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Abstract
For a commutative ring (with identity) R and an R-module M, we introduce the notion of
naturally prime modules, and naturally primary submodules (modules). We give some related

results.

Introduction

Throughout this paper R denotes a
commutative ring with identity, and M is an
R-module. For submodules N, K of M, the
product of N and K (denoted by N-K) is
defined as (N:M)(K:M)M® . A proper
submodule N of M is called naturally prime
if whenever K, H proper submodules of M
such that K-H < N, then either K <N or H
— N @ A proper ideal | of a ring R is said to
be naturally prime if it is a naturally prime
R-submodule of R. Note that an ideal | is
naturally prime equivalent to | is a prime
ideal. We introduce the following: an R-
module M is said to be naturally prime if the
zero submodule of M is a naturally prime
submodule. Also we say that a proper
submodule N of M is naturally primary if
whenever K, H < M, K-H < N, then either
(1) KN orH"< N for somen € Z.
or
(2) HcN orK"c N for somen € Z..

An R-module M is called naturally
primary if the zero submodule of M is
naturally primary.

This paper consists of two sections, in
section one we study naturally prime
submodules (modules) and obtain some
related results. In section two we study
naturally primary submodules (modules) we
give the basic properties about these

concepts, also we give some relationships
between naturally prime submodules
(modules) and naturally primary submodules
(modules).

1. Naturally Prime Submodules

and Naturally Prime Modules
Recall that a proper submodule N of an
R-module M is called prime if whenever r

eR, X € M, rxe N implies either x e
N or r e (N:M), where (N:M) = {r € R:
rMc N},@ .

It is clear that if N is a prime
submodule of M, then (N:M) is a prime
ideal of R.

Recall that an R-module M is called a
multiplication R-module if for each N < M,
there exists an ideal 1 of R such that N =
IM,©),

Equivalently, M is a multiplication R-
module if for each N.< M, N = (N : M)M,®.

Proposition 1.1:)

Let M be an R-module, let N < M. If N
is a natural prime submodule, then N is a
prime submodule.
The converse is true if M is a multiplication
R-module.

Example 1.2:®



I. M. A. Hadi

Naturally Prime Submodules

Consider the Z-module M = Z @Z,,
where p is a prime number, let N = pZ®Z,.
N is a maxmal submodule, so it is a prime
submodule. But
(Z®(0)°=(Z®(0) ; ZOZ)(Z®Z,)

=p°Z(Z®Z,)=pZ&® (0) =pZ
+Z,=N
However, Z @ (0) & pZ®Z, = N. Thus N is

not a naturally prime submodule of M.
The following remark is clear.

Remark 1.3:

Let M be an R-module, let N < M.
Then N is a prime submodule of M if and
only if {r eR:3Im ¢ Nand rme
N} = (N:M).

Proposition 1.4:

Let M be a multiplication R-module
and let N < M. Then the following
statements are equivalent:

(1) N is a prime submodule of M

(2) N is a naturally prime submodule of M.
(3) {r eR:dm ¢ Nand rm € N} = (N:M).
Proof:

It follows by proposition 1.1 and remark 1.3.

Corollary 1.5:®

Let M be a faithful multiplication R-
module. Then the following statements are
equivalent
(1) M is a domain; that Z3(M) = {r € R: 3
meM, m=0, rm=0}
(2) (0) is a naturally prime submodule of M.
Proof:

By proposition 1.4, (0) is naturally
prime if and only if {reR: 3 meM, m = 0,
rm= 0} = (OF:z M). But M is faithful, so (OF:Q

M) = (0). Hence the result is obtained.

Proposition 1.6:

Let M be a multiplication R-module.
Then the following statements are
equivalent:

(1) N is a naturally prime submodule.
(2) N is a prime submodule.

(3) (N:M) is a prime ideal of R.

Proof:

(1) < (2) (it follows by proposition 1.1)
(2) < (3) see @

The following lemmas are needed for
the next result.

Lemma 1.7:
Let f: M ——M'be an R-epimorphism,
let H< M. Then (f }(H) : M) = (H : M").
R R

Proof:
Letr e (f Y(H) : M). Then rMcf~*(H)
R

and so f(rM)cff ~ 1(H); that is rM’cff ~ *(H)
c H. Thus r € (H:M’) and so (f " (H):M) <
(H:M").

