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Abstract 
This  paper presents  the theory analysis of  the  discontinuous  Galerkin finite  

element (DGFE) method  with respect to space variables  only  is applied  

whereas,  time  remains  continuous oflinear  convection – diffusion problem 

.The properties of the bilinear form       (v-elliptic and continuity) of 

(DGFE), stability are proved and the approximate solution is converges with 

error of order    . 
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1. Introduction 

A number of complex problems from 

science and technology(aerospace 

engineering, turbo machinery, oil 

recovery, meteorology, environmental 

protection etc.) require to apply an 

efficient, robust, reliable and highly 

accurate numerical methods. It is 

necessary to develop the techniques 

that allow realizing numerical 

approximationof strongly nonlinear 

singularly perturbed systems in 

domains with complex geometry 

whose solution contains internal or 

boundary layers. An excellent 

candidate to overcome these 

difficulties is the DGFE method, which 

becomes more  popular in the solutiona 

number of problems. The DGFE 

method uses piecewise polynomial 

approximations of the sought solution 

on a finite elements mesh without any 

requirement on continuity between 

neighboring elements and can be 

considered a generalization of the 

finite volume and finite element 

methods. It allows to construct a 

higherorder schemes in a natural  way 

and is suitable for approximation of 

discontinuous solutions of 

conservation laws or solutions of 

singularly perturbed convection-

diffusion problems having steep 

gradients. This method exploits' 

advantages of the finite element 

method and finite volume schemes 

with an approximate  Riemann  solver  

and  can be applied  on unstructured  

grids  which  are generated for most 

complex  geometries. The original 

DGFE method  was introduced in 
(1)

 

for the solution of a neutron transport 

linear equation and analyzed 

theoretically in 
(2)

 and later in 
(3)

. 

Almost simultaneously the DGFE 

techniques were developed for the 

numerical solution of elliptic 

problems
(4)

and space semi 

discretization of parabolic 

problems
(5,6)

, using the interior penalty 

Galerkin methods. In these works the 

symmetric approximation  of  the 

diffusion terms is used, called the 

SIPG(symmetric interior penalty). 

Theoretical analysis of  this type of  the 

DGFE method applied to elliptic 

problems can be found e.g., in, 
(7,8,9)

 

The DGFE method found very soon a 
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number of  applications . Let us 

mention in particular  the solution   

nonlinear  conservation   

laws
(10,11,12,13,14)

 , and compressible 

flow
(15,16,17,18)

.  A survey of  DGFE 

methods. 

Techniques and some applications can 

be found in 
(19,20)

. In the 

discretizationof non-stationary 

problems, one often uses the space 

semi discretization, also calledthe 

method of lines. In this approach,  the  

DGFE  discretization  with respect to 

spacevariables  only  is applied , 

whereas  time  remains  continuous . 

This  leads to a large system  of  

ordinary  differential  equations  which 

can  be  solved  numerically  by a 

suitable ODE solver
(9, 21, 22, 23, 24, 12, 13)

. 

This paper is organized as follows. In 

section 2 we present the convection-

diffusion equation. Some definitions 

and important lemmas are presents in 

section 3. The discretization is shown 

in section 4. In section 5 derive the  

weak form. In section 6 we proved the 

properties of the bilinear form and 

stability. The error estimate are 

presented in section 7.  Finally the 

conclusion is shown in section 8.   

 

2. The Convection-Diffusion 

Equation. 

Let               be a bounded 

polyhedral domain and T>0. The 

convection-diffusion problem is 

considered : Find        
       such that 

                         (2.1) 

                             (2.2) 

 
  

  
                         (2.3)  

                       (2.4) 

We assume that             

                                      (2.5) 

                   for all   [    ];       
(2.6) 

here  is the unit outer normal to the 

boundary  of   ,    is the inflow 

boundary 

   is the outflow boundary,    is 

convection coefficient and   is 

diffusioncoefficient
(25)

. 

 

3-Definitions and some important lemmas: 

It is beneficial to mention the definitions 

of the vector space that we used during 

this study. The vector space       is the 

space of square-integrable functions 

on    ,           

       ∫       }, 

Indeed       is Hilbert space with 

respect to the following inner product  

      ∫         

 

         ‖ ‖     

 (∫    
 

 )

 

 

 

for         denotes the space of 

all functions which are bounded for 

almost all 

     

          |    |

                   

  }   

this space is equipped with the norm  

‖ ‖               |    |    }. 

