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Abstract

In this paper we characterize the n-normal weighted composition operator and n-unitary
weighted composition operator on Hardy space H?
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If f € Hand ¢ is analytic self map of the unit
1-Introduction disk U ,the weighted composition operator
onH? is defined by Wy, = T¢C,,where Ty is the

Let U denote the open unite disc in the Toeplitz operator Ty: H? — H?

complex plan ,let H denote the collection of all

holomorphic function on U and let H* s Defined by T (h) = fh for h inlf? and C,,

consisting of all holomorphic self-map on U is the composition operator on H? given by

such f‘h_at f(2) = Xy=oanz" whose Maclaurin C,(h) = hog ,if f is bounded on the unit disk

coefficients are square summable (i.e) U then wy , is bounded on H? and ||Wy , || =
Siolan” < oo. 17 Coll = W lea[Co |

More prizcisel f(z) = Yoy a,z™y if and only
if  Ifll = Enzolan|* < .The inner product
inducing on H? is define as follows (f,g) =

Y=o @by, for all fg in H? with f(z) = 2- Preliminaries
Yn=0 anz" andg(z) = Y=o bpz"
Theorem (2-1) [5]

The composition operator C;, is an identity
operator if and only if ¢ is the identity self-map
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Theorem (2-2 ) [ 5]

Let @ and y be holomorphic self —
maps then C,C, = Cypqp

For each a € U ,the reproducing kernel at
a ,denoted by K,,(z) and defined by Shapiro [5]

1
follow =
as follows K (2) = —

It is easily seen foreach @ € U and f €
HA 7 (D) = T2 5042 that

(fJK:x) = $=U an an = f(a)
Theorem(2-3) [ 5]

Let ¢ be a holomorphic self-map of U .then for
all ainU  CoKy = Ky(q)

Recall that for f € H the Toeplitz operator T
is the operator T;: H? = H? and given by
Tr(h) = fhforh inH? ,and it have the
properties [4]

(@) CoTr = Trop Cp
(b) ToTy = Tgy

() Triyg =Tr +Tyg
(d) ;" =Tf

Theorem|(2-4)

Suppose that W ,: H? /4% is bounded and

a € U then W} Ko = DKy (q)

When @(z) = (az + b) /cz + d) is anon
linear fractional self mapping of U,Cowen [1]
establishes C, = T,C,T, ,where the Cowen
auxiliary functions g, o and h are defined as
follows :

9@ =5ts 0@ =25 and k(z) =
cz+d .
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If ¢ is linear fractional and the weight
function fis both linear fractional and bounded
onUthen W/, = (TrC,)" = CyTf

Recall that the operator Sis narmal if

S*S =5S5* where S* is the adjoint of S and is
said to be unitary if S*S =S5S* =1 where | is
the identity operator on H [9]

Theorem(2-5)[9]

If S is normal operator then ||S*f]| =
[ISf]| forall feH

Theorem(2-6)[9]

If S is normal operator then 1 is an eigenvalue
for S if and only if T is is an eigenvalue forS™

Theorem (2-7 )[ 5]

Let ¢ be a holomorphic self-map .then Cop is
normal if and only if ¢ = az,

For some |a| < 1
Definition (2-8)[8]

An operator S € B(H) is called an n-normal
operator if §*S™ = S"S*

Theorem(2-9)[8]

Let S € B(H) then S is n-normal operator if S™
is normal where n € N

Theorem(2-10)[8]

Let S € B(H) be n-normal operator, then
1-S* is n-normal

2- If S exists then S~ is n-normal

3-If R € B(H) is unitary equivalent to S ,then R
is n-normal

Definition (2-11)[7]
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Let ¢ aholomorphic self-map of U, ¢is called an
inner function if |@(z)| = 1 almost every where
on dU

Theorem(2-12) [7]

If ¢ is univalent inner function then ¢ is an
automorphism of U

Theorem(2-13) [7]

Suppose  that (I) is not elliptic

automorphism, then there is a unique fixed
point p of ¢ with |p| <1 and ¢'(p)| <.

