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Abstract
This paper presents the theory analysis of the discontinuous Galerkin finite

element (DGFE) method with respect to space variables only

is applied

whereas, time remains continuous oflinear convection — diffusion problem
.The properties of the bilinear form A(u,v)(v-elliptic and continuity) of
(DGFE), stability are proved and the approximate solution is converges with

error of order (h).
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1. Introduction

A number of complex problems from
science and technology(aerospace
engineering, turbo machinery, oil
recovery, meteorology, environmental
protection etc.) require to apply an
efficient, robust, reliable and highly
accurate numerical methods. It is
necessary to develop the techniques
that allow realizing  numerical
approximationof strongly nonlinear
singularly  perturbed  systems in
domains with complex geometry
whose solution contains internal or
boundary  layers. An  excellent
candidate to  overcome  these
difficulties is the DGFE method, which
becomes more popular in the solutiona
number of problems. The DGFE
method uses piecewise polynomial
approximations of the sought solution
on a finite elements mesh without any
requirement on continuity between
neighboring elements and can be
considered a generalization of the
finite volume and finite element
methods. It allows to construct a
higherorder schemes in a natural way
and is suitable for approximation of
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solutions of
laws or solutions of
perturbed  convection-
problems having steep
gradients. This method exploits'
advantages of the finite element
method and finite volume schemes
with an approximate Riemann solver
and can be applied on unstructured
grids which are generated for most
complex  geometries. The original
DGFE method was introduced in ®
for the solution of a neutron transport
linear  equation and  analyzed
theoretically in @ and later in ©.
Almost simultaneously the DGFE
techniques were developed for the

discontinuous
conservation
singularly
diffusion

numerical  solution  of  elliptic
problems®and space semi
discretization of parabolic

problems®®, using the interior penalty
Galerkin methods. In these works the
symmetric approximation of  the
diffusion terms is used, called the
SIPG(symmetric  interior  penalty).
Theoretical analysis of this type of the
DGFE method applied to elliptic
problems can be found e.g., in, (/9
The DGFE method found very soon a
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number of  applications . Let us
mention in particular  the solution
nonlinear conservation
laws1011121314) and  compressible
flow™ 61718 A survey of DGFE
methods.

Techniques and some ag)?lications can
be found in @9 In the
discretizationof non-stationary
problems, one often uses the space
semi discretization, also calledthe
method of lines. In this approach, the
DGFE discretization with respect to
spacevariables  only is applied ,
whereas time remains continuous .
This leads to a large system of
ordinary differential equations which
can be solved numerically by a
suitable ODE solver® 21:22:23.24,12.13)
This paper is organized as follows. In
section 2 we present the convection-
diffusion equation. Some definitions
and important lemmas are presents in
section 3. The discretization is shown
in section 4. In section 5 derive the
weak form. In section 6 we proved the
properties of the bilinear form and
stability. The error estimate are
presented in section 7. Finally the
conclusion is shown in section 8.

2. The Convection-Diffusion
Equation.

LetQ < R%, (d = 2 or 3)be a bounded

polyhedral domain and T>0. The
convection-diffusion ~ problem s
considered Find ueQr=Qx

(0, T) = Rsuch that
U —alu+bvu = f in Qr(2.1)

u=u, on 0dQ,x(0,T)2.2)

ou _ uy on dQy x(0,T)(2.3)

=
u(x,0) =u’(x), x€N.(24)

We assume that 02 = 9Q, U dQy
b-n <0 on 09Qp (2.5)
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b-n=0
(2.6)
here nis the unit outer normal to the
boundarydnof 2,0Qp, is the inflow
boundary

dQyis the outflow boundary, b is
convection coefficient and a is
diffusioncoefficient®®.

on dQyforall t € [0.T];

3-Definitions and some important lemmas:
It is beneficial to mention the definitions
of the vector space that we used during
this study. The vector space L?(R) is the
functions

space of square-integrable
onQ c R*L*(Q) = {v:Q >
Rs.t. [v?dQ < o},

Indeed L2(Q)) is Hilbert space with
respect to the following inner product

(u,v) = f u(x)v(x) dxandnorm||v|| 2 g

Q
1

=(£2ﬂdﬂf

forp = oo, L (Q)denotes the space of
all functions which are bounded for
almost all

x € O

L*(Q) = {u: Ju(x)]
< oo for almost all x
€QJ,

this space is equipped with the norm
1vll=) = {esssup{lv(x)l:x € R},
We introduce the sobolev space

H(Q) = {v e 2@ e 12(0), 1
0x

i
=12.. d}
and the corresponding norm,

1

IVl = <fﬂ v+ (VV)ZdQ)> :
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also,
H}(Q) = {v € HY(Q): v = 0 0ndQ},

with the same scalar product and norm
as H1(Q) .