We introduce the sobolev space   

      {        
  

   
        

        }   

and the corresponding norm, 

‖ ‖      (∫             
 

)
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also, 

  
                       }, 

with the same scalar product and norm 

as       . 

We introduce the norm for both 

continuous time   [   ] and space 

 by: 

‖ ‖  (     )

    
     

‖ ‖        ‖  ‖        

 (∫ ‖  ‖
 

 

 

)

 

 

  

4. Discretization of the problem: 

      Let    be a partition of  ̅ (the 

closure of the domain  ) into a finite 

number of closed triangles with  

mutually  disjoint interiors. let   a 

triangulation of  .We denote  

conforming  properties of     used  in 

the finite element method. This means 

that we admit the so-called hanging 

nodes. If two elements       
  contain a nonempty open part oftheir 

sides, we call them neighbors. Let    

denote the boundary of an element 

    , if we set          has a 

positive      - dimensional 

measure, we say that     is the edge 

of  , if it is a maximal connected open 

subset either of     , where    is a 

neighbor of    or subset of       . 

By      denote the system of all edges 

of all elements    . Further,  define 

the set of all inner and boundary edges 

by 

   
            }  

    
             }  

         
       }  

         
       }  

For            we introduce the 

following notation. Obviously 

   =    
     

 ,    
        for 

each       , 

  }  
 

 
       (4.1) 

[ ]                         (4.2)  

Moreover, 

   
  {           }     (4.3)  

   
  {           } (4.4) 

 where  denotes the unit outer normal 

to    . 

 

4.1  Assumptions: 

a)   ([   ]      )         

        
b)  is the trace of some   

 ([   ]      )        on 

          

c)    ([   ]        )  

d) | |is the area of    ,  and 

  
  

| |  
 ,             

e) Define   is the length of the longest 

side of the triangle     and put     

= diameter of   ,  =        
    

 

5. The weak form of problem. 

Multiply  equation (2.1) by the test 

function           such that. 

 

       ∑        

 

 ∑ ∫      

     

  

 ∑        

 

 ∑ ∫|   |  

     

   

                     

where  denotes the outward normal to 

each element edge. The third and fifth 

termson  the left-hand  side contain  the 

integrals over  the element edges,Then 

have, 
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       ∑        

 

 ∑ ∫[      ]

     

  

 ∑        

 

 ∑ ∫|   |[  ]

     

   

                     

Since,[  ]    }[ ]    }[ ], we 

have 

       ∑        

 

 ∑ ∫ [     ]  }

     

 [  ]     }   

 ∑        

 

 

              ∑ ∫|   | [ ]  }

     

   }[ ]           

Since  is continuous then [u] and 
[    ]   , we get 
 

       ∑        

 

 ∑ ∫[  ]     }

     

  

 ∑        

 

 ∑ ∫|   |  }[ ]

     

   

         

Note that, the left hand side of the 

above equation is still non-symmetric 

and non-positivity with respect to  

argument   and (26)
, to rectify these 

properties, we add the terms  

 ∑ ∫[  ]   

     

  }          ∑ ∫[ ][ ]   

     

 

Then, 

       ∑        

 

 ∑ ∫       }[ ]

     

        }[ ]   

 ∑        

 

 

              ∑ ∫|   |  }[ ]

     

  

  ∑ ∫[ ][  ]  

     

        

       ∑        

 

 ∑ ∫       }[ ]

     

        }[ ]   

 ∑        

 

 

               ∑ ∫|   |  }[ ]

     

  

  ∑ ∫[ ][  ]  

     

 

                     ∑ ∫      

    

 ∑ ∫        

    

  

 ∑ ∫|   |   

    

   

  ∑ ∫      
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Thus the weak form is: find     

such that   

             

                                                      

where, 

       ∑         

 

 ∑ ∫       }[ ]

     

        }[ ]   

 ∑        

 

 

 ∑ ∫|   |  }[ ]

     

  

  ∑ ∫[ ][  ]   

     

                          

And 

           ∑ ∫       

    

 ∑ ∫         

    

  

 ∑ ∫|   |   

    

   

  ∑ ∫     

    

                                                                                                               

The DGFE method: find        such 

that 

(      )         

                                                             

where,  

        ∑          

 

 ∑ ∫         }[ ]

     

        }[  ]     

               ∑         

 

 ∑ ∫| 

     

  |   }[ ]   

  ∑ ∫[  ][  ]   

     

 

and 

           ∑ ∫       

    

 ∑ ∫         

    

  

 ∑ ∫|   |    

    

   

   ∑ ∫      

    

 

Where, 

              |          

   } 

 and        = set of polynomials of 

degree at most   on   and       is an 

integer.     