By Denjoy-Wolff theorem, the fixed

point p in Grand Iteration theorem to which

the iterates of (I) converges is unique and it
is called the Denjoy-Wolff point of (I) or
attractive fixed point for (|) .

3- The Main results

Definition (3-1)

The operator S € B(H) is called an n-unitary
operator if S*S™ = S"S* =]

Proposition: (3-2)

Let @ be a holomorphic self-map .then  C,, is
n- normal if and only if ¢ = yz,

Forsome |y| <1
Proof :

Suppose C,, is n-normal since by theorem (2-
2) C‘E = C‘Pn.

And since by theorem (2-9) we have C,, is
normal

Then by theorem (2,7)p = yz

Conversely suppose ¢ = yz

Then @, = ooy ...o@
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=y C.y(y@) =v"z
Takey™ = B so ¢, = Bz

o icn-
Then C%_ = C(p is normal, hence Cq, isn
normal.

Corollary : (3-3)

Let ¢ be a holomorphic self-map .then C,, is n-
normal if and only if C,, is normal

Proof:

we have the result by theorem(2-2),
theorem(2-9) and proposition(3-2)

Proposition: (3-4)

Let ¢ be a holomorphic self-map .then Cop is
n- unitary if and only if ¢, = fz,

Forsome |B] £ 1
Proof:

C‘SC‘:‘;KQ(Z) = KQ(Z)

o L
Colithio = ConKo@ () = T

1
i@ 1-az

dtip(@)en(2) =1 - az

(@) pn (235 &z

on(2) = tp:iﬁ Z et B = ?;’7

Since@ < 1and iy (i) < 1hence|B]| <1
On the other hand

CoCoKa(z) = Ka(2)

C(;JC£ Ka(z) = C;JC'((I (z) = Cq’:JKa((pn (2)) =
L
Ko@) (@n(2)) = 1o (2)
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L 1
T 1-az

Htiio(a)@n(2) = 1 - @z

() (235 Gz

. — _a-,_ 1 i — =E:=.-=
Qan(é) T (m--)'}z g el tﬁ e )
Since @ < 1 and I»-.-fz.'_"_'j < 1hence @, = fiz

Bl =1

Proposition: (3-5)

Let ¢4, @2, ... o, be a holomorphic self-maps
and fl,fz, fn € H then

w'fl‘)“l ‘M}fzﬁoz - anﬁf’u

= Ty (090053902001 (fL0@1-10P1-20...001).Con0@n_10...00,

Proof :

Wro, - Whho, Wres - Wro,
= Tfﬁ Cﬁpl' sz C@z' Tfs C@s' s Tfncfpn

=Tt Ttr001Cox Cop T Cy- -+ T Copn
Tf, - szwlcfpzwpl- Ty, Copgrovev Tfﬁcﬁan

Tﬁ' szf?fh Tfaofpzﬂ(m Cfu!’aoqozﬂﬁoi : Tﬁa Cqu' mere TfﬁC@n

-

Tr,- Thopi Thowso0r Trhows00.00; Cosops0p00, T Cos o Tr, Co,

= T, (£,001).(£5092001)..(f209-10@n-20...091).C 009510 .09,

Corollary : (3-5)

Let ¢ be a haolomorphic self-map and f € H
then

Wip =Ts (f o9 )(f o@2)..(f Oan_l)-C‘Pn
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Proposition: (3-6)

If ¢ is non-constant holomorphic self-map on U
and Wy , is n-normal then either f=0 or f never
vanishes on U

Proof :

supposeW ,, is n-normal and f () = 0 for
some 3 €U

Then W/, Ks = £ (B)Kp()=0

Since Wy ,, is n-normal then by theorem (2-2)
Wr " is normal and by theorem (2-5)

We have [|[(W/,) Kg|| = |(W7,) K| =
|(Wr )" Kg| = 0

0 since the {Kﬁ}seu spanH*

Tr r 09 ).(f 092)f 0@n1).Cop =0

Since Cy,, # 0 then
f - 09).(f 092)...(f opp_1) =0

it follows that either f=0 or (f o¢,) ... or
(f o0¢,—1)on non-empty open sub set @(U)

or p(@(U)) ....Or p(9,—2(U)) butg isnon-
constant functionon U

hence by open mapping theorem we have
either f=0 or f never vanishes on U

Proposition: (3-7)