We introduce the norm for both
continuous time t € [0,T] and space
Qby:

VIl = (ar ()
= g’;‘;’%“””r and ||vell 22

- ( fo t||vt||2>%.

4. Discretization of the problem:

Let 7, be a partition of Q (the
closure of the domain Q) into a finite
number of closed triangles with
mutually  disjoint interiors. lett, a
triangulation of Q.We  denote
conforming properties of , used in
the finite element method. This means
that we admit the so-called hanging
nodes. If two elements E!, E/ €
Tcontain a nonempty open part oftheir
sides, we call them neighbors. Let 0F
denote the boundary of an element
E €1y, if we set E* NOE? has a
positive (d—-1)- dimensional
measure, we say that e € E is the edge
of E, if it is a maximal connected open
subset either ofE® N E?, where E! is a
neighbor of EZ or subset of 9E n 0Q.
By drt;, denote the system of all edges
of all elements € t,,. Further, define
the set of all inner and boundary edges
by

ot} = {e € 01, e c Q},

ot = {e € 01, e C 00},

I, ={e€dtf,ecoqp},

[y ={e €01F,e c 0y}
For ¢ € H'(Q,7,) we introduce the
following notation. Obviously
dt,=0th votE, 9B =r,ury for
each e € dty,
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{0l =5 (p* +97@41)
[ple = (™ —¢7)
Moreover,

OEL ={x € dE:b-n <0}, (4.3)
OEL ={x € E::b-n > 0},(4.4)
where ndenotes the unit outer normal
to OE°.

(4.2)

4.1 Assumptions:
a)f € C([0,T]; L2(Q)),u’, u, u, €
L*(Q),

b)upis the trace of some wue€e
c([0,T]; H*(Q)) n L*(QT)on
a0, x (0,T)

Cuy € C([O; T]}LZ(aQN)),

d) |Elis the area ofE €t,, and

a® -1
O-:M_ﬁo’ ﬁOZ(d_l)
e) Define hgis the length of the longest
side of the triangleE € 7, and put hg
= diameter of E,h = maxge,, hg.

5. The weak form of problem.

Multiply equation (2.1) by the test

function v € V = H'(Q) such that.

(ug,v) + Z a(Vu, Vv)
E

— Z flb-nluvds

e€dTy

= (f,v),

where ndenotes the outward normal to
each element edge. The third and fifth
termson the left-hand side contain the
integrals over the element edges,Then
have,
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(ug,v) + ) a(Vu,Vv)
2

= (f,v).

Since,[uv] = {u}[v] + {v}{u], we
have

(ug, v) + ) a(Vu,Vv)
)

- > [ave-niw

eearh

v]{Vu-n})ds

+ Z(b Vu, v)
- > [l

e€dty
+ v ds = (f,v).

Sinceu is continuous then [u] and
[Vu -n] = 0, we get

(ug,v) + z a(Vu, Vv)
E

= (f,v),

Note that, the left hand side of the
above equation is still non-symmetric
and non-positivity with respect to
argument u andv'®®, to rectify these
properties, we add the terms

€ z f[u]{Vv

eEOTh

‘n}dsand o Z f[u][v]ds.
e€dty

Then,

(ug,v) + ) a(Vu,Vv)
2

- > [ davu myivl

e€dty,

—&{aVv -n}u]) ds

E
- Z flb-nl{u}[v] ds
e€dty
+o [ul[ v]ds
e€dty
= (f,v)

(ug,v) + Z a(Vu, Vv)
E
- > [ davu-myiv)

e€dty

—&{aVv -n}u]) ds

+Z(b-Vu,v)
- Z flb-nl{u}[v] ds

e€dty

to Y f[u][v]ds

eedTy

=(f,v) + Z fquds

eel’y

— z feaVv-nuDds

eel’p

+ Z flb-nluDvds

eel’p

-0 Z quvds.

eelp

58
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Thus the weak form is: find u €V Ay, v) =Za(Vuh;VV)
such that -
(e, v) + A, v) - | davan i)
= B(v), (5.2) e€dTy
— efaVv - n}uy]) ds
where,