6. Properties of the bilinear form       .  

    Let   be Hilbert space with scalar product 

                , and corresponding norm 

‖ ‖     . Suppose that        is bilinear form 

on      We prove the properties of the 

bilinear form  (V- elliptic and continuous). 

Lemma 1.(V         ). Assume that 

the penalty value   is sufficiently large 

and that,           , there exist a 
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positive constant    independent of   

such that,  

        k‖ ‖
     
 ,       

Proof: Put     in equation (5.3), we 

get 

       ∑        

 

   

   ∑ ∫    

     

  }[ ]   

 ∑        

 

 

 ∑ ∫|   |  }[ ]

     

  

  ∑ ∫[ ] 

     

  

 ∑    

 

   

                                        

Define the energy norm, 

          (∑‖ 
 

   ‖
     

 

 

  ∑ ‖[ ]‖
     
 

     

)

 

 

 ‖ ‖        

To estimate     , 

       ∑        

 

 ∑‖ 
 

   ‖
     

 

 

                                   

for      , by  Schwartz inequality we 

have, 

          ∑ ∫      }[ ]  

     

 ∑ ‖     

     

  }‖     ‖[ ]‖      

                                  

   

    
 
    

 ∑ ‖     

     

  }‖     ‖[ ]‖      

                                    

   

      
 ∑ ‖     

     

  }‖      
 
 ‖[ ]‖       

Since,   
 ‖      }‖      

|
 

 
|    

 ‖        
         

‖
     

 

 |
 

 
| (

 

 
)
  

 

(‖        
‖
     

 ‖        
‖
     

)  

Where,      
 and       , from 

the trace inequality 
(25)

,we have 

 
| |  
 

 
 

 (   

  

 ‖  ‖      

    

  

 ‖  ‖      
) 

            
| |  
 

(‖  ‖      

 ‖  ‖      
) 

           | |  ‖  ‖     

   ‖   ‖       

Where      | |    
        (27)

, 

and   is a constant function 
(26)

.then 
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∑   ‖   ‖      
 
 ‖[ ]‖     

     

  

Using young inequality we have, 

    

 
 

 
∑‖ 

 
   ‖

     

 

 

 
  

       

  
∑   ‖[ ]‖ 

     

     

 

             

  (∑‖ 
 
   ‖

     

 

 

  ∑ ‖[ ]‖ 
     

     

)

  ‖ ‖
     
                             

      ‖ ‖
     
               (6.3) 

 

 To estimate      , 

     

 ∑        

 

 ∑ ∫|   |  }[ ]

     

  

                                                

For      , by Schwartz  and young 

inequality, we have   

     

 ∑∫       

 

 ∑| |

 

‖  ‖     ‖ ‖      

 
 

 
‖ ‖

     
  

  

  
‖  ‖

     
  

                         (‖ ‖
     
 

 ‖  ‖
     
 )

  ‖ ‖
     
   

      ‖ ‖
     
                                                                                                                    

Where,     {
 

 
 
  

       

  
 
  

  
 }  

 To estimate      , 

       ∑ ∫|   |[ ]  }

     

  

 ∑ | 

     

  |‖[ ]‖     ‖  }‖      

                                                    

  
 
 
  

 ∑ | 

     

  |‖[ ]‖     ‖  }‖      

                                                        

 ∑ | 

     

  | 
 
 ‖[ ]‖      

  
 ‖  }‖       

         
 ‖  }‖     

 
 

 
 

 
 (‖     

‖
     

 ‖     
‖
     

) 

from the trace and Poincare inequality 

we have, 

      
 

 
 

 
   (   

  
 ‖     

‖
      

    

  
 ‖     

‖
      

) 

 

 
 

 
  (‖     

‖
      

 ‖     
‖
      

) 
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  (‖ ‖      ‖ ‖     )

   ‖ ‖     

   ‖ ‖        

Then, 

     

 ∑   |   | 
 
 ‖[ ]‖     

     

‖ ‖     

  ∑  
 
 ‖[ ]‖     

     

‖ ‖      

           

 
 

 
∑  ‖[ ]‖ 

     

     

 
  

  
‖ ‖

     
                                            

Where,      |   |  

To estimate    , 

      ∑ ∫[ ]   

     

  ∑ ‖[ ]‖ 
     

     

                                

Substituting (6.2), (6.3), (6.4) and (6.7) 

in (6.1) we have, 

        ∑‖ 
 

   ‖
     

 

 

  ‖ ‖
     
 