Conversely, let r € (H:M’). Hence
rM’'c H. But M’ = f(M), so rf(M) < H; that
is f(rM) < H. Thus for each m €M,
f(rm) e H and so rme f~'(H). This implies
re (f}(H):M).

Lemma 1.8:

Let f: M ——M'be an R-epimorphism,
let N < M such that kerfc N. IfHL K <M
such that H-K <f(N), then £~ *(H)-f " *(K)
N.

Proof:

If H-K < f(N), then (H:M")(K:M")M'c
f(N) and so by lemma 1.7,
(FL(H):M)(FH(K):M)M'c f(N) and since f is
an epimorphism, we have
f [(Ff~ Y(H:M)(f ~ Y{(K):MM] < f(N). It
follows that f [(f ~ *(H)-f ~ }(K)] < f(N) and
so that f1(H)-f }(K) < N,
because ker f = N.

Theorem 1.9:
Let f: M ——M'be an R-epimorphism,
let N < M such that ker f <« N. If N is a
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naturally prime submodule of M, then f(N)
is a naturally prime submodule of M’.

Proof:

Let H, K < M’ such that H-K cf(N). Then by
lemma 1.8, f~*(H)-f *(K) = N. Since N is a
naturally prime submodule of M, we have
either f *(H) =N or f (K) = N. Hence
ff1(H) <f(N) or ff 1(K) f(N) and so that
either H <f(N) or K <f(N). Thus f(N) is
naturally prime.

Remark 1.10:

The condition ker f < N can’t be
dropped from theorem 1.9 as the following
example shows:

The zero submodule of the Z-module Z is

naturally prime. Let [[: Z — Z/6Z = Zs,
ker[] = 6Z & (0) and [1(0) = (0) is not
naturally prime submodule of Zs.

Corollary 1.11:
Let M be an R-module, let N, W < M
such that W o N. If W is a naturally prime

W .
submodule of M, then N is a naturally

prime submodule of M.
Proof:

M N
Let[[: M —)W be the natural projection.

It is clear that ker[] = N < W. Hence the
result follows by theorem 1.9.

Proposition 1.12:
Let M be a multiplication R-module, let

N,W<MsuchthatNgW.If%isa

: M :
naturally prime submodule of N’ then W is

a naturally prime submodule of M.
Proof:

. W . ... M W
Since — is naturally prime in —, — is
N N N

prime in % and hence W is a prime

submodule of M. But M is a multiplication
R-module, so by proposition 1.1, W is a
naturally prime submodule of M.

To obtain the next result, we need the
following lemma.

Lemma 1.13:
Let f: M ——M'be an R-epimorphism,
let N < M. Then (f(N) : M) o (N:M) and
R

the reverse inclusion hold if ker f = N.

Proof:

Letr € (N: M). Then rMc N and rf(M) <
R

f(N); that is rM'c f(N). Thus
re (f(N)F:{ M’) and hence (NF:e M) < (f(N)F:e

M’). Now, let r € (f(N) : M’) so that rM'c
R

f(N). Hence f(rM) < f(N). Since ker f < N,
we get rMc N. Thus r € (N : M). Therefore
R

(f(N) : M’) (N : M).

Proposition 1.14:

Let f: M ——M’be an R-epimorphism
such that ker f < A, for each submodule A
of M. If B < M’ and B is a naturally prime
submodule of M’, then f~*(B) is a naturally
prime submodule of M.

Proof:

Let N, W < M such that N-W < f ~ }(B).
Hence (N:M)(W:M)M < f~(B). It follows
that (N:M)(W:M)M'cff ~ }(B)c B. Then by
lemma 1.13, (f(N):M")(f(W):M)M") < B
and so f(N)-f(W) < B. Since B is naturally
prime in M', we get either f(N) < B or
f(W) < B. It follows that N < f~f(N) < f~
YB) or Wc f (W) < f Y(B); thatis N
=f 1(B) or Wc fY(B). Thus f~
'(B) ia a naturally prime submodule in M.
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Recall that a submodule L of an R-
module M is called strongly irreducible if
whenever L;, L,< M, L o Lin Ly, then L
ol or Lol @,

It is known that every prime submodule
of a multiplication module is strongly
irreducible. We shall prove that every
naturally prime submodule is strongly
irreducible, but first we prove the following
lemma.