Suppose W; 4 is n-normal. If ¢ is non-constant
holomorphic self-map on U and f is not zero
function then ¢ is univalent

Proof :

suppose ¢ is not univalent on U then there
existsa,b € U suchthata # b and

@(a) = ¢(b)

Since f # 0 then from proposition(3-6) we
have f(a) # 0and f(b) #0
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let g = % - f_(}.ﬁ be non-zero function onH?
Wro g =Wsp (% = J?_I,{—!J:
;%a e K —Tcl/l Kp
ﬂa) —[(DKy(a) ~ DK o(0)
=Koia) = Koq
_1—rp(mla)(z) i il
since @ (a) = @(b)

We have Wr,"g = 0

Since W; , is n-normal then W, is normal

(W )] = 0

If||(Wf,) gl = 0wehave (Wf,) g=0

Then Tf (f o9 )f o@2)..(f 0@n-1)- @ﬂ =0

f(2) .(f 0z N-(f (2(2))-...(f (@n-1(2) gog,(2)
=0

Since f # 0

Then f(z) # 0, f(p(2)) #0 ..
fl@n-1(2)) # 0

We have g(¢,(2)) =0

and

Since ¢ is non-constant then ¢,, is non-constant

Since @(U) € U and ¢(U)isopeninU by
open mapping theorem we have

g(pn(2))=0 vzeU
Then g=0 which is contradiction

Then ¢ is univalent

Proposition: (3-8)
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If Wr, be n-unitary then ¢ is an
automorphism of U.

Proof:

Suppose Wk, be n-unitary then W ,, is norm
preserving i.e ”Wf‘(pg” = |lgll

Let g(z)=1

|2 g =|w7) 1] = =1

”Tf U op )(f o@2)..(f orpn—lJ-C@nlll =:4
If .(f 0@ )(f o0@)...(f opn_1)ll
=1

Again letglz)=z, [lg]l = 1
1=lgl=[|(w7,) 4
=ITr ¢ o0 )7 00 F 0pn0).Condll
=f -¢f o9 ).(f o092)...(
=\f -(f o9 )-(f o@z)...

=|If .(f 0@ ).(f 0@y)...

Since @p(e™t)| < 1a.e te [0,27]

(f 0¢n-1) . onll

And both

If -F o9 ).(f 0@2)...(f opn-1)ll=
1 and

If (f 0@ ).(f 092)..(f 0@n_1).@ull

=1
|pn(e?)| =1aeonu

then @, is inner function and from proposition
() then ¢, is automorphism

hance ¢, (z) = ya,(z)

P(Pn-1(2)) =ya,(2)

f 0pn_1).gog,ll

(f 0@n-1).9(@)ll
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@ is automorphism

Proposition: (3-9)

Suppose @(B) =0 forsomef €U ,if Wy,
be n-unitary then

fF 09 ) 09)..(f o(pn_1)=_.lﬁ;3::j
_ K

1

Proof :

let We .. is n-unitary

Then!ji1l, Wy Kg = K

HB-f - 09 ).(f 092)...(f 0¢n-1)Cy,1

ﬁ:Kf

Hence
it

f -(f op ).(f o@z)...(f 0‘Pn—1)=l'

il

Proposition: (3-10)

wanitary on H? if and only if ¢,, is an
e orphisme ofiid and
AN YTy (Z'.‘.‘|0‘21—£f1—3)z =
Hih L.?n)(Z) [[(luﬁﬁw:--)—(ﬁ—ﬁm)z]z -
[ (1-4f2) !

(1-2pz)[(1-148)-p(a—p)z]

i -"-.: 5

Proof:
Suppose W, is n-unitary

Then by Proposition (3-8) ¢,, must be an
automorphism and by Proposition (3-9)

f - (f op ).(f o@z)...(f 0(’0”—1)2%-:%:.::)
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Conversely

Since ¢y, is an automorphism , ¢, =

Iﬁ_%zz ,lw| =1 forsomew € U, € U

w

Then ¢ must be automorphismg =
p— ,lpl=1 forsomep € dlU,a €U

1-az

where the Cowen auxiliary functions g, g and h
of are ¢

=2 i, g
1-%2 and h_(z) =1-—az.