  ∑‖[ ]‖ 
     

 

  ‖ ‖
     
  

                 
 

 
 ∑‖[ ]‖ 

     

 

 
  

  
‖ ‖

     
  

                  ∑‖ 
 

   ‖
     

 

 

 ( 

 
 

 
) ∑‖[ ]‖ 

     

 

 (   
  

  
) ‖ ‖

     
  

  (∑‖ 
 

   ‖
     

 

 

  ∑‖[ ]‖ 
     

 

)

  ‖ ‖
     
  

 
                 
     ‖ ‖

     
  k‖ ‖

     
 , 

then 

        k‖ ‖
     
  (6.8) 

Where,     {  (  
 

 
)}    

(   
  

  
)andk       

 
Lemma 2.(           ), a bilinear 

form defined on   space equipped with 

norm  ‖ ‖   is continuous if there is a 

positive constant    such that: 

 

                         
  ‖ ‖     ‖ ‖      

 

       ∑        

 

 ∑        

 

 ∑ ∫    

     

  }[ ]   



Basrah Journal of Science (A)  Vol.34(2), 55-72, 2016 
 

56 
 

                  ∑ ∫      }[ ]  

     

 

 ∑ ∫| 

     

  |  }[ ]  

  ∑ ∫[ ][  ]

     

   

      ∑     

 

   

                                    

To estimate      , 

     ∑(           

 

            ) 

         

 ∑(| |  ‖  ‖     ‖  ‖     

 

 | |  ‖  ‖     ‖ ‖     ) 

           ∑(‖  ‖     

 

 ‖ ‖     )‖  ‖      

           ∑(‖  ‖     

 

 ‖ ‖     ) (‖  ‖     

 ‖ ‖     ) 

       ∑‖ ‖     ‖ ‖      

 

       

Where,      | |   | |  }  

To estimate     , 

     ∑ ∫      }[ ]

     

  

 ∑ ‖    

     

  }‖     ‖[ ]‖      

                                     

  
 
    

 ∑ ‖    

     

  }‖     ‖[ ]‖      

                                      

    
 ∑ ‖    

     

  }‖      
 
 ‖[ ]‖       

         
 ‖      }‖     

 |
 

 
|    

 ‖        

         
‖
     

 

                                       

 |
 

 
| (

 

 
)
  

 

‖    

     
‖
     

 ‖         
‖
     

  

Fromthe trace inequality we have 

|
 

 
|  

 

 (‖         
‖
     

 ‖         
‖
     

)

 
| |  

 
(‖  ‖      

 ‖  ‖      
) 

                                          

 | |  ‖  ‖             

Similarly for  

 
 
 ‖[ ]‖          

 ‖[ ]‖     

   
 
  ‖[ ]‖     

    ‖ ‖                                  

From (6.11) and (6.12), we get             

    

 | |   
 ∑ ‖  ‖     

     

‖ ‖      
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          | |   
 ∑ (‖  ‖     

     

 ‖ ‖     ) (‖ ‖     

 ‖  ‖     ) 

         

 | |   
 ‖ ‖     ‖ ‖             

To estimate      , 

     ∑ ∫      }[ ]

     

  

 | |   
 ‖ ‖     ‖ ‖                    

Similarly for     , 

    

 ∑ ∫|   |  }[ ]  

     

    
 ‖ ‖     ‖ ‖                        

To estimate     , 

    

   ∑ ∫[ ][ ]  

     

  ∑ ‖[ ]‖     ‖[ ]‖     

     

 

                  

   ∑    
 ‖[ ]‖      

  
 ‖[ ]‖     

     

  

since,   
 ‖[ ]‖      

  ‖ ‖     ,and   
 ‖[ ]‖      

  ‖ ‖     , 

then, 

         
 ‖ ‖     ‖ ‖     

     
 ‖ ‖     ‖ ‖                                

Substituting  (6.10), (6.13), (6.14), 

(6.15) and (6.16) in (6.9), we have 

        ∑        

 

 ∑ ∫    

     

  }[ ]   

  ∑ ∫    

     

  }[ ]    

 ∑        

 

 ∑ ∫|   |  }[ ]

     

  

  ∑ ∫[ ]

     

[ ]             

             
  ‖ ‖     ‖ ‖     

 | |   
 ‖ ‖     ‖ ‖     

  | |   
 ‖ ‖     ‖ ‖      

 

                  
 ‖ ‖     ‖ ‖     

     
 ‖ ‖     ‖ ‖      

 

               (  | |   
      

    
   

   ) ‖ ‖     ‖ ‖      

 
                 ‖ ‖     ‖ ‖       

 
then, 

       
  ‖ ‖     ‖ ‖                      

Where,  (  | |   
       

   
      ). 