Lemma 1.15:
Let f: M be an R-module, let N, W <
M. Then NW c NNW.
Proof:
N-W = (NF:Q M)(WF:{ M)M

< (N:M)W
W
Similarly N-W < N.Thus NW c N W,

Proposition 1.16:

Let N be a naturally prime submodule
of an R-module M. Then N is strongly
irreducible.

Proof:

Let H, K < M such that H n K = N. Hence
by lemma 1.15, H-K < N. Since N is
naturally prime, then either H cN or K ¢
N.

Proposition 1.17:
Let M be an R-module, let N, K < M
such that K < N. If N is a naturally prime

submodule of M, then N n K is a naturally
prime of K.

Proof:

Let A, B < K such that A-B < N n K. Then
A-B < N. Since N is naturally prime, either
AcN or B&cN.ThusAcNnK or BN
N K because A <K, B <K.

Now we introduce the following:

Definition 1.18:

10

An R-module M is called naturally
prime if (0) is a naturally prime submodule.

Hence a ring R is a naturally prime if
and only if R is an integral domain.

Also by proposition 1.1, every natural
prime module is a prime module.

Proposition 1.19:

Let M be a multiplication R-module.
Then the following statements are
equivalent:

(1) M is a naturally prime module.
(2) M is a prime module.
(3) M is a domain, i.e. {reR: 3 meM, m =

0, rm= 0} = (0).
(4) annM is a prime ideal.
Proof:

It follows by proposition 1.6, corollary 1.5.

The following remark is easy:

Remark 1.20:

Let M, M’ be R-isomorphic modules.
Then M is naturally prime if and only if M’
is naturally prime.

Now by the same example 1.10, we get
that a homomorphic image of naturally
prime module need not naturally prime
module.

The last result in this section is the
following:

Proposition 1.21:
Let N be a naturally prime submodule

of an R-module M. Then % is a naturally

prime R-module.
Proof:
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M .
Let [[: M —>W be the natural projection.

By theorem 1.9, [I(N) = 0,, is a naturally
N

prime in % Thus % is a naturally prime

module.

2. Naturally

Submodules (Modules)

In this section we introduce the notions
of naturally primary submodule, naturally
primary module. We investigate the basic
properties related with these concepts. Also
we give some relationships between these
concepts and the concepts of naturally prime
submodule and naturally prime module.

Recall that a proper submodule N of an
R-module M is called primary if whenever
reR,x € M, rxe N impliesx € N or r'e
(N:M) for some n € Z., ©. An R-module is
called primary if (0) (zero submodule) is a
primary submodule, ).

We introduce the following:

Primary

Definition 2.1:

A proper submodule N of an R-module
M is called naturally primary if whenever
H, K < M such that H-K = N, then either
(1) HcN orK"c N for some n € Z,, or
(2) KN orH"c N for some n € Z..

Definition 2.2:

An R-module M is called naturally
primary if (0) (the zero submodule of M) is
a naturally primary submodule.

Remarks 2.3:
(1) A naturally primary submodule need not
be primary as for example:
The zero submodule, (0) of the Z-
module pr is not primary submodule.

But for each A, B< pr .IfAB

11

= (0). Suppose A = (0), then for each n >
1 B" = (B: pr )”pr = 0 pr = (0).
Thus (0) is naturally primary.

Note that we deduce (from this
example) a naturally primary module
need not primary.

(D1t is clear that a naturally prime
submodule is naturally primary. But the
converse is not true in general, since (0)
submodule of the Z-module pr IS

naturally primary (see (1)) but (0) is not
naturally prime because it is not prime.

Proposition 2.4:

If N is a primary submodule of a
multiplication R-module M, then N is
naturally primary.

Proof:

Let A, B < M such that A-B < N. Hence
(AAM)Y(B:MM < N. Since M is a
multiplication R-module, (A:M)B < N. But
N is primary, so either B cN or (A:M)"c
(N:M) for some n € Z.. Hence either
BcN or A" = (A:M)"Mc (N:M)M = N.
Thus B is naturally primary.

It follows by proposition 2.4, every
multiplication primary module is naturally
primary.

Now we shall show that under certain
class of modules, naturally primary
submodules (modules) and naturally prime
submodules (modules) are equivalent.

Proposition 2.5:
Let M be a multiplication R-module
and let N < M such that (N: M) is a
R

semiprime ideal of R. If N is a naturally
primary submodule of M, then N is naturally
prime.
Proof:
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Let A, B <M such that A-B < N. Since N is
naturally primary, there are two possibilities
(1) AcN orB"c N for some n e Z..

