,40 2 |7 270
(179,95),(181,94),(198,92), (179,95),(181,94),
2 (201,91) (199,93),(203,92) 11 158,42
8 (136,74),(137,73),(138,72), (136,74),(138,72) (143.74) 1 11,132,
3 | (140,70),(141,69),(142,68), (140,70),(144,69), : 2 |12 801,480,
(146,67),(153,66) (146,68),(153,66) 747,393
(194,114),(195,110), 426,114,
4 | (194,114),(195,110),(196,108) (196.1