 
Lemma3.(stability): there exist a 

constant     independent of such 

that  
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‖  ‖  (         )

   ∫‖  ‖     
 

 

 

  (‖  ‖     
 

 ∑‖ ‖
  (         )

 

 

) 

                           ( ∑ ‖| 

     

  |
 
   ‖

  (          )

 

  ∑ ‖  ‖
  (          )

 

     

 

 ∑ ‖  ‖
  (          )

 

     

) 

Proof: choose        in equation 

(5.2), we get 

(        )           

 ∑      

 

  ∑ ∫    

    

        

                    ∑ ∫       

    

 ∑ ∫|   |      

    

 

 ∑  ∫    

    

     ∑     

 

   

       

From lemma(1), we have  

(        )           

 
 

 

 

  
‖  ‖     

 

  ‖  ‖     
                                        

Using young inequality, we get 

             
 

 
‖ ‖     

 

 
 

  
‖  ‖     

  

  (‖ ‖     
 

 ‖  ‖     
 )                                         

To estimate    , 

       ∑ ∫          

    

  ∑ ‖    

     

  ‖     ‖  ‖      

 ∑ (
 

 
‖   ‖     

 

     

 
  

  
‖  ‖

      
 ) 

 

  ∑ (‖  ‖     
 

     

 ‖  ‖
      
 )                     

Similarly for     , 

     ∑ ∫      

    

  ∑ (‖  ‖     
 

     

 ‖  ‖
      
 )                                       
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     ∑ ∫|   |      

    

  ∑ (‖  ‖     
 

     

 ‖  ‖
      
 )                            

      ∑  ∫      

    

  ∑ (‖  ‖     
 

     

 ‖  ‖
      
 )                               

Substituting  (6.19), (6.20), (6.21), 

(6.22), (6.23) and (6.24) in (6.18), we 

have 

 

 

 

  
‖  ‖     

   ‖  ‖     
 

  ∑(‖ ‖     
 

 

 ‖  ‖     
 ) 

                                        ∑ (‖  ‖     
 

     

 ‖  ‖
      
 ) 

                         ∑ (‖  ‖     
 

     

 ‖  ‖
      
 ) 

                                       ∑ (‖  ‖     
 

     

 ‖  ‖
      
 ) 

                              ∑ (‖  ‖     
 

     

 ‖  ‖
      
 )  

Re-arrange the terms in the right hand 

side we have  

 

 

 

  
‖  ‖     

   ‖  ‖     
 

  ∑(‖ ‖     
 

 

 ‖  ‖     
 )

   ∑ ‖  ‖     
 

     

 

                           ∑ (‖  ‖
      
 

     

  ‖  ‖
      
 )   

By integrating both sides from  to    

we have  

‖  ‖     
  ‖  ‖     

 

  ∫‖  ‖     
 

 

 

  ∑ (∫‖ ‖     
 

 

     

 ∫‖  ‖     
 

 

 

) 

                ∑ ∫‖  ‖     
 

 

      

 

       ∑ (∫‖  ‖
      
 

 

      

  ∫‖  ‖
      
 

 

 

) 

      ∫‖  ‖     
 

 

 

     

and   is a constant depends on time, 

hence  
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‖  ‖     
        ∫‖  ‖     

 

 

 

  (‖  ‖     
 

 ∑‖ ‖
  (         )

 

 

  ) 

    ∑ (‖  ‖
  (          )

 

     

  ‖  ‖
  (          )

 ) 

Re-arrange the last inequality, we get 

‖  ‖     
   ∫‖  ‖     

 

 

 

  (‖  ‖     
 

 ∑‖ ‖
(         )

 

 

) 

  ∑ (‖  ‖
  (          )

 

     

 ‖  ‖
  (          )

 )                         

 where, 

                     {
 

 
 
  

  
}       

                        }. 