A(u,v) = Z a(Vu, V) +2E:(b - Vuy, v)
E ~ Z b

. Z Jdarime iG] ds
— e{aVv - n}u]) ds +0 Z f[uh][ v]ds.
n (b Vu, ) e€dty,
ZE: v and
_e;hjw.m{u}[v] ds B = (£.0) + z fquds
eel'y
to Z f[u][v]ds. (5.3) ) |
= ‘;)JeaVv nup ds

And J
+ |b-n|up vds
ZF b
B(v) =(f,v) + Z jquds

eely =4 Z quvds.
- z JsaVv-nuD ds e€lp

e€l'p Where,
N [T V. = (v e 12(Q); vl, € P* (&), vE
eel’p € ‘[h}
K a .
s z upvds. and P*(E) = set of poly _Lrﬂlal_s of
e€lp degree at most k on E and k =71 isan
integer.
The DGFE method: find u; € V}, such
that 6. Properties of the bilinear form A(u, v).
Let VV be Hilbert space with scalar product
(uh,tr v) + A(up, v) )y, (V=H(2)), and corresponding norm
= B(v), (5.5) llwll 2 () Suppose that A(w, v) is bilinear form

where,

on VxV. We prove the properties of the

bilinear form (V- elliptic and continuous).

Lemma 1.(V—elliptic). Assume that
the penalty value o is sufficiently large
and that, B, = (d — 1)1, there exist a
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positive constant k independent of h
such that,

Alu,uw) Zkllulllzil(E), Vu€ev.
Proof: Put v = u in equation (5.3), we
get

A(u,u) = z a(Vu, Vu)

’ + (¢
-1) e;hf{aVu
-n}u] ds
+ Z(b -Vu,u)
- Z j-lb-nl{u}[u] ds
e€aty,
+ aeezarhf[u]z ds
4
- ZA@. (6.1)

Define the energy norm,

Alu,u) = Z|
AT 2

e€dty

a2

L%(E)

= ”u”Hl(Th)-

To estimate 4D,
AW = Z a(Vu, Vu)
E

:Z|

for A®, by Schwartz inequality we
have,

1
azVu

L12(E)

(6.2)

A® =(g-1) z f{aVu ‘n}[ulds

eedTy

< Z ll{a Vu

eedTy

‘Yl 2oy 1l 2 e

= (¢
— 1)0%0_% Z ||[{a Vu

e€dty

. n}||L2(e)|| [u]”Lz(e)

= (e

— 1o Z ll{a Vu

e€dty

1
‘202l [ulll 2 (e)-

since,ozl|{aVu - n}ll 2y =

al] _1
|E| o72[|(Vu-n)g, + (Vu- ")Eanz(e)

—| |< ) (”(W n)E1”L2(e)

+ ”(Vu ‘Mg, ”Lz(e))'

Where, E;, = ET and E, = E~, from
the trace inequality “>,we have

lalc, »( =
< 2 h2 (hb31||Vu||Lz(E1)
-1
+hZ ||\7u||L2(EZ>>

||t

IVl zqe,)
+ IIVuIILzaaz))

< lalelVull 2y

= Ct”Clvu“LZ(E)-

Whereve € 9E, |e| < hd~1 < pd-1CD,
andc; is a constant function ®®.then
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AP < (e-1)
1
> cllavullz ol
e€dTy
Using young inequality we have,

A(Z)

L*(E)

c 2(8 —1)?
e T IR I

le e€dty

az Vu

L*(E)

{2

+o Y P,

e€dty

= yllul?, g,

AP <yllullf (6.3)

H'(E)’

To estimate A®),

_ Z jlb-nl{u}[u] ds

eedty

= AGD 4 462, (6.4)

For AGD, by Schwartz and young
inequality, we have

ABD

=2]b-Vuudx
E

< Z'b' 1Vl 2 oy el 2
E

K b?
E”u”LZ(E) +5— Ilvu”LZ(E)

< V(”u”iZ(E)
+1Vull?2 )
= yllullf gy

A(31)V”u”1211(5)-

B oce®(e—-1)2 bz }

Where,y = max{ ERETL

To estimate A2,

AGD) = _ Z Jlb-nl[u]{u}ds

eedty

< >

e€dty

[ [u] ||L2(e)||{u}||L2(e)