(2) BN or A"c N for somen e Z..

For case (1): A N orB"c N for some n €
Z..Hence Ac N or (B:M)"Mc N for some
ne Z,thatis Ac N or (B:M)"'<(N:M).
Thus either A <N or (B:M) g,/(N:M).

But /(NF:{M) = (N:M), since (N:M) is

semiprime, so that either A < N or (B:M)
c(N:M). Thus either A <N orB =
(B:M)Mc(N:M)M = N.

Similarly case (2) implies either A cN orB
cN. Therefore N is a naturally prime
submodule.

Corollary 2.6:
Let M be a multiplication R-module
and let N < M such that (N: M) is a
R

semiprime. Then the following statements

are equivalent:

(1) N is a naturally primary submodule of
M.

(2) N is a naturally prime submodule of M.

(3) N is a prime submodule of M.

(4) (N:M) is a prime ideal of M.

Corollary 2.7:

Let M be a multiplication R-module.
Then the following statements are
equivalent:

(1) M is a naturally primary module.
(2) M is a naturally prime module.
(3) M is a prime module.

(4) anngM is a prime ideal of R.

Recall that an R-module is called fully
idempotent if every submodule N of M is
idempotent; that N = N? = (N:M)*M, ©.

Proposition 2.8:

12

Let M be a fully idempotent, let N <M
then N is a naturally primary submodule if
and only if N is a naturally prime
submodule.

Proof:

(=) Let A, B <N such that A-B < N. Since
N is naturally primary submodule, there are
two cases

(1) AcN orB"c N for some n e Z..

(2) BN or A"c N for some n e Z..

For case (1): Since M is fully idempotent, B
= B and hence B" = B, for each ne Z.. Thus
(1) impliesAcN or B N.

Similarly case (2) implies AcN or B < N.
Thus N is naturally prime.

(<) It follows by remark 2.3(2).

Corollary 2.9:

Let M be a fully idempotent R-module
and let N < M. Then the following
statements are equivalent:

(1) N is a naturally primary.

(2) N is a naturally prime.

(3) N is aprime.

(4) N is a primary.

Proof:

(1) < (2) It follows by proposition 2.8.

(2) = (3) It follows by proposition 1.1.
(3)= (4) ltisclear.

(4) = (1) Since M is fully idempotent, M is
multiplication ®, hence the result follows by
proposition 2.4.

Hence by corollary 2.9, if M is fully
idempotent, then M is a naturally primary
module if and only if M is naturally prime if
and only if M is prime, if and only if M is
primary.

Recall that an R-module M is called
fully pure if every submodule N of M is
pure ©, where a submodule N of M is pure
if IM ~ N = IN for each ideal | of R, ©.

Some authors use the name regular
module for “fully pure module”.
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Lemma 2.10:
Let M be a multiplication fully pure R-
module, then N-W =N N W.
Proof:
N W= (NMM~n W, since M is a
multiplication R-module
= (N:M)W, since M is fully pure

= (N:M)(W:M)M , since M is
fully pure
=N-W
By © proposition 2.6, a fully

idempotent module is equivalent to N-W =
N n W for each N, W < M. Hence every
multiplication fully pure is fully idempotent
and so we get the following result.

Proposition 2.11:

Let M be a multiplication fully pure R-
module, let N < M. Then N is a naturally
prime submodule if and only if N is a
naturally primary submodule.

Hence by proposition 2.11, every
multiplication fully pure module is prime if
and only if it is primary.

Now we turn attention for the image
and inverse image of primary submodules.

Theorem 2.12:

Let f: M ——M’be an epimorphism let
N < M such that ker f < N. If N is a
naturally primary submodule of M, then
f(N) is a naturally primary submodule of M'.
Proof:

Let H, K < M’ such that H-K cf(N).
Then by lemma 1.8, f~*(H)-f *(K) = N and
since N is naturally primary, we have two
cases:

1) f 'H)c N or (f }(K))"=N for some
nelZ.

() f }(K) =N or (f *(H))"= N for some
neZ.

13

Consider case (1), f " *(H) « N or (f~
LK) N forsomen e Z,. If f *(H) < N,
then ff1(H) <f(N). ButH =ff~
Y(H), so H <f(N).