6 = LT
Wfr.l-;awfffp
=Tr «f 09 Wf 002)lf 09n-1).ConCoTf

Tt (¢ 09 )f 002)..(f 09n_1).ConTgCa ThT

Tr f 00 Wf 092.tf 09n_).ConTgCo TRTF

Te (7 og )f 092)tf 0@n-1).Tg00,Co,Co ThF

=T (f 0 Mf 002).lf 00n-1).Tg00,Co00,TiiF
=T (5 09 ) 092)lf 09n-1).Tg00, Tivfoa00, Caop,

=7}- {f 0@ )f og).(f G(Pn—l}-T{ﬂ'("Pn}(}?::f""9'-!]:1) Cm"pn

=f A(f 0@ ).(f 09)... (f 09,1).(g0,). Hifo009,). Cony,
Wfispm'}?}qv
=CoTrTr (f 00 )f 092).(f 09n_1).Copn

=TgCo TRTFTy (f 09 )(f 0@2).(f 0@n-1).Con

TCo Tiitr (f 09 )(f 092)lf 09n-1).Coon
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=TTGir (f 09 1F 092)f ogn1)00.Ca Coy
=T

G (f 00 WF 0py)enlf 0pn_1))oa].Lonoo

=g.Goild. (f .(f 09 ).(f 0@p)...(f Oﬁon—l))ﬂo'.c(p,,oa

We have
9on(Z+5= 9(pn()) = 1= =
Kg L[l—mw;)*(ﬁ—mw)zl j
o0qi(z) = oW, (2)) = ;i_—;z;:—(zz)) =

(aiitwp)—(B—iim)z
(1-iawp)—(B-iw)z |

Jur09n(2))

= (sopn () = 722D

RITEIAYS (aiiEwp)—(B—iiw)z
LIPS )(1 a[(1_;iljwﬁ)‘{iﬁ—;.ilﬁw}z])

A-laf-1-7) B~ (@i pr)w|z

f(cn:‘:ag":;'-: Jiiiis ]

g-(hfoo)(zy

B foc(z) __

K, 121 — 7D (A - fiti2)

Gl o9 ).(f o@a)...(f o@n_1))oa(z)

(1~ paz)

T - o) - 7@ P

Hestezee

vvflll ' i

_floowd) | Qtlal)-pa )z . _,
() [(1—1::5(;)8]7(‘{?7;_:5(_0)212 FOP,

" (1—.".': z|2) _
=T [G-apalaB) @B Conoo =1

Then W, is n-unitary if and only if
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v (-loP)\-Ba-0)z
) () [~z -G -paa)er)
T -"5 [ (1—5._.: I|2) ]
O e i o oy

Proposition: (3-11)

Suppose p(t) =t forsome t €U andf isa
linear fractional if W ,, is n-normal, then

[ -(f op ).(f 092)...(f o@n_1)
_ @)k,

K¢ (on)

Proof:

i eyl L
Suppose that M/}_@ is n-narmaziken Wf_(p is
normal

(W72o)"Ke = (W (K" FEF @)K,

Hence K; is an eigenvectoriifi(W/,,)" with
corresponding cigenvalue (;° ))* , since wf',
is normal and by theorem (2-67 we have K, is
an eigenvector for(Wy7,)  with corresponding
eigenvalue (f(£))"

Wi, Ke=(f()"K,
Te (f 00 MFf 002).(f o@n-1).Co,Kt

= (f(O)"K;

f (f o@ ).(f 092)...(f 0¢n-1).Cp, K =
(fO))"K,

f .(f o ).(f 0@y)...(f 0@n_1). Ke(pn) =
(f (DK, then we have

f -(f oo ).(f 092)...(f 0¢p_1)
_ )k

K (on)

Corollary : (3-12)