= o'%_% Z |b

e€dty

‘[ [u] ||L2(e)||{u}||L2(e)

:Z”,
e€dty

1 1
-nloz|[[u]ll 2eyo "zlI{ull 2 e)-

_ 1
Since, o 72 [[{u}l 2 (e

1 1
= Ehf (”(u)E1 ”Lz(e)

+ )

from the trace and Poincare inequality

we have,
A6 <2 i, (2 o |
=2 N 2g))

1
+ hE22||(u)Ez”L2(Ez)>

1
= E Ct (“(u’)Ellle(El)
+ “(u)Ez“LZ(Ez))
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1
< = Cellullzqey + lullizge)

= Ct”u”LZ(E)
= Ct”u”Hl(E)-
Then,
AB2)

1
< ) Glb-nloElfullleg el

eearh

1
<6 > oHlllulll lullg

eearh
U
<% > ollulleg,
e€dty
5° )
+Z||U||H1(E) (66)
Where, § = C;|b - n|.
To estimateA™),
AW =g Z f[u]zds
e€dty
<o > IRl 6.7)
e€dty

Substituting (6.2), (6.3), (6.4) and (6.7)
in (6.1) we have,

A(u,u) =Z|

+ y”u”Hl(E)
aZu[u]n 2

+ yllu”Hl(E)

U
—aZn[u 122

1
azVu

L%(E)

62

azVu

(

=2

L*(E)

Z” [u]ll Lz(e)

1 2
>« Z | azVu
L?(E)
E
+o ) Il M)
¢ 2
+ /1||u||H1(E)
then

A, w) 2Kllullf 4(6.8)
Where,a = min {1 (1 +E)}, 1<
(2y-+ )andk< (@+2)

Lemma 2.(countinuity), a bilinear
form defined on V' space equipped with
norm ||-||y is continuous if there is a
positive constant ¢ such that:

Yuv €V =HY(E), A(u,v)
< (”u”Hl(E)”U”Hl(E)

A@@:Zuwmg

E
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+& z f{aVv-n}[u]ds

eearh

_2f|b

eearh

‘nl|{u}[v]ds
to z f[u][v] ds

eearh
5
i=1

To estimate A,

AD = Z(a (Vu ,Vv)
E

+ (b-Vu ,v))

(6.9)

< (lal=lVullz 9912

E
+ |b|L°°”Vu”LZ(E)”v”LZ(E))
< CZ(”VU”LZ(E)
E

+ ”v”LZ(E))Ilvu“LZ(E)

< CZ(”VU”LZ(E)
E

+ ”v”LZ(E)) (”VU“LZ(E)
+ llull 25))

AW = cZuunHl(E)nvnHl(E) (6.10)
E
Where,c = max{|a|;=, |b|;~}.

To estimate A®,

4@ = Zf

eearh

2oy V]l 12y

1 1
=020 2 Z |[{aVu

e€dty

1}z 1 W]l 2 e

— 07z Z [[{aVu

e€edTy

1
'11}||L2(3)C77||[U]||L2(e),

1
since, o z||[{aVu - n}|l ;2 ()
ap _1
= |§| o 2||(l7u "M)E,

+ (Vu - n)EanZ(e)

a /1 2
<[5l (7) Nl

.71)E1||L2(e)

+ [ (u g, -

Fromthe trace inequality we have

ap L

|E hz (|| (v Wellz)
+[|(7u ) |

|a|Ct
== (IVull 2,

+11Vull2g,)

Lz(e))

< |a|Ctllvu”L2(E).(6-11)

Similarly for
1 -1
o2ll[V]ll 2y = o Zl[v]ll 2o

1
= o720||[v]ll ;2 (e)

From (6.11) and (6.12), we get
A®

<laloC? Y IVullg vz

eearh

63
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<laloc? Y (IVullz

eearh
+ ||u||L2(E)) (||U||L2(E)
+ IVl 2 ()

= lalaC  [ull 1 gy 1Vl 1 ), (6-13)

To estimate A®),

AB) = Z f{aVu-n}[u] ds

e€dty

< laloCAlullyp g lIvll gy, (6.14)
Similarly for A®),

A@®

= Z flb-nl{u}[v]ds

e€dty

SGCtZIIuIIHl(E)IlvllHl(E). (6.15)
To estimate A,

AG)