If (f1(K))"<N, then (f~*(K):M)"Mc N and
so by lemma 1.7 (K:M")"Mc N. It follows
that (K:M")"M'c f(N); that is K"< f(N).
Similarly case (2), implies either K <f(N)
or H"< f(N) for some n € Z,. Thus f(N) is a
naturally primary submodule of M.

Corollary 2.13:
Let N, W < M such that W o N if W is
a naturally primary submodule of M, then

% is a naturally primary submodule of % .
Proof:
Let H:M—>% be the natural projection.

Hence by theorem 2.12, the result follows.

Note that the converse of corollary 2.13
holds in the class of multiplication modules.
However, first we need the following
lemma.

Lemma 2.14:

Let M be a multiplication R-module, let
A, B<M. Then A"+ B = (A + B)" + B, for
eachn € Z..

Proof:

The proof is by induction, if n = 1, the
result is clear. If n = 2, then
(A+B)*=(A+B)(A+B)

=A(A+B)+B-(A+B) by ®
=A’+ AB +B-A+B?
=A?+ AB+AB + B?
commutative
Hence (A + B)* + B=A?+ A-B + AB + B?
+B

since - is

=A’+B since AB
c B, B’c B.
Now assume (A + B)* + B = A* + B. To

prove (A+B)*1+B=A"1+B
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(A+B)"'+B=(A+B)"(A+B)+B B+N _W _(A+NY _W
=(A*+B)(A+B)+B (2 —or — for some
= A"l 1 BA+AB+B?+B N ) SN
- Ak+1 + B ne Z+.
Theorem 2.15: o ()If ucW then A + N = W. Hence
Let M be a multiplication R-module, N, N N
M <M with N c W. If W is a naturally AcW.
N B+N W .
M If Since
primary submodule of N then W is a N
naturally prime submodule of M. (B+N] (B+N Mj _(B+|\|;|\/|)“M
Proof: N N
Let A, B < M such that A-B < W.
. + . n n
Hence Mgﬂ_ We claim that =(B+N'M) M+N=(B+N) M+N
N N N N
(A+N)-(B+N)+N AB+N B" + N
N SN To show = by lemma 2.14
this g W
(A+N).(B+N)_(A+N_MJ(B+N_MJM Hence SN and so B"c W.
N N N RN N RNJN Similarly (2), implies B cW or A'c W.
_ (A+ N : M)(B+ N : M)M Thus W is a naturally primary submodule of
R R /N M.
(A+N:M)(B+N:MM+N
= R R Before giving our next result, we prove
N the following lemma:
_(A+N)-(B+N)+N

N

But (A+ N)(B+N)=(A+N)B+ A+
N)N()
= AB + NB + AN + N?

cAB+N
+ + +

Thus A N B N(;AB N(;W Since
N N N N

W . . M
N is a naturally primary submodule of N

there are two possibilities:
+ +
(1)A N Wor(B N] w for some
N N
ne Z+.

N

Lemma 2.16:

Let f: M ——M'’ be an epimorphism let
A < M such that ker f cA.Thenf(A") =
(f(A)" for each n € Z,.
Proof: Foreachn e Z,,
f(A") = f [(A:M)"M]

= (A:M)"M’

= (f(A):M")"M’" by lemma 1.13

= (f(A))"

Proposition 2.17:

Let f: M ——>M’be an epimorphism
such that ker f — A, foreach A < M. If W is
a naturally primary submodule of M’, then f
~}(W) is a naturally primary submodule of
M.

Proof:
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Let A, B < M such that A-B < f 1 (W).
Then (A:M)(BIM)M < f ~* (W) and so
(A:M)(B:M)M'c ff 1 (W) = W. By lemma
1.13, (A:M) = (f(A):M"),(B:M) = (f(B):M").
Thus (f(A):M)(f(B):M')M'c W, that is
f(A)-f(B) < W. But W is naturally primary
submodule in M’ so there are 2-cases
(1) f(A) c W or (f(B))"< W for some n e
Z..

(2) f(B) < W or (f(A))"= W forsomen e
Z..

For case (1):

If f(A) =W, then ff(A) = f }(W). Hence
Ac f{(w).

If (f(B))"= W. By lemma 2.16, (f(B))" =
f(B"). So f(B") < W and this implies
f1(B") < f1(W). Thus B"c £~ }(W).
Similarly case (2), implies either B <
W) or A'c fY(W). Therefore f~}(W) is
naturally primary.
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