7. The error estimate. 

Theorem (1): suppose that 

     (         ) and that    

belongs to       and let    

sufficiently large then there exist a 

constant   such that :  

‖    ‖                     

Proof: let  ̃be the   projection, 

and          ̃   ̃     

   , then 

‖    ‖      ‖   ̃‖      

‖    ̃‖      ‖ ‖      

‖ ‖     ,(7.1) 

Since,
(28)‖ ‖      

   ‖ ‖  (  )         By subtracting 

(5.5)  from (5.2) we have,   

                      

            

            

                 

               

for bound   

                             

                

             

       

                                                  

Since  

      

 
 

 

 

  
‖ ‖ 

                                     

From lemma(1) we have,  

             

 
 

 

 

  
‖ ‖ 

     

  ‖ ‖ 
                                             

By Schwartz  and young inequality we 

have, 
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       ‖  ‖     ‖ ‖     

 
 

 
‖  ‖

 
     

 
 

  
‖ ‖ 

                               

Since 

‖  ‖
 
      ∫‖  ‖

 

 

 

  

    ‖  ‖
 
  (  )

   

Then, 

      

 
 

 
    ‖  ‖

 
  (  )

 
 

  
‖ ‖ 

                                            

        ‖ ‖     ‖ ‖     

 
   

 
‖ ‖ 

     

 
  

  
‖ ‖ 

      

 
   

 
   ‖ ‖ 

  (  )  
  

  
‖ ‖ 

      

Then, 

        

 
   

 
   ‖ ‖ 

  (  )

 
  

  
‖ ‖ 

                                          

Substituting  (7.5), (7.7) and (7.8) in 

(7.3) we have 

 

 

 

  
‖ ‖ 

       ‖ ‖ 
     

 
 

 
    ‖  ‖

 
  (  )

 
 

  
‖ ‖ 

      

                         
   

 
   ‖ ‖ 

  (  )

 
  

  
‖ ‖ 

          

then, 

 

 

 

  
‖ ‖ 

         
 

  

 
  

  
 ‖ ‖ 

     

 
 

 
    ‖  ‖

 
  (  )

 
   

 
   ‖ ‖ 

  (  ) 

     (‖  ‖
 
  (  )

 ‖ ‖ 
  (  ))            

Where     {
 

 
 
   

 
},then 

 

  
‖ ‖ 

       ‖ ‖ 
     

     (‖  ‖
 
  (  )

 ‖ ‖ 
  (  ))  

Where  (  
 

  
 

  

  
)  

By integrating both side in the last 

inequality from       , we have    

‖    ‖ 
      ‖  ‖ 

     

     ∫(‖  ‖
 
  (  )

 

 

 ‖ ‖ 
  (  )) 

We know that,    ,  and from  (7.2), 

we get 
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    ‖ ‖  (  )

     (‖  ‖
 
  (         )

 ‖ ‖ 
  (         )

) 

‖    ‖     

                                                                                     

where   √      

 

8. Conclusion. 

In this paper the two dimensional 

convection –diffusion problem is 

considered and solve it by DGFE 

method. There are three versions  

depend on the choices of the 

parameters  and    
• If = −1 and  is bounded below by a 

large enough constant, the resulting 

method is called the symmetric interior 

penalty Galerkin (SIPG) method.  

•If = +1  and   = 1, the resulting 

method is called the nonsymmetric 

interior penalty Galerkin (NIPG) 

method. 

• If =0 and    we obtain the 

incomplete interior penalty Galerkin 

(IIPG) method. We analyzed these 

versions  and compare the numerical 

results with theexact solution in the 

future works. 

 

References  

(1) Reed  W. H.  and T.  R. Hill:  

Triangular  mesh  methods  for  

the neutron  transport equation. 

Technical  Report  LA-UR-73-

479.  Los  Alamos Scientific 

Laboratory,     1973. 

(2) Le  Saint  P. and  P. A. Raviart: 

On a finite element method for  

solving  the neutron transport 

equation. Mathematical 

Aspects of Finite Elements in 

Partial Differential    

Equations(C. de Boor, ed.). 

Academic Press, 1974, pp. 89–

145. 

(3) Johnson C., J. Pitkäranta:  An 

analysis of  the discontinuous 

Galerkin method  for ascalar 

hyperbolic equation. Math. 

Comp. 46 (1986), 1–26.  

(4) Wheeler M.F.: An elliptic 

collocation-finite element 

method with interior   

penalties.SIAM J. Numér. 

Anal. 15 (1978), 152–161. 

(5) Arnold  D. N.: An interior 

penalty finite element method 

with discontinuous elements. 

SIAM J. Numér. Anal. 19 

(1982), 742–760.bl 

(6) Douglas J. and  T. Dupont:  

Interior  penalty procedures for  

elliptic  and  parabolic Galerkin 

methods. In: Computing  

methods  in applied sciences 

(Second Internat.Sympos. 

Versailles, 1975).  Lect.  Notes 

Phys. Vol. 58. Springer -

Verlag,  Berlin,     1976, pp. 

207–216 

(7) Arnold  D. N.  , F.Brezzi, B. 

Cockburn, and D. Marini: 

DiscontinuousGalerkin 

methods for elliptic 

problems.Theory,Computation 

and Applications. Lect. Notes 

Comput. Sci. Eng. 11(B. 

Cockburn et al., eds.). 

Springer-Verlag, Berlin, 2000, 

pp.89–101. 

(8) Babuška  I., C. E. Baumann, 

and J.T. Oden: A discontinuous 

hpfinite element method For 

diffusion problems, 1-D 



 Hashim A. Kashkool et al.        Error estimate of the discontinuous… 

56 
 

analysis. Comput. Math. Appl. 

37 (1999), 103–122. 

(9) Rivi`ere B. and M.F. Wheeler: 

A discontinuous Galerkin 

method  applied to nonlinear  

parabolic equations. 

Discontinuous Galerkin 

methods. Theory, Computation 

and   Applications. Lect. Notes 

in Comput. Sci. Eng.11(B. 

Cockburn et al. eds.). Springer   

Verlag, Berlin, 2000, pp. 231–

244. 

(10) Cockburn  B. and  C.W. 

Shu: TVB  Runge - Kutta  local  

projection  discontinuous     

Galerkin  finite  element  

method  for  conservation  laws 

II. General framework. Math. 

Comp. 52(1989), 411–435. z 

(11) Dolejší V. and M. 

Feistauer: On the discontinuous 

Galerkin method for the 

numerical solution of 

compressible high-speed 

flow.In Numerical Mathematics 

and Advanced Applications, 

ENU MATH  Springer-Verlag, 

Berlin, 2003, pp. 65–83. 

(12) Dolejší V., M.  

Feistauer,  and J.  Hozman:  

Analysis  of  semi-implicit  

DGFEM  for nonlinear 

convection-diffusion problems 

on nonconforming meshes. 

Preprint No.MATH  knm-

2005/1. Charles  University 

Prague, School of  

Mathematics, 2005;    Comput. 

Methods Appl. Mech. Eng. In 

press. 

(doi:10.1016/j.cma.2006.09.02

5). 

(13) Dolejší V., M. 

Feistauer, and V. Kucera: On a 

semi-implicit  discontinuous 

Galerkin FEM for the 

nonstationary compressible 

Euler equations. In: Hyperbolic 

Problems:Theory, Numeric's 

and Applications. I. Proc. 10th 

International Conference 

Osaka,  September 2004 (F. 

Asakura, H. Aiso, S. 

Kawashima, A. Matsumura, S. 

Nishibata,and K. Nishihara, 

eds.). Yokohama Publishers, 

Yokohama, 2006, pp. 391–398. 

(14) Jaffre J., C. Johnson, 

and  A. Szepessy: Convergence 

of  the discontinuous Galerkin     

finite element method for  

hyperbolic conservation laws. 

Math. Models  Methods     

Appl. Sci. 5(1995), 367–

386.zbl 

(15) Bassi F. and S. Rebay: 

A high-order accurate 

discontinuous finite element 

method for the numerical 

solution of the 

compressibleNavier-Stokes 

equations. J. Comput. 

Phys.131(1997), 267–279. 

(16) Baumann C. E. and J.T. 

Oden: A discontinuous hpfinite 

element method for the Euler    

and Navier-Stokes equations. 

Int. J. Numér. Methods Fluids 

31 (1999), 79–95.  

(17) Feistauer M. and V. 

Kucera: Solution of 

compressible flow with all  

mach numbers.European 

Conference on Computational 

Fluid Dynamics, ECCOMAS 

CFD 2006  (P. Wesseling,  E. 

Onate, and J. Périaux,  eds.). 

TU  Delft, The Netherlands, 

2006,   published electronically 

(18) Hartmann  R. and  P.  

Houston:Adaptive  

discontinuous  Galerkin  finite   

element methods  for  the 

compressible Euler equations. 

Technical Report  2001-42 

(SFB  359), IWR Heidelberg. 

(19) Cockburn B.: 

Discontinuous Galerkin 



Basrah Journal of Science (A)  Vol.34(2), 55-72, 2016 
 

56 
 

methods for convection-

dominated problems In High-

Order Methods for 

Computational Physics. Lect. 

Notes Comput. Sci. Eng. 9 (T. 

J. Barth, H. Deconinck, eds.). 

Springer-Verlag, Berlin, 1999, 

pp. 69– 224. 

(20) Cockburn B., G. E. 

Karniadakis, and C. W. Shu: 

Discontinuous Galerkin  

Methods.  Lect. Notes Comput. 

Sci. Eng. 11. Springer-Verlag, 

Berlin, 2000 

(21) Rivi`ere B. and M. F. 

Wheeler: Non-conforming 

methods for transport with 

nonlinear reaction. Contemp. 

Math. 295 (2002), 421–432.  

(22) Sun S. and M.F. 

Wheeler:      -norm a 

posteriori error estimation for 

discontinuous Galerkin 

approximations of  reactive 

transport  problems. J. Sci. 

Comput. 22–23 (2005), 501–

530. 

(23) Sun  S. and  M. F. 

Wheeler: Symmetric and non-

symmetric  discontinuous  

Galerkin methods for reactive 

transport in porous media. 

SIAM J. Numér. Anal. 43 

(2005), 195–219. 

(24) S. Sun and  M. F. 

Wheeler: Discontinuous 

Galerkin methods for  coupled 

flow andreactive transport 

problems. Appl. Numér. Math. 

52 (2005), 273–298. 

(25) MiloslavFeistauer,  

JaroslavHájek  and  

KarelŠvadlenka:  Space 

timediscontinuosGalerkin 

method for solving 

nonstationary convection-

diffusion-reaction problems    

Applied Mathematics, Vol. 52 

(2007),No. 3, 197—

233,pp.200-201. 

(26) Warburton T. and J. 

Hesthaven, On the constants in 

hp-finite  element  trace inverse  

inequalities,  Computer  

Methods  in  Applied  

Mechanics  and  Engineering, 

192   (2003), pp. 2765–2773. 

(27) BeatriceRivi'ere: 

Discontinuous Galerkin 

Methods for Solving Elliptic 

and Parabolic   Equations. 

SIAM J.Society  for Industrial 

and  Applied Mathematics 

Philadelphia,  (2008), pp. 29-

30. 

(28) Thomée V.:  Galerkin 

finite  element for parabolic 

problem , Springer-varleg,  Berlin, 

(1984),    1054, 

(29) BassiF. and S. Rebay: 

High-order accurate 

discontinuous finite element 

solution ofthe2D Euler 

equations. J. Comput. Phys. 

138 (1997), 251–285. 

(30) Dolejší V., M.Feistauer, 

and C. Schwab: A finite 

volume discontinuous Galerkin 

scheme for nonlinear 

convection-diffusion problems. 

Calcolo39 (2002), 1–40.bl 

(31) Dolejší V., M. 

Feistauer, and C. Schwab: On 

some aspects of the 

discontinuous Galerkinfinite 

element method for 

conservation laws. Math. 

Comput. Simul. 61(2003), 333–

346. z 

(32) Dolejší V., M. 

Feistauer, and V. Sobotíková: 

A discontinuous Galerkin 

method fornonlinear 

convection-diffusion problems. 

Comput. Methods Appl. Mech. 

Eng. 194(2005), 2709–2733. 

(33) Rivi`ere B., M. F. 

Wheeler, and V. Girault: A 

priori error estimates for finite 



 Hashim A. Kashkool et al.        Error estimate of the discontinuous… 

56 
 

elementmethods based on 

discontinuous approximation 

spaces for elliptic problems. 

SIAMJ. Numér. Anal. 39 

(2001), 902–931. 

(34) van J. J.W. der Vegt 

and H. van der Ven: Space-time 

discontinuous Galerkin finite 

element method with dynamic 

grid motionforinviscid 

compressible flow. I.General 

formulation. J. Comput. Phys. 

182 (2002), 546–585.bl 

(35) EmmanuilH. 

Georgoulis: Discontinuous 

Galerkin Methods for 

LinearProblems:AnIntroductio

n,Departmentof Mathematics, 

Universityof 

Leicester,LE17RH,UK,(2011), 

pp. 99-101. 

 

 

 
 

 

 

 للعناصرالمحذدة لمسألة الحمل والانتشار  تحليل الخطأ لطريقة كالركن غيرالمستمرة

 

 الخلاصة 

في هزا البحث تم دساست طشيقت كالشكن غيش المستمشة للعناصش المحذدة لمسألت الحمل و الانتشاس راث البعذين 

)                 بتقطيع المجال مع بقاء الزمن في الحالت المستمشة  حيث بشهننا خصائص الثنائيت الخطيت 

      الاهليجيت و الاستمشايت( واثبتنا الحل التقشيبي متقاسب بنسبت خطأ من الشتبت 

 