=0 Z f[u][v]ds

e€dty

<o z Il 2 o N W]z

e€dty

1 1
_ 52 z o 2||[ulll2¢eyo 2l [V]Il 12

e€dty

since,a‘%ll[ulllLZ(e) =

1
Ct ”u”LZ(E),andO-_E” [v] ”Lz(e) S
Cellvll 2 gy,

then,

A®) < O'ZCtz”u”LZ(E)“v”LZ(E)

< a2 Ce lullyr oy 101 1 - (6.16)

Substituting (6.10), (6.13), (6.14),
(6.15) and (6.16) in (6.9), we have

Alu,v) = Z a(Vu, Vv)

E

- z f{aVu

. nie[zahds
+¢ e;h J {aVv
‘n}u] ds
+ ZE:(b -Vu,v)
- z flb ‘nl|{u}[v] ds
e€oty
+0 e;h f [u] [v]ds

< C”u”Hl(E)”vllyl(E)
2

- |a|0Ct ”u”Hl(E)”U”Hl(E)
2

+g|a|GCt ”ullyl(E)”v”Hl(E)

2
—oCy ”u”Hl(E)”v”Hl(E)
2
+ O-ZCt ||u||H1(E)||U||H1(E)

= (c + laloCl(e—1)
+0C2(o
= 1) el ey 1wl g,

< (”u”Hl(E)”v”Hl(E),

then,
A(u,v)
< Cullyigp Wil (6.17)

Where,¢ > (c + laloC,*(e — 1) +
oC2 (o — 1)).
Lemmaa3.(stability): there exist a

constant @ > 0 independent ofhsuch
that
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2
I )+ 8 [ T e
0

< CZ(”uo”iz(m

+ZIIfI|L2 e )
O e

e€dty
2

12 (0 T'LZ(FD))

tao Z ”uD”L2 0,T;L2(Tp ))

e€dty

1
“n|zup

+ D il )

e€dty

Proof: choose v =u,
(5.2), we get

in equation

(une,un) + ACup , up)

—& z JaVuh
eel'p
nupds
+ Z juNuhds
eel'y
+ Z flb-nIuDuhds
eelp
5
— z JjuDuh ds = Zl(i).(6.18)
eelp i=1

From lemma(1), we have

65

(e un) + ACup , up)
1 d
ZE ”uh”LZ(Q)
+ k”uh”Hl(E) .
Using young inequality, we get

(6.19)

U 2
ID = (f,u,) < E”f”LZ(E)

2
+ ﬂ ”uh”LZ(E)

< C(If 12

+ lun iz g)- (6.20)

To estimatel @,

1@ =_¢ Z faVuh-nuDds

e€lp
<e¢ Z [laVuy,

e€dty

' n”LZ(e) llup ||L2(e)

K 2
<> (EHVuhnLZ@

e€edty
2

€ 2
+ ﬂ llup ”LZ(FD)

=¢ > (Il

e€dty

+ lupllZa,)). (6.21)

Similarly for 1®,

14 = Z fuNuhds

eely

<€ > (lwnlag

e€dty

+ lunllZgr,y ) (6.22)
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™ = Z flb-nIuDuh ds

eelp

<€ ) (Il

eearh

+ lupliZee,,).

14 = — Z aquuhds

eelp

<¢ ) (g

e€dty

+ lupllZe,,). (6.24)
Substituting (6.19), (6.20), (6.21),
(6.22), (6.23) and (6.24) in (6.18), we
have

(6.23)

d
Ea ”uh”22(9) + k”uhlllz.[l(E)

<€) (If M)
E

+ ”uh”]%Z(E))

+€ ) (Iunlsg)

e€dty

+lup ey )

+¢ ) (Iunlsg)

e€dty

+ lunlizg, )

6 ) (lunllsge

e€dty

+ lupliz,))

6 ) (lunllsge

e€dty

+ llup iz, )-

Re-arrange the terms in the right hand

side we have

66

1d

EE ”uh”iZ(Q) + k”uhlllz.ll(E)

<€) (If i)
E
+ ”uh”iz(g))
+ 4C Z ||uh||12L11(E)

e€edty

€ ) (lunliegry)

e€dty

+ 3”uD ”lZ,Z(FD)) .