Suppose @(0) =0 then Wy, is n-normal if
and only if f is constant and C, is n-normal.
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Notation (3-13) Let We denote to the form
f (f op ).(f opy)..(f opnq)by &

Proposition: (3-14)

Suppose @(t) =t forsome t € U then
Wt is n-normal if and only if ¢, = a;o(ya;)
_ (f(e)"K, t—z

and § = ——— where a; = —
f Ki(¢n) 5 1-tz

Proof :

Suppezzz that W 4, is n-normal and let

& = 5;&?)-,since a; isan autemorphism then by

proposition (3-10) W, 4, s n-unitary and by
theorem (2-10) the operator

P = [W*gt,at)(an@)(Wét}at)
is n-normal .

Let the Cowen auxiliary functions g, ¢ and h of
a, are

0@ =1%=a D=, 9@ =

1 o
— and h(z) =1—tz.

pP= (W*ff,at)(wnf;fp)(Wétﬂt)

* *
Cae TeTr (5 09 ) 09)lf 097-1).ConTE:Care
=Ty CaTa TETr (f 00 )f 092)lf 000-1).C0,T¢,Cay

=Ty CR:T%TJ‘ (f 09 Mf 092).(f 09n_1).Co,TECay

Cﬂ’r OPn0at

=T
I 08 MF 092 f 0gp-1Noae)(Eroproac)

Let
j =

g- (J%“)' (IF : (f op » (f 0(,02). (Jr mpu—‘l))aar} (£.0@,00,)

Sincea;0¢,00¢(0) =0 and P =W, 00 0a,
then by corollary (3-12) jis a constant map and
the composition operator Cy,00,0a, 1S N-
normal and by proposition (3-2)
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aroppoa; =yz, ly| <1 soq, =aro(ya) .
we can see that j = é(t).

Conversely suppose ¢, = a;o(ya;) and
£ = (FEN™K:
Ke(on)
. _ t(1-y)-(lpP-y)z
_ Ferke _ _ 1-pl
and £= Ke(pn) — 1-[pPy-ta-y)z

SinceCy, isn-normaland W ¢ 4, is n-unitary
, we have

w €t,atcyzW*€t,at = T‘ch“:C}’zC&tTgc

= TG, Goa Ty G S 1IT2.

_ 3 e . K
= fetalrzlgba R ]

1
= ——-”Kt“ e Té‘tTgo[}fzoat) C(atoyzoat)-

t
= W 9oy ae)Ca,otvar))

1-pz
1=|p|2y-t(1-vy)z
t(1-y)-(Ip|>-v)z
1-|pl2y-t(1-y)z

If we substituting g(ya,(z)) =

» on(@) = ar(yar(2) =
and
_ (F"Ke 1-|p|?

T Kelpn)  1-IplPy-tQ-y)z
formula we obtain that

in the last

W ¢ .a,CrzW¢,q, is similar toWs
proposition (2-10) Wy , is n-normal .

then by

Proposition: (3-15)
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z+b ; :
Let @(z) = S—Z%E be a linear fractional self map

and f(z) = Ky(gy(2) = -ﬂ%then Wt o is -

1
—bz+d (fog),ctpnocr =

normal if and only if
r+s5z
(rd-bm)+(sd—br)z " S C‘Pn.OU

Proof :

Suppose the Cowen auxiliary functions g, o and
h ofare ¢ then

WioWre
= Jr U og )(f o‘pz)‘ (Jr mpn—l)' (quﬂ,,)- A f{)ﬂ{)qﬁ,]).(‘.‘aowﬂ

And

WiV
mameligroo )t (. (f oguWif opp). .. (f o0, -1))9chor.os

@—)—COUO(F’H)(Z_) = (—hFOJ) ((Py (Z)) =
W(0(pn().[(0(9n(2) =d

A

(;I'-_:,f A :':;:;) = i Em NFAMIFERE T ET’)Z
(hfiisissisie (hoo )(2). (fob it =d
g.(hfoo)(z).- —Ef-i-d then we have

1
m(fog).%noa
_ T+ 5z f c

(rd - E_Jm) + (sd — E_J?‘)Z- o
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