By integrating both sides from Oto ¢
we have

2 2
”11h||L2(Q) - ”1LO||L2(Q)

t
3 [
0

<c ) (1t

t
Eetp \0

t
+ [l
0

t

+4C Z flluh||i1(E)

e€dtp 0

t
¢ | [ lanlige

e€dty \ 0

t
2
+3 [ ol ey
0

t
Since flluhlliz(E) <v,
0

and y is a constant depends on time,
hence
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lunll ay + G = 40) [l

<C <||u0 ||EZ(Q)

+ Zufan o158
+ y)

+C Z (”uN”LZ(OTLZ(F ))

e€dty
+ 3”uD”L2(0TL2(F )))

Re-arrange the last inequality, we get
lunllsgey + 6 | e ey
0]

Sa (”u0”§2(g)
2
+ Zan(OIT;LZ(E)))
E

ta D (Il e

e€dty

o2, (6.25)

where,
2
C = max {E S—} 0 <
2°2u
(k —4C)and a = max{C,3C,yC}.

7. The error estimate.

Theorem (2): suppose that
uel?(0,T; HY(E)) and that wu,
belongs to H(Q) and let o

sufficiently large then there exist a
constant C such that :

lu — u"|l2¢q) < Ch

67

Proof: let ibe theL? projection,
ande=u—ul=u—-G+a—ut=
p — 0, then

lu —u"ll 2y < llu— 1l 2 +
llu" — ﬁ”LZ(E) = ”p”LZ(E) +
”9“L2(E)r(7'1)

since,“lpll 2 <
Chzllu”LZ(Hl). (7.2)By subtracting
(5.5) from (5.2) we have,

(u—ue,v) +A(u —u",v)

=((p—0);,v)
+A(p—6,v) =0

then(6,,v) + A(6,v)
= (p, v) + alp,v)

for bound 6

(6, v) +A6,v) = (p,v) + A(p,v),
let v = 6, we have

(6.,6) +A(6,0)

= (pt' 9)
+ A(p, 9). (7.3)
Since
(et; 9)
_1d
=52 10172 (7:4)
From lemma(1) we have,
(etl 9) + A(GJ 9)
d
= ZE ”9” L2(Q)
+ kl16112 2.5 (7.5)

By Schwartz and young inequality we
have,
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(pe, ) < ||Pt||L2(Q)||9||L2(E)

€ 2
1
2
+ 5 1011 2 (7.6)

Since

el 2y = [ llpel” e

0

< ch?{luell? 2 (1)-
Then,

(pt! 9)

€
2 2
< E ch ”ut” 12(HY)

1
+ 2¢ ”9”2L2(E)' 7.7
Ap, 8) < Bllpll 2Ol 2
< Dol
Lo
< %chzllullzLZ(m) 0 161 2y
Then,
A(p, 6)
< DL onlull?
Lo (7.8)

Substituting  (7.5), (7.7) and (7.8) in
(7.3) we have

1d . 5
S 1012 20y + KNI 2

6
< E Ch ”ut” LZ(Hl)

1 2
+ Z ”6” L2(E)

68

€By
+ Tchzllullsz(m)

N
1012 ey

then,

d 2
1012, + (k= o
ﬁl 2
_2_6)”9” L%(E)
€
< E Chzllut”sz(Hl)

eB
+ —1€h ||u|| 12(HY)

< yeh? (lluell? 2 gny
+ el 2 0y ).

Wherey = max {%,%ﬁl},then

d 2 2
E”ell LZ(Q)+K||9|| L2(E)
< yeh? (lluell? oy

el 2 g0y ).

WhereK < (k S ﬁ).

2€ 2€

By integrating both side in the last
inequality from 0 to t, we have

||9(t)”2L2(Q) - “90”2L2(Q)
t

< yeh® [ (Nl
0

+ ull? 2y )

We know that,8° = 0, and from (7.2),
we get
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< ch2||u||L2(H1)

2 2
+yeh? (el o0
+ ||u||2Lz(O,T;H1(E))>

llu — ul 20
< Ch,

where C = /1 + yc.

8. Conclusion.

In this paper the two dimensional
convection —diffusion problem s
considered and solve it by DGFE
method. There are three versions
depend on the choices of the
parameters eand o.

* Ife= —1 and ois bounded below by a
large enough constant, the resulting
method is called the symmetric interior
penalty Galerkin (SIPG) method.

Ife= +1 and o = 1, the resulting
method is called the nonsymmetric
interior penalty Galerkin (NIPG)
method.

* Ife=0 ando >0 we obtain the
incomplete interior penalty Galerkin
(IPG) method. We analyzed these
versions and compare the numerical
results with theexact solution in the
future works